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Introduction

Diffusion magnetic resonance imaging (dMRI) has gained much interest from the neuroimag-
ing community over the last two decades, due to its ability to analyze in vivo structures
within the white matter of the brain. These techniques are used by many prestigious interna-
tional centers and have been the basis of major international projects in the last decades with
millions of Euros of funding, such as the Human Brain Project (EU) or the NIH Human Con-
nectome Project (USA). The current trend in dMRI analysis is the calculation of increasingly
advanced metrics focused on subtle aspects of the diffusion and brain microstructure.

However, for the calculation of these advanced measures, the acquisition requirements may
get higher and higher:

1. Increasingly powerful MRI scanners, such as the Siemens 3T MAGNETOM Prisma
(with a gradient power of 80mT/m), Siemens 3T Connectome (with a gradient power
of 300mT/m) or commercial scanners up to 7T.

2. Denser q-space sampling: higher number of shells (b-values) and higher number of
samples per shell.

In the first case, there is a clear economic limitation: not all centers can afford such expensive
dedicated equipment. For the second requirement, an increase in the number of samples
at each acquisition leads to longer acquisition times. Thus, these techniques are not totally
compatible with clinical and research acquisitions that can be performed in standard medical
or research centers. In the standard case:

1. Acquisitions must be performed within a preset time, for the patient’s convenience
and to take advantage of the scanners. Typically, studies are performed in addition
to clinical acquisitions, so a patient cannot spend 2 hours inside the machine. For
studies with a larger number of patients, this would simply imply times that cannot be
afforded by the public health system.

2. The scanners available for research in most centers are those that are also used
clinically. Many national centers already have 3T scanners (as opposed to the large
number of 1.5T scanners still in use). However, there are no national centers with
advanced scanners specialized for diffusion.

These limitations could make it impossible for most national research and clinical centers to
carry out state-of-the-art brain research using advanced diffusion metrics.

To alleviate this problem, the authors have been working for years on advanced measures
that provide similar clinical information to existing ones but using commercial scanners and
a limited number of samples. Several techniques have been proposed, based on different
models.
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Methods are based on the reduction of the number of degrees of freedom of the estimation
problem by introducing prior assumptions and thus reducing the minimum number of data
needed for estimation. The main methods are:

1. Apparent Measures Using Reduced Acquisitions (AMURA). The method allows the
direct estimation of diffusion measures such as RTOP, RTAP and PA, avoiding the
calculation of the EAP while reducing the number of necessary samples and the
computational cost. It assumes a behavior of the diffusion process that is roughly
independent from the b-value. This assumption, common in high angular resolution
diffusion imaging (HARDI) acquisitions, allows the calculation of these metrics from
single-shell acquisitions, typical in clinical routine. Since the assumed model only
holds within a limited range around the b-value considered, the derived measures must
be considered as apparent values at a given b-value, dependent on the selected shell.
However, despite this dependence with the b-value, the apparent metrics calculated
with AMURA have shown a good correlation with the same metrics calculated using
standard multi-shell approaches.

2. Micro-Structure-adaptive convolution kernels and dual Fourier domains Integral
Transforms (MiSFIT). This technique calculates the EAP and then the metrics can
be derived. As opposed to the related approaches in the state of the art, MiSFIT is
not based on fitting the EAP in some functions basis, which makes it time efficient
at the same time it relaxes the low-frequency constraints imposed by the maximum
b-value acquired. Instead, it is based on convolution kernels and dual Fourier domains
Integral Transforms. Due to the low-rank signal representation, with at most 3
parameters to estimate, it could provide a full representation of the EAP and all the
scalar moments with just 2 shells (for the simplified representation) or 3 shells if free
water is also estimated. At the same time, the decoupled optimization in a low rank
non-linear problem for the radial behavior and a model-free, linear problem for the
orientation makes MiSFIT extremely time-efficient, beating the computation times of
other methods by two orders of magnitude.

3. Hybrid Diffusion Imaging (HyDI) - Diffusion Spectrum Imaging (DSI). It is aimed
at non-parametrically describing the EAP through a set of particular values sampled
at the nodes of a regular 3-D Cartesian lattice. As opposed to the direct approach
originally proposed by Wu and colleagues, where the dual space of the EAP w.r.t.
the Fourier transform is interpolated to get a Cartesian lattice and then the FFT is
computed to retrieve the EAP, we directly relate the sparse multi-shell samples in the
dual space to the Cartesian lattice of the EAP without interpolation. This is solved
by means of a constrained Quadratic Problem. This formalism allows to compute
non-negative EAP samples, as well as analytical estimates of common diffusion markers
like the return-to-origin, return-to-plane, or return-to-axis probabilities, all of them
in a time-efficient framework. Orientation Distribution Functions (ODFs), and even
Positive-Definite ODFs, can also be computed in a combined numerical-analytical
fashion, and represented in the basis of Spherical Harmonics.

In what follows, you can find, properly sorted, the main works we have published about this
topics:

1. Single Shell Acquisitions: AMURA
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a) AMURA: Micro-structure diffusion scalar measures from reduced MRI acquisitions.
Original paper. We develop the method to estimate RTOP, RTAP and RTPP.

b) Apparent Propagator Anisotropy from Single-Shell Diffusion MRI Acquisitions.
We extend AMURA to calculate novel anisotropy metrics.

c) Moment-based representation of the diffusion inside the brain from reduced
DMRI acquisitions: generalized AMURA. Generalized formulation of AMURA and
new metrics.

d) Viability of AMURA biomarkers from single-shell diffusion MRI in Clinical Studies

2. Multishell Acquisitions

a) Efficient and accurate EAP imaging from multi-shell dMRI with Micro-Structure
adaptive convolution kernels and dual Fourier Integral Transforms (MiSFIT).

b) Efficient Estimation of Propagator Anisotropy and Non-Gaussianity in multishell
diffusion MRI with MiSFIT. Extension of the method to calculate NG and PA.

c) HYDI-DSI revisited: constrained non-parametric EAP imaging without q-space
re-gridding. New non parametric method.

3. Practical Extensions

a) Anisotropy Measure from Three Diffusion-Encoding Gradient Directions. Using
AMURA anisotropy metrics to calculate Anisotropy from just 3 gradient directions.

b) Accurate free-water estimation in white matter from fast diffusion MRI acquisi-
tions using the spherical means technique. Modification of MiSFIT to estimate
water with just two acquired shells.
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Single Shell Acquisitions: AMURA





AMURA: Micro-structure
diffusion scalar measures
from reduced MRI
acquisitions

1

Santiago Aja-Fernández1, Rodrigo de Luis-García1, Maryam Afzali3, Malwina Molendowska3, Tomasz
Pieciak2, Antonio Tristán-Vega1

1 Laboratorio de Procesado de Imagen (LPI), Universidad de Valladolid, Spain
2 AGH University of Science and Technology, Krakow, Poland

3 Cardiff University Brain Research Imaging Center (CUBRIC), University of Cardiff, UK

Abstract: In diffusion MRI, the Ensemble Average diffusion Propagator (EAP) provides
relevant micro-structural information and meaningful descriptive maps of the white matter
previously obscured by traditional techniques like Diffusion Tensor Imaging (DTI). The direct
estimation of the EAP, however, requires a dense sampling of the Cartesian q-space involving a
huge amount of samples (diffusion gradients) for proper reconstruction. A collection of more
efficient techniques have been proposed in the last decade based on parametric representations
of the EAP, but they still imply acquiring a large number of diffusion gradients with different
b-values (shells). Paradoxically, this has come together with an effort to find scalar measures
gathering all the q-space micro-structural information probed in one single index or set of
indices. Among them, the return-to-origin (RTOP), return-to-plane (RTPP), and return-to-axis
(RTAP) probabilities have rapidly gained popularity. In this work, we propose the so-called
“Apparent Measures Using Reduced Acquisitions” (AMURA) aimed at computing scalar indices
that can mimic the sensitivity of state of the art EAP-based measures to micro-structural changes.
AMURA drastically reduces both the number of samples needed and the computational com-
plexity of the estimation of diffusion properties by assuming the diffusion anisotropy is roughly
independent from the radial direction. This simplification allows us to compute closed-form
expressions from single-shell information, so that AMURA remains compatible with standard
acquisition protocols commonly used even in clinical practice. Additionally, the analytical form
of AMURA-based measures, as opposed to the iterative, non-linear reconstruction ubiquitous to
full EAP techniques, turns the newly introduced apparent RTOP, RTPP, and RTAP both robust
and efficient to compute.

Originally published as: Santiago Aja-Fernández, Rodrigo de Luis-García, Maryam Afzali, Malwina
Molendowska, Tomasz Pieciak, Antonio Tristán-Vega, Micro-structure diffusion scalar measures from
reduced MRI acquisitions, PloS one, 15-3, e0229526. 2020
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1.1 Introduction

Under the name of Diffusion Magnetic Resonance Imaging (DMRI) we gather a set of
diverse MRI imaging techniques with the ability of extracting in vivo relevant information
regarding the random, anisotropic diffusion of water molecules that underlay the structured
nature of different living tissues. It has attracted an extraordinary interest among the
scientific community over recent years due to the relationships found between a number of
neurological and neurosurgical pathologies and alterations in the white matter as revealed
by an increasing number of DMRI studies [1.1, 1.2, 1.3].

The most relevant feature of DMRI is its ability to measure directional variance, i.e.
anisotropy. In the beginning of the 2000s, diffusion tensor MRI [1.4, DT-MRI] gained
huge popularity in white matter studies, not only among technical researchers but also
among clinical partners, to the point that even nowadays most of the research studies
involving DMRI focus on the diffusion tensor (DT). By using a simple Gaussian regressor,
the anisotropy of the tissues is actually probed by acquiring as few as 20 to 60 images,
which is acceptable in clinical practice. DT-MRI brought to light one of the most common
problems in DMRI techniques: in order to carry out clinical studies, the information given
by the selected diffusion analysis method must be translated into some scalar measures
that describe different features of the diffusion within every voxel. That way, measures
like the Fractional Anisotropy (FA), the Axial and Radial Diffusivity (AD, RD) or the Mean
Diffusivity (MD) were defined [1.5]. Even at the early stages of DT-MRI, it was clear that the
Gaussian assumption had important limitations. It provided a useful tool allowing clinical
studies, but the underlying diffusion processes were not accurately described because of
the over-simplified fitting, so that more evolved techniques with more degrees-of-freedom
naturally arose, such as High Angular Resolution Diffusion Imaging [1.6, 1.7, 1.8, HARDI]
or Diffusion Kurtosis Imaging [1.9, DKI]. It seems obvious that more degrees-of-freedom
require more diffusion images to be acquired, but the requirement of an accurate angular
resolution also implies the need for a finer angular contrast, which translates in the need for
stronger gradients to probe diffusion, i.e., higher b-values [1.10].

The trend over the last decade has consisted in acquiring a large number of diffusion-
weighted images distributed over several shells together with moderate-to-high b-values
to estimate more advanced diffusion descriptors, such as the Ensemble Average diffusion
Propagator [1.11, 1.12, EAP]. This leads to a completely model-free, non parametric ap-
proach for diffusion that can accurately describe most of the relevant phenomena associated
to diffusion.

The most straightforward way of estimating the EAP is Diffusion Spectrum Imaging [1.11,
DSI], that relies on the dense sampling of the q-space for discrete Fourier transformation.
Hence, it requires a huge number of images to avoid aliasing artifacts and attain a decent
accuracy, which makes it not so appealing in practice. As a consequence, alternative tech-
niques aim to parametrically reconstruct the EAP from reduced samplings of the q-space,
most of them related to the recent advances in compressed sensing and sparse reconstruc-
tion [1.13, 1.14]. In practice, some multi-shell reconstruction techniques may be used to
compute the EAP, typically as a superposition of the integrals analytically computed for each
basis function. Some of the most prominent methods are Hybrid Diffusion Imaging [1.15,
HYDI], the multiple q-shell diffusion propagator imaging [1.16, 1.17, mq-DPI], the Bessel
Fourier Orientation Reconstruction [1.18, BFOR], the directional radial basis functions [1.19,
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RBFs], or the Simple Harmonic Oscillator Based Reconstruction and Estimation [1.20, SHORE].
More recently, the Mean Apparent Propagator MRI [1.12, MAP-MRI] and its improved version,
the so-called Laplacian-regularized MAP-MRI [1.21, MAPL], have gained interest among the
community due to the compelling results demonstrated in several clinical trials [1.22].

There is no doubt the EAP provides rich and valuable anatomical information about the
diffusion process, though such amount of information may result overwhelming and difficult
to integrate within clinical studies. This pitfall is usually circumvented by computing
some sort of radial averaging of the EAP to obtain scalar measures directly related to the
characteristics of diffusion. These measures act as biomarkers candidates aimed at describing
diffusivity, anisotropy, intra-cellular vs. extra-cellular water movement, etcetera. Some
prominent examples in this sense are the probability of zero displacement (or return-to-origin
probability, RTOP), the mean-squared displacement (MSD), the q-space inverse variance
(QIV), or the return-to-plane and return-to-axis probabilities (RTPP, RTAP) [1.23, 1.24,
1.19].

Although the use of these measures is not generalized among the clinical community,
there is a growing interest in the exploration of their potential clinical applicability. To
date, the relevance of scalar descriptors of the brain micro-structure has been proved
on both ex vivo [1.25, 1.12, 1.26] and in vivo studies of healthy and diseased subjects
[1.27, 1.23, 1.22, 1.28, 1.29, 1.30]. In particular, RTOP has also demonstrated to be a better
indicator for cellularity and diffusion restrictions than the DTI-related mean diffusivity (MD)
[1.22] and, together with MSD, a proper measure for the assessment of myelination [1.31].
These results were later confirmed by [1.29], where the authors reinforced the hypothesis
on RTOP to have greater sensitivity to reflect cellularity and restricted diffusion.

The obvious drawback of this methodology is the need of acquiring very large data sets with
many q-space samples in different shells (some of them with very large b-values, which
implies an additional problem due to noise, eddy currents, non-linear effects, etcetera). Even
when sophisticated non-linear techniques based on compressed sensing are used, the number
of gradient images to be acquired vastly exceeds that needed for single-shell protocols like
DT-MRI or HARDI. This is clearly a practical limitation: a large number of samples goes
together with longer scanning times, subject movement, and patient discomfort that make
them unfit for clinical practice and for many clinical studies. Besides, some methods require
b-values that not every commercial MRI device is prepared to acquire.

The present paper delves into the question if scalar measures such as RTOP, RTPP, or RTAP
are intrinsically tied up to the computation of the whole, model-free EAP. More precisely, we
hypothesize that a constrained model for radial diffusion may reveal valuable information
using simpler acquisition protocols, so that a set of apparent scalar measures probed at one
single shell will exhibit a sensitivity to micro-structural changes comparable to non-apparent
measures computed from the full EAP. The rationale behind this is that state of the art EAP
techniques probe (instead of modeling) the actual radial behavior of the diffusion signal
just to subsequently collapse it in a radial integral (average), so that the extra information
provided by multi-shell acquisitions is indeed marginalized. In other words, we intend to
substitute the whole average for all b-values with an apparent value at a single b-value.

To test our hypothesis, we have first reformulated RTOP, RTPP, and RTAP for a single-shell
acquisition based on different diffusion models, yielding to closed form expressions and
numerical implementations that are both robust and fast to compute. These apparent
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measures at one shell are compared with their state of the art counterparts based on the
whole EAP in a set of experiments with real data sets. The figure of merit in such comparison
is the ability to discern voxels with different anisotropy configurations, i.e., the sensitivity to
micro-structural changes.

1.2 Background

1.2.1 The Diffusion signal

The EAP, P (R), is the three dimensional Probability Density Function (PDF) of the water
molecules inside a voxel moving an effective distance R in an effective time τ . It is related
to the normalized magnitude image provided by the MRI scanner, E(q), by the Fourier
transform [1.32]:

P (R) =
∫
R3
E(q)e−2πjq·Rdq = F {|E(q)|} (R). (1.1)

The inference of exact information on the R–space would require the sampling of the whole
q–space to use the Fourier relationship between both spaces.

In order to obtain a closed-form analytical solution from a reduced number of acquired
images, a model for the diffusion behavior must be adopted. The most common techniques
rely on the assumption of a Gaussian diffusion profile and a steady state regime of the
diffusion process that yields to the well-known Diffusion Tensor (DT) approach. Alternatively,
a more general expression for E(q) can be used [1.8]:

E(q) = exp
(
−4π2τq2

0D(q)
)

= exp (−b ·D(q)) , (1.2)

where the positive function D(q) = D(q0, θ, φ) > 0 is the Apparent Diffusion Coefficient
(ADC), b = 4π2τ‖q‖2 is the so-called b-value and q0 = ‖q‖, and θ, φ are the angular
coordinates in the spherical system. According to [1.33], in the mammalian brain, this
mono-exponential model is predominant for values of b up to 2, 000s/mm2 and it can be
extended to higher values (up to 3, 000s/mm2) if appropriate multi-compartment models of
diffusion are used.

1.2.2 Advanced diffusion scalar measures

Although the EAP provides the global information about the diffusion in every voxel of the
brain, that information must be properly translated to be used in clinical trials or to study
the features of particular tissues. Regardless of the method used to estimate the EAP, it
must provide a set of metrics to inspect the changes of complex brain micro-structures, e.g.,
multiple compartments or restricted diffusion. Some of the most relevant measures usually
derived from the EAP are:

1. Return-to-origin probability (RTOP): also known as probability of zero displacement,
it is related to the probability density of water molecules that minimally diffuse within
the diffusion time τ . It is known to provide relevant information about the white
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matter structure [1.34, 1.23, 1.24], and has demonstrated to be a better indicator for
cellularity and diffusion restrictions than the DTI-related mean diffusivity (MD) [1.22].
It is defined as the value of P (R) at the origin, related to the volume of the signal
E(q):

RTOP = P (0) =
∫
R3
E(q)dq. (1.3)

2. Return-to-plane probability (RTPP), defined as:

RTPP =
∫
R2
P (R⊥)dR⊥ =

∫
R
E(q||)dq||, (1.4)

where q|| denotes the direction of maximal diffusion. It is known to be a good indicator
of restrictive barriers in the axial orientation, and it is related to the mean pore length
[1.12].

3. Return-to-axis probability (RTAP), defined as:

RTAP =
∫
R
P (R||)dR|| =

∫
R2
E(q⊥)dq⊥, (1.5)

where q⊥ is the set of directions perpendicular to q|| (the one with maximal diffusion).
It is also a directional scalar index and an indicator of restrictive barriers in the
radial orientation. According to [1.12], RTPP and RTAP values can be seen as the
decomposition of the RTOP values into two components, parallel and perpendicular to
the maximum diffusion.

Remarkably, each one of these measures is computed in the q-space as an integral in either
R, R2, or R3, which in the spherical coordinates system translates to an integral over the
radial coordinate q ≡ ‖q‖ that averages the measured signal E(q) over all shells.

1.3 Methods

1.3.1 Diffusion measures from single shell acquisitions

The estimation of a given magnitude is always a trade-off between the available data and
the complexity of the model. In this case, we consider a single shell acquisition compatible
with HARDI: moderated-to-high b-value (ranging from 2, 000s/mm2 to 3, 000s/mm2) and
moderated-to-large number of gradients. Since the amount of data is reduced, we are forced
to assume a restricted diffusion model consistent with single-shell acquisitions: the ADC will
be roughly independent from the radial direction within the range of b-values probed, so
that D(q) = D(θ, φ). This way Eq. (1.2) becomes:

E(q) = E(q0, θ, φ) = exp
(
−4π2τq2

0 D(θ, φ)
)
. (1.6)

With this model, the radial integral in q that defines all the previously introduced measures
can be analytically computed without the need to actually sample q itself. The corresponding
formulations can be simplified accordingly:
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1. RTOP: By using the simplification in Eq. (1.6), we can write Eq. (1.3) in spherical
coordinates and integrate with respect to the radial component q0:

RTOP =
∫ ∞

0

∫ 2π

0

∫ π

0
exp(−4π2τq2

0 ·D(θ, φ))q2
0 sin θ dφ dθ dq0

= 1
4

√
π

(4π2τ)3/2

∫
S

1
D(θ, φ)3/2 dS, (1.7)

where
∫
S

denotes the integral in the surface of a sphere S of radius one. This way, the
integration in the whole q-space in Eq. (1.3) reduces to the integration on the surface
of a single shell.

2. RTPP: The diffusion signal D(q) in the maximum diffusion direction is given by D(r0),
with r0 = q||. Since that direction does not depend on q0, we can integrate with respect
to the radial component:

RTPP =
∫ ∞
−∞

exp(−4π2τq2
0D(r0))dq0

=
√

π

(4π2τ)

√
1

D(r0) . (1.8)

3. RTAP: Let θ′ be the angle that parameterizes the equator normal to the maximum
diffusion direction and D(θ′) the diffusion signal at that equator. Once more, D(θ′)
does not depend on the radial component and the integral can be solved:

RTAP =
∫ ∞

0

∫ 2π

0
exp(−4π2τq2

0D(θ′)) q0 dθ
′ dq0

= 1
2 · 4π2τ

∫ 2π

0

1
D(θ′)dθ

′. (1.9)

The original integral reduces to the line integral of a function in a plane perpendicular
to the maximum diffusion direction.

Although the mono-exponential assumption in Eq. (1.6) may seem restrictive, it has been
successfully adopted before for single-shell, HARDI models to accurately describe several
predominant diffusion directions within the imaged voxel [1.35, 1.36, 1.8, 1.7]. Moreover,
it allows to get rid of the dense sampling required by the original formulations of RTOP,
RTPP, and RTAP, as long as the volumetric integrals over the whole q-space are replaced by
surface integrals over one single shell.

On the other hand, the mono-exponential model will roughly hold only within a limited
range around the measured b-value, but diffusion features will diverge for very different
b-values. For this reason, the measures derived this way must be seen as apparent values
at a given b-value, related to the original ones but dependent on the selected shell. In
what follows, they will be referred to as Apparent Measures Using Reduced Acquisitions
(AMURA).

8 Chapter 1 AMURA: Micro-structure diffusion scalar measures from reduced MRI ac-
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1.3.2 Numerical Implementation

We propose a robust numerical implementation of the integrals that define the apparent
RTOP and RTAP, as well as the formula for the apparent RTPP, based on Spherical Harmonics
(SH) expansions:

1. RTOP: the integral of a signal H(θ, φ) over the surface of the unit sphere S relates to
the 0–th order coefficient (DC component) of its SH series expansion, C0,0 {H(θ, φ)}:

C0,0 {H(θ, φ)} = 1√
4π

∫
S

H(θ, φ)dS, (1.10)

so that the RTOP becomes:

RTOP = 1
(4π)2τ3/2 C0,0

{
(D(θ, φ))−3/2

}
. (1.11)

2. RTPP: The value of RTPP previously defined in Eq. (1.8) depends on D(r0), the ADC
evaluated at the direction of maximum diffusion. In order to avoid the variability that
a maximum operator may introduce, we calculate the index over a regularized version
of D(θ, φ). Let us call DSH(θ, φ) a version of the original diffusion signal regularized
using SH. Then, we can write the RTPP as

RTPP = 1√
4πτ

1√
DSH(r0)

, (1.12)

where r0 denotes the maximum diffusion direction.

3. RTAP: The value of
∫ 2π

0 D(θ′)−1
dθ′ is the line integral of D(θ′)−1 along an equator

perpendicular to the direction of maximum diffusion r0, i.e., the Funk-Radon Transform
(FRT) of D(θ′)−1 evaluated at r0, G{D}(r0) [1.37]:

RTAP = 1
2 · 4π2τ

G
{

1
D(θ′)

}
(r0) = 2Ψ(r0), (1.13)

where Ψ(r) is the pQ-Balls whose definition and SH-based numerical implementation
are addressed in [1.38, 1.39].

An overview of AMURA, together with the specific numerical implementation of each
apparent measure, is presented in Table 1.1.

1.4 Experiments and results

1.4.1 Setting-up of the experiments

As explained above, AMURA measures rely on the expansion of spherical functions at a given
shell in the basis of SH, for which the implementation described in [1.40] is used: even SH
orders up to 6 are fitted with a Laplace-Beltrami penalty λ = 0.006. RTAP is computed from
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Measure Definition Numerical Implementation

RTOP = 1
4

√
π

(4π2τ)3/2

∫
S

1
D(θ, φ)3/2 dS = 1

(4π)2τ3/2C0,0
{

(D(θ, φ))−3/2}
RTPP = 1√

4πτ
1√
D(r0)

= 1√
4πτ

1√
DSH(r0)

RTAP = 1
2 · 4π2τ

∫ 2π

0

1
D(θ′)dθ

′ = 2Ψ(r0), see [1.39]

Tab. 1.1.: Survey of the q-space measures gathered by AMURA, along with their specific numerical
implementations.

pQ-Balls with this same design for SH expansions [1.39]. For the sake of repeatability, in
vivo data have been chosen exclusively from publicly available databases:

1. From the Human Connectome Project (HCP)1, five volumes were chosen: MGH 1007,
MGH 1010, MGH 1016, MGH 1018 and MGH 1019, acquired in a Siemens 3T Con-
nectome scanner with 4 different shells at b = {1, 000, 3, 000, 5, 000, 10, 000} s/mm2,
with {64, 64, 128, 256} gradient directions each, in-plane resolution 1.5 mm2, and slice
thickness 1.5 mm. Acquisition parameters are TE=57 ms and TR=8800 ms. The
acquisition included 40 different baselines that were averaged to improve their SNR2.

2. From the Public Parkinson’s Disease database (PPD)3, 53 subjects from a cross-sectional
Parkinson’s Disease (PD) study comprising 27 patients together with 26 age, sex,
and education-matched control subjects. Data were acquired on a 3T head-only
MR scanner (Magnetom Allegra, Siemens Medical Solutions, Erlangen, Germany)
operated with an 8-channel head coil. Diffusion-weighted (DW) images were acquired
with a twice-refocused, spin-echo sequence with EPI readout at two distinct b-values
b = {1, 000, 2, 500} s/mm2, and along 120 evenly spaced encoding gradients. For the
purposes of motion correction, 22 unweighted (b = 0) volumes, interleaved with the
DW images, were acquired. Acquisition parameters are TR=6800 ms, TE=91 ms,
and FOV=211 mm2, no parallel imaging and 6/8 partial Fourier were used. More
information can be found in [1.42].

1Data obtained from the Human Connectome Project (HCP) database (https://ida.loni.usc.edu/login.
jsp). The HCP project (Principal Investigators: Bruce Rosen, M.D., Ph.D., Martinos Center at Massachusetts Gen
eral Hospital; Arthur W. Toga, Ph.D., University of Southern California, Van J. Weeden, MD, Martinos Center
at Massachusetts General Hospital) is supported by the National Institute of Dental and Craniofacial Research
(NIDCR), the National Institute of Mental Health (NIMH) and the National Institute of Neurological Disorders
and Stroke (NINDS). HCP is the result of efforts of co-investigators from the University of Southern California,
Martinos Center for Biomedical Imaging at Massachusetts General Hospital (MGH), Washington University, and the
University of Minnesota.

2The SNR of each of the individual baselines is high enough to make a Gaussian approximation feasible with
a small error. Under this approximation we can assure that the average operator provides an unbiased output
image [1.41].

3Acquired at the Cyclotron Research Centre, University of Liège. Available: https://www.nitrc.org/frs/
?group_id=835.
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Volume Slice numbers Volume Slice numbers

MGH 1007 42, 52, 65 MGH 1018 31, 41, 51

MGH 1010 46, 54, 60 MGH 1019 40, 50, 64

MGH 1016 42, 55, 68

Tab. 1.2.: Selected slices from each diffusion volume from the HCP.

1.4.2 Consistency of apparent, single-shell measures

Since AMURA are intended to reveal similar micro-structural changes as multi-shell EAP
estimators, each one of the apparent RTOP, RTPP, and RTAP are expected to correlate
well with their multi-shell counterparts, meaning the anatomical information they assess is
closely related. To check this point, AMURA is compared against three state of the art EAP
estimation techniques not requiring dense samplings of the q-space: RBFs with constrained
`2 regularization as described in [1.19], MAP-MRI with anisotropic basis and radial order
6 [1.12], and MAPL with anisotropic basis, radial order 8, and regularization weighting
λ = 0.2 [1.21].

In order to attain an affordable complexity for this experiment, the study is restricted to
three different axial slices for each selected volume as depicted in Table 1.2.

For each volume and slice, the three measures are calculated with RBFs, MAP-MRI, and MAPL
using either 3 shells (b = {1, 000, 3, 000, 5, 000} s/mm2), or 2 shells (b = {1, 000, 3, 000} s/mm2).
AMURA are calculated using one single shell at either b = 3, 000s/mm2 or b = 5, 000s/mm2.
This sum up 8 different calculations of each of RTOP, RTPP and RTAP for each volume and
slice as illustrated in Fig. 1.1, where those voxels with FA bellow 0.2 have been masked.

A simple visual inspection suggests that indeed all the 8 different computations of RTOP,
RTPP, and RTAP provide congruent information about the anatomies imaged. This qualitative
evidence is confirmed in Table 1.3, where the correlation coefficients ρ between each pair of
measures are computed. In precise terms, let {ri}Ni=1 be the values of the measure defined
at each row of Table 1.3, and {ci}Ni=1 the values of the measure defined at each column; the
set i = 1 . . . N gathers all those voxels with FA above 0.2. Then:

ρrc =

N∑
i=1

(ri − r̄) (ci − c̄)

(N − 1)σr σc
, for: x̄ = 1

N

N∑
i=1

xi and σx = 1
N − 1

N∑
i=1

(xi − x̄)2
. (1.14)

Results for RTOP show a strong correlation, in some cases over 90%, between the measure
estimated with AMURA and the calculation given by the other techniques, particularly those
based on MAP. It is worth noticing that AMURA-RTOP correlates better with MAP-RTOP
than RBF-RTOP does, even when RBF is computed from 3 shells (left column) and AMURA
is using as few as 64 gradients (b = 3, 000s/mm2) or 128 gradients (b = 5, 000s/mm2) in
one single shell.

For RTPP, though the absolute correlations between each pair of computations are clearly
weaker than for RTOP, AMURA still exhibits a higher consistency towards MAP-based
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Fig. 1.1.: Visual assessment of the consistency of AMURA. (Top) Slice 42 of the MGH1016 volume
from HCP; (Bottom) Slice 51 of the MGH1018. AMURA is calculated with one single shell
at the specified b-value. MAPL, MAP-MRI and RBF are calculated using either 2 or 3 shells
at the maximum b-value specified. For the sake of visual comparison, RTOP and RTAP have
been gamma-corrected as specified.

measures than RBF does. At the sight of Fig. 1.1, the noisier nature of RTPP could probably
explain the net decrease in the correlations. Interestingly, the computation of RTPP with
2 shells seems more consistent between multi-shell techniques than it is with 3 shells. For
example, the correlation between RBF-RTPP and MAPL-RTPP falls as low as 10%.

Since RTAP provides cleaner maps than RTPP (see Fig. 1.1), the discussion becomes similar
to the case of RTOP: the overall correlations between the different computations are much
higher in this case, with AMURA correlating up to 90% with MAPL and MAP-MRI. Once
again, RBF-RTAP seems less consistent with MAP-like-RTAP than AMURA-RTAP.

Summarizing, AMURA provide information that closely resembles that computed with
multi-shell methods. Moreover, AMURA are more consistent with MAP-like measures than
other multi-shell methods like RBF. This might suggest that the deviations introduced by
the election of different basis functions and different numerical schemes in each multi-shell
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3 shells 2 shells
RBF MAPL MAP-MRI RBF MAPL MAP-MRI

R
TO

P

AMURA 3k 0.7636 0.8616 0.9202 0.8051 0.9047 0.9027
AMURA 5k 0.7629 0.9538 0.9151 0.7264 0.8950 0.8278
RBF – 0.7320 0.6408 – 0.7746 0.7136
MAPL – – 0.8356 – – 0.7334

R
TP

P
AMURA 3k 0.2565 0.7035 0.6811 0.6464 0.7497 0.6423
AMURA 5k 0.2295 0.6077 0.4530 0.3155 0.3884 0.2415
RBF – 0.1041 0.1139 – 0.7089 0.6096
MAPL – – 0.9416 – – 0.8678

R
TA

P

AMURA 3k 0.4918 0.8800 0.9305 0.7846 0.8955 0.9341
AMURA 5k 0.5145 0.9382 0.9406 0.8009 0.8993 0.9049
RBF – 0.4740 0.4706 – 0.7739 0.8170
MAPL – – 0.8885 – – 0.8451

Tab. 1.3.: Correlation coefficients between the different methods to estimate RTOP, RTPP and
RTAP. The higher the better. AMURA are computed from one single shell at either
b = 3, 000s/mm2 (3k) or b = 5, 000s/mm2 (5k). Multi-shell methods are always compared
between them with the same number of shells (2 or 3).

method could indeed surpass the error AMURA introduce as a consequence of modeling
(instead of sampling) the radial behavior of E(q).

1.4.3 Sensitivity of apparent single-shell measures to tissue properties

Though AMURA provide anatomical maps that closely resemble those yielded by multi-shell
methods (see Fig. 1.1), it is not necessarily implied that they have the same capabilities to
distinguish analogous tissue properties. Such capabilities are first put to the test by means
of a classification problem where two classes are defined depending on the values of either
RTOP, RTPP, or RTAP computed from MAPL with 4 shells, see Fig. 1.2. This way, MAPL
becomes a bronze standard given its high consistency with both MAP-MRI and AMURA (it
shows also the strongest correlations with RBF, see Table 1.3), and assuming it probes actual
micro-structural information. The problem design is as follows:

1. Once the background of the image is removed, the histogram of either RTOP, RTPP, or
RTAP is computed from the bronze standard (MAPL). A threshold is selected in the
valley right after the main lobe for each MAPL-measure (for RTOP: 2 · 106mm−3; for
RTPP: 90mm−1; for RTAP: 1.5 · 104mm−2). Classes 1 and 2 are defined as either below
or above this threshold, see Fig. 1.2(A).

2. From each of the other methods (MAP-MRI, RBF, AMURA, and MAPL itself with less
that 4 shells), RTOP, RTPP, and RTAP are computed and used as discriminant features
of each voxel.

3. In case a given method were actually providing the exact same micro-structural
information as the bronze standard, such features should suffice to mimic the exact
same classification designed in Fig. 1.2(A). Otherwise, both false positives (class 1
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Fig. 1.2.: Conceptual description of the problem designed to test the sensitivity of AMURA to micro-
structural changes. (A) The pixels in the image are split into 2 classes by thresholding the
corresponding MAPL measure (RTOP in the example). (B) Each one of the methods to be
tested: MAPL, MAP-MRI, RBF, or AMURA (AMURA in the example) is used to compute this
same measure, and a ROC curve is calculated with the classes defined in (A) as the target.

voxels tagged as class 2) and false negatives (class 2 voxels tagged as class 1) will
appear that reflect discrepancies in the information measured.

4. Such discrepancies are quantified by means of a Receiver Operating Characteristics
(ROC) curve: for a given measure, corresponding values are computed using each
method; these values are further classified using a moving threshold ranging from
the minimum computed value to its maximum. This way, each value of the moving
threshold defines a classification that is compared to the bronze standard in step 1 in
search for false positives and false negatives. The ROC curve is the graphic relating
these two rates as the threshold moves. Finally, three standard Figures of Merit (FoM)
related to the ROC are reported: the area under the curve (AUC), the sensitivity at the
optimum threshold, and the specificity at the optimum threshold, see Fig. 1.2(B).

The results are gathered, respectively, in Table 1.4 (RTOP), Table 1.5 (RTPP), and Table 1.6
(RTAP). In all cases, the closer to 1 is the better. While AMURA are computed from one shell,
the other methods use either 2 shells (at maximum b = 3, 000s/mm2), 3 shells (at maximum
b = 5, 000s/mm2) or 4 shells (at maximum b = 10, 000s/mm2).

As can be seen, AMURA scores high FoMs in all cases, even above those obtained with
MAP-MRI (which is a non-improved version of MAPL itself). For example, the apparent value
of AMURA-RTOP at any shell scores higher than any of the computations from MAP-MRI
regardless on the number of shells it uses (Table 1.4). Indeed, this same comment holds
true for the other two measures, with the exception of the specificity of RTPP with MAP-MRI
at 4 shells (Table 1.5) and the specificity of RTAP with MAP-MRI at 4 shells (Table 1.6). In
the same way as in Table 1.3, the measures computed with RBF tend to deviate from those
based on MAP even if the number of shells increases. Finally, it is worth noticing that the
apparent values obtained with AMURA at either b = 3, 000s/mm2 or b = 5, 000s/mm2 score
pretty close to MAPL when the outermost shell at b = 10, 000s/mm2 is suppressed from the
bronze standard.

Summarizing, not only AMURA strongly correlate with measures derived from multi-shell
techniques, but they seem to distinguish tissue properties as well as the other methods do.
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A
U

C

MAPL AMURA RBF MAP-MRI
b=3000 0.8796 0.8285 0.6887 0.6839
b=5000 0.9343 0.9205 0.7251 0.7035
b=10000 1.0000 0.9771 0.7762 0.7219

Se
ns

it
iv

it
y MAPL AMURA RBF MAP-MRI

b=3000 0.8114 0.7527 0.6108 0.6123
b=5000 0.8802 0.8520 0.6480 0.6378
b=10000 1.0000 0.9213 0.7318 0.6402

Sp
ec

ifi
ci

ty MAPL AMURA RBF MAP-MRI
b=3000 0.9114 0.8367 0.7915 0.8109
b=5000 0.9454 0.9334 0.8480 0.8285
b=10000 1.0000 0.9623 0.9359 0.8788

Tab. 1.4.: ROC FoMs for RTOP (the closer to 1, the better). MAPL with 4 shells at a maximum
b = 10, 000s/mm2 is the bronze standard.

A
U

C

MAPL AMURA RBF MAP-MRI
b=3000 0.7884 0.6900 0.5736 0.5550
b=5000 0.8647 0.7657 0.4632 0.6038
b=10000 1.0000 0.8261 0.4735 0.6488

Se
ns

it
iv

it
y MAPL AMURA RBF MAP-MRI

b=3000 0.6761 0.5803 0.5008 0.5000
b=5000 0.7516 0.6332 0.4807 0.5295
b=10000 1.0000 0.7077 0.4828 0.5677

Sp
ec

ifi
ci

ty MAPL AMURA RBF MAP-MRI
b=3000 0.7828 0.7162 0.7260 0.6608
b=5000 0.8440 0.7469 0.5171 0.7442
b=10000 1.0000 0.7713 0.5440 0.8284

Tab. 1.5.: ROC FoMs for RTPP (the closer to 1, the better). MAPL with 4 shells at a maximum
b = 10, 000s/mm2 is the bronze standard.

Interestingly, the micro-structural properties described by multi-shell techniques do not seem
to converge even if the q-space sampling is improved.

1.4.4 Potential of apparent single-shell measures in clinical setups

The previous experiment relies on an artificial classification of voxels depending on MAPL
as a bronze standard. To further test the capabilities of AMURA to probe tissue properties,
we have devised an additional experiment involving the clinical data in the PPD database.
Though PD is known to affect the substantia nigra or the gray matter more than the standard
white matter tracts commonly studied in group-wise analyses based on DMRI, significant
differences have also been reported in several white matter regions such as the corpus
callosum, the corticospinal tract, or the fornix [1.43]. Accordingly, we have focused on
commonly-studied white matter tracts that are segmented for each volume in the PDD
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A
U

C

MAPL AMURA RBF MAP-MRI
b=3000 0.9218 0.8959 0.7338 0.7592
b=5000 0.9537 0.9446 0.6543 0.7717
b=10000 1.0000 0.9755 0.7456 0.7993

Se
ns

it
iv

it
y MAPL AMURA RBF MAP-MRI

b=3000 0.8516 0.8204 0.6309 0.6844
b=5000 0.8864 0.8808 0.5911 0.6997
b=10000 1.0000 0.9223 0.6900 0.7430

Sp
ec

ifi
ci

ty MAPL AMURA RBF MAP-MRI
b=3000 0.9232 0.8848 0.8266 0.8473
b=5000 0.9480 0.9152 0.6665 0.8612
b=10000 1.0000 0.9482 0.7728 0.9205

Tab. 1.6.: ROC FoMs for RTAP (the closer to 1, the better). MAPL with 4 shells at a maximum
b = 10, 000s/mm2 is the bronze standard.

database based on the ENIGMA-DTI template4 [1.44] and the JHU WM atlas [1.45] as
follows:

1. The FA is calculated as a reference value using MRTRIX5 for b = 1, 000s/mm2. Its value
is registered against the ENIGMA-DTI FA template using deformable image registration
based on the local cross-correlation between the images [1.46].

2. The JHU WM atlas classifies 48 disjointed white matter regions in the image space of
the ENIGMA-DTI template. Their segmentations are back-projected onto the image
space of each subject in the PDD database using the output deformation field of the
registration. Working on the original image space avoids interpolation artifacts as
well as side effects induced by the higher resolution of the ENIGMA-DTI template as
compared to the PDD subjects.

3. The ENIGMA-DTI template comprises segmentations of both the whole white matter
tracts and their FA skeletons. Back-projection is repeated for both segmentations,
hence both a full segmentation of each tract and its pseudo-skeleton (central core) is
available in the original image space (see Fig 1.3).

4. Outliers are removed from the segmentations by eliminating those voxels with abnor-
mal values (i.e. values outside the range [0, 1]) of the FA and “Westin’s scalars”, Cp, Cl,
Cs [1.5].

Each segmented tract is characterized by one single scalar measure: for AMURA, the apparent
RTOP, RTPP, and RTAP at b = 2, 500s/mm2 are averaged over each pseudo-skeleton. As in
the previous section, their MAPL counterparts (using the 2 available shells) are targeted
to as the state of the art. Additionally, a tensor model-driven version of the indices (at
b = 2, 500s/mm2) is tested as a sort of end of scale (see Appendix for the implementation
details). Finally, the raw FA is also included in the analysis since it is the standard index to
test in group studies [1.43].

4ENIGMA project web page: http://enigma.ini.usc.edu/. Template data and processing protocols for DTI:
https://www.nitrc.org/projects/enigma_dti.

5Available at: http://www.mrtrix.org.
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Fig. 1.3.: Registration-based segmentation of WM tracts of a control subject in the PDD database.
(Left) Whole tracts. (Right) Pseudo-skeletons.

Tensor Tensor MAPL
FA RTOP RTPP RTAP RTOP RTPP RTAP

GCC 0.087 0.357 0.028 0.174 0.557 0.021 0.322
BCC 0.055 0.165 0.749 0.130 0.334 0.420 0.172
SCC 0.014 0.135 0.036 0.030 0.164 0.015 0.069

AMURA
RTOP RTPP RTAP

GCC 0.334 0.011 0.214
BCC 0.193 0.470 0.137
SCC 0.272 0.003 0.144

Tab. 1.7.: Two-sample t-tests for each measure and at each section of the corpus callosum (the lower
the better). The p-values represent the probability that the measure has identical means
for both controls and patients. Differences with statistical significance above 99% (resp.
95%) are highlighted in green (resp. amber).

Among the 48 tracts in the JHU WM, we have found statistically relevant differences mainly
at the corpus callosum, which is in agreement with the related literature [1.43]. Table 1.7
shows the results for two-sample, pooled variance t-tests over Gaussian-corrected data
between controls and patients for each of the measures considered and at each of the three
sections of the corpus callosum segmented in the JHU WM (genu –GCC–, body –BCC–, and
splenium –SCC–).

RTPP-related measures result in discriminant markers for this particular problem at the
genu and the splenium of the corpus callosum. Remarkably, the raw FA is only able to
find differences at the splenium, meanwhile RTAP and RTOP are unable to plot significant
differences in a consistent way. To further understand why RTPP consistently finds significant
differences, and how this is related to the information it measures, its actual distribution
(PDF) inside the pseudo-skeleton of each segment (GCC, BCC, SCC) is estimated by using
Parzen windowing in Fig. 1.4.

AMURA-RTPP is able to consistently distinguish between two different populations within
each region of the corpus callosum. Meanwhile these two groups are also discriminated at the
genu by the other approaches, this is not the case at the body and, above all, at the splenium,
where even the MAPL-RTPP fails to find the valley between the two populations. Specifically,
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Fig. 1.4.: PDFs of RTPP computed from either the tensor model, MAPL, or AMURA (plus the FA)
and within each of GCC, BCC, or SCC. (Red) Patients; (Green) Controls. (Dashed line)
Bootstrap PDF from 100 iterations with 15 subjects each; (Solid line) Global PDF for all
controls/patients. The p-values are referred to the t-tests reported in Table 1.7.

statistically significant differences between controls and patients appear wherever there is
a change in the relative distribution of voxels between the two populations, i.e., at both
the genu and the splenium. This provided, and anytime the separation between the two
populations can be easily identified at AMURA-RTPP = 27mm−1, the segmentation of the
corpus callosum depending on its apparent RTPP is straightforward by thresholding. Such
processing has been applied to each subject in the database (both controls and patients),
and the resulting segmentations have been projected onto the image space of the ENIGMA
template to compute the average segmentation shown in Fig. 1.5.

Fig. 1.5.: Average segmentation of the corpus callosum in the space of the ENIGMA template by
AMURA-RTPP thresholding at 27 mm−1. The cingulum (CG) is also rendered in the 3D
view for reference purposes. A sagittal slice of the average FA of the PDD is also shown for
reference.

The two populations identified by AMURA-RTPP correspond to a clean segmentation of the
corpus callosum distinguishing between its lowermost (closer to the cerebrospinal fluid)
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Fig. 1.6.: Apparent values of AMURA as a function of the number of acquired gradients (top) or the
b-value (bottom) for subject MGH 1016. Each line correspond to a cluster of FA values
computed from 5-fold fuzzy c-means. AMURA as a function of the number of gradients
(top) are depicted at b = 5, 000s/mm2.

and its uppermost (closer to the cingulum) sections, so that we can reasonably argue that
AMURA-RTPP is actually able to discern micro-structural properties that remain hidden with
DT-related measures (see Fig. 1.4).

1.4.5 Variability of apparent measures depending on the acquisition
parameters

Since AMURA provide apparent measures at a given shell, the question of how much these
measures depend on the actual shell measured naturally arises. As long as AMURA have been
designed for reduced acquisition protocols, it also makes sense to check their sensitivity to the
number of diffusion samples taken at a given shell. To put this to the test, a set of experiments
have been designed using volume MGH 1016: the variability with the b-value is probed by
subsequently computing AMURA with each of the available shells at either b = 3, 000s/mm2,
b = 5, 000s/mm2, or b = 10, 000s/mm2. For the variability with the number of diffusion
gradients, we start with the 128 samples at b = 5, 000s/mm2 and uniformly subsample this
set to obtain either 32, 48, 64, 80, 96, 112, or 128 diffusion directions subsets6. To plot
such a huge amount of information, only those voxels of MGH 1016 with FA above 0.2 are
included, and they are further clustered depending on their FA using fuzzy c-means. This
results in 5 classes with centroids CL = {0.24, 0.36, 0.51, 0.66, 0.86}, for which the median
of each AMURA measure is used as a representative, see Fig. 1.6. AMURA seem extremely
robust to the number of acquired gradients even in the case of very heavy subsamplings.
This is as expected, since Fig. 1.6 shows mean values but not variances. On the contrary,
all three measures show a clear dependency with the b-value since the assumption that

6A “uniform” subsampling of n gradients among the original 128 is here defined as those n directions that
minimize the overall electrostatic repulsion energy amongst all

(128
n

)
combinations. The optimization is carried

out using heuristic rules.
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Fig. 1.7.: AMURA-RTPP as a function of the number of acquired gradients (left) or the b-value (right)
for subject MGH 1016. Each line correspond to a cluster of RTPP values computed from
5-fold fuzzy c-means. AMURA-RTPP as a function of the number of gradients (left) is
depicted at b = 5, 000s/mm2.

D(θ, φ) is roughly constant holds only within a limited range of b-values. In any case,
the monotonical behavior of each cluster is preserved for both RTOP and RTAP, i.e. an
increasing value of the FA comes along with an increasing value of RTOP and RTAP for
all shells. Since both RTOP and RTAP resemble anisotropy maps, see Fig. 1.1, this is as
expected. This is not necessarily the case for RTPP, whose graphics for each cluster cross
each other as the b-value varies. If the experiment is repeated for RTPP using a clustering
of its own (i.e., by running fuzzy c-means over RTPP itself at b = 5, 000s/mm2, yielding
five centroids CL = {20.72, 22.80, 24.35, 25.92, 27.83}), a perfect monotonical behavior is of
course obtained as shown in Fig. 1.7.

A similar test may be run over the multi-shell techniques. In this case we are interested in
checking the variability of the measures depending on the number of shells used (either 2,
3, or 4). The same five volumes and 3 slices in Table 1.2 are used, and the fuzzy c-means
clustering above described is repeated yielding centroids CL = {0.24, 0.33, 0.45, 0.58, 0.76}.
Fig. 1.8 demonstrates that indeed multi-shell measures do depend on the sampling scheme
(number of shells).

Specifically, including the fourth shell at b = 10, 000s/mm2 heavily alters the measured
RTOP, RTPP, and RTAP in all cases. Note that, while the monotonical behavior of RTOP
and RTAP holds for MAP-like estimators, this is not always the case for RBF (which, in the
light of this experiment, seems particularly unstable). As it was pointed out in the previous
paragraph, RTPP is not necessarily expected to monotonically increase with the FA in any
case.

1.4.6 Computational issues and execution times

AMURA relies on SH expansions computed as linear, regularized LS problems. On the
contrary, multi-shell methods depend on heavily non-linear, sparsity-driven, possibly con-
strained optimization problems. The linear nature of LS usually yields to well-behaved,
stable solutions, meanwhile non-linear optimization usually arises numerical issues.

Besides, the computational load of LS is noticeably more modest (it reduces to invert one
single matrix for the whole volume or even the whole cohort), to the point that AMURA
can be several orders of magnitude faster than multi-shell techniques. This is illustrated

20 Chapter 1 AMURA: Micro-structure diffusion scalar measures from reduced MRI ac-
quisitions



Number of shells

2 2.5 3 3.5 4

×10
6

0

0.5

1

1.5

2

RBF

Number of shells

2 2.5 3 3.5 4

×10
6

0

2

4

6

8

10

MAPL

Number of shells

2 2.5 3 3.5 4

×10
6

0

1

2

3

4

5

MAP-MRI

R
T
O
P

Number of shells

2 2.5 3 3.5 4

×10
4

1

2

3

4

5

6

Number of shells

2 2.5 3 3.5 4

×10
4

0

1

2

3

4

5

R
T
A
P

Number of shells

2 2.5 3 3.5 4

×10
4

0.8

1

1.2

1.4

1.6

Number of shells

2 2.5 3 3.5 4
60

70

80

90

100

Number of shells

2 2.5 3 3.5 4
60

65

70

75

80

85

R
T
P
P

Number of shells

2 2.5 3 3.5 4
60

80

100

120

Fig. 1.8.: Measured values with multi-shell techniques as a function of the number of shells acquired.
Each line correspond to a cluster from 5-fold fuzzy c-means.

Execution times

Method Two shells Three shells Four shells

RBFs 118h 10min 332h 40min 577h 12min
MAP-MRI 13h 43min 13h 46min 16h 20min
MAPL 2h 11min 2h 14min 2h 22min
AMURA 6min 41s 7min 17s 8min 28s

Tab. 1.8.: Estimated execution times for the calculation of the measures with different methods. One
single volume (HCP MGH 1016) is processed.

here through volume MGH 1016 from the HCP. The measures of interest are computed on a
quad-core Intel(R) Core(TM) i7-6700K 4.00GHz processor under Debian GNU/Linux 8.6 SO.
The available code for RBFs7 was run under MATLAB 2013b (The MathWorks, Inc., Natick,
MA) and the DIPY 0.13.0 library8 under Python 3.6.4 (scipy 1.0.0) was used for MAP-MRI
and MAPL. AMURA is implemented in MATLAB without multi-threading to report the results
in Table 1.8.

Though raw execution times are an ambiguous performance index (they can be dramatically
improved, for example, via GPU acceleration), they give a reasonable idea of the complexity
of each method. Note the reported times for most of the methods make them unfeasible
to be used on practical studies. In the case of RBF, they range from 5 to 24 days per
volume, something that goes beyond the capability of clinical groups. Even in the best of the
cases, MAPL is 17 times slower than AMURA. In all the cases, most of the time is spent in
calculating the EAP. In MAPL, for instance, only 0.6% of the calculation time corresponds

7https://github.com/LipengNing/RBF-Propagator.
8http://nipy.org/dipy.
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to the measures, while the remaining 99.4% is spent in estimating the EAP. In the case of
AMURA, 50% of the execution time corresponds to RTAP, since the estimation of the ODF is
the most expensive operation, followed by RTPP, which takes 40% of the time. RTOP is the
fastest measure, since it takes only 16s, 29s, and 54s for the different shells.

1.5 Discussion and conclusions

AMURA are not intend to approximate the exact same numeric parameters as multi-shell
methods compute. On the contrary, their aim is inferring micro-structural information related
to, and with comparable discrimination power as, that revealed by MAP-MRI, MAPL, or RBF.
Fig. 1.1 and Table 1.3 evidence the anatomical consistency of AMURA, both visually and
numerically. Tables 1.4, 1.5, and 1.6 confirm they are able to discriminate tissue properties
in a similar way as multi-shell methods do.

With regard to the first issue, i.e. anatomical consistency, EAP-based measures explicitly
account for the radial behavior of the diffusion signal, which is actually sampled. With
AMURA, the radial behavior is not sampled but modeled as a mono-exponential decay. The
hypothesis leading to the computation of the whole EAP should be, therefore, that the study
of the whole EAP provides more specific/sensitive measures, i.e., there is certain anatomical
information encoded in the radial behavior of the EAP that would remain hidden with
AMURA. However, Table 1.3 highlights this is not always the case: different EAP-methods
bring in less consistent results among them than some of them exhibit with AMURA for
analogous measures (RTOP, RTPP, or RTAP). Paradoxically, the similarity between RBF and
MAP-like methods even worsens as new shells with higher b-values are introduced.

As a first attempt to explain this behavior, we may recall that the measures computed are
merely scalars, i.e., the complex information gathered in the whole 3-D domain of the EAP
is somehow collapsed to one single number: the RTOP, for instance, is the value of the EAP
at a single point (zero), which corresponds to the integration of the diffusion signal in the
whole q-space, in a way that most of the information is lost in the average.

However, the averaging process behind the scalar measures does not explain why the
corresponding outputs obtained from the different EAP-based methods do not converge to
analogous values, or why the model-constrained AMURA measures seem to mimic MAPL
values better than model-free, EAP-based MAP-MRI and RBF in Table 1.3. Moreover, as the
number of shells and the number of samples per shell increase, MAPL, MAP-MRI, and RBF
would be expected to converge to exactly the same values, since all of them estimate the
same mathematical entity (the EAP) and all of them use the same mathematical description
of the related measures (RTOP, RTPP, and RTAP). The experiments here reported show this
is not always the case and, surprisingly, MAP-MRI and RBF tend to diverge from MAPL more
than AMURA does.

Obviously, the mono-exponential model introduces a non-negligible error in the estimated
measures. But the estimation of the EAP is by no means free of certain issues that com-
promise its accuracy: first, the EAP is usually represented as a superposition of functions
selected from a basis or frame where the EAP is assumed to be sparse, which is only a
rough approximation; second, the estimation is usually grounded on non-linear, iterative
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procedures, whose numerical stability is not always guaranteed and whose actual conver-
gence is often conditioned by computational time restrictions; third, EAP estimation requires
probing very strong diffusion gradients that drastically worsen the SNR, which may have an
uncertain impact depending on the optimization method to be used; fourth, an additional
side effect of the use of strong diffusion gradients is that the linear Fourier transform relation
between the EAP and the diffusion signal, which is the keystone of all EAP-based methods,
may no longer hold with accuracy due to non-linearity, diffraction, and/or non-negligible
diffusion during the application of pulsed gradients in a time δ (see Fig. 1.8, where including
the fourth shell in the estimation heavily increases all measures for MAPL; this might suggest
the Fourier model has been compromised at this point).

The combination of these four factors (and possibly others) may affect each EAP-based
method in very different ways, and they could even represent a larger error than that
introduced by the mono-exponential model. This could possibly explain the discrepancies
between the measures computed with any of the three EAP-based methods, especially the
higher deviations of RBF when 3 shells (instead of 2) are used in Table 1.3. Of course,
AMURA does not get rid of this issue. But, once again, the goal of AMURA is not estimating
the exact same values as EAP-based methods: a shifted (level/contrast changed) version
of a given measure will have exactly the same discriminant power as its former version,
and therefore it will be equally valuable. Going back to Fig. 1.8, EAP-based measures do
not always respect this principle: RBF, for example, assigns very different, non-consistent
relative values of RTAP among anatomies with similar FA depending on the number of shells
used. Since RTAP is somehow related to the anisotropy (to the FA), this is by no means the
expected behavior. MAP-like estimators, as well as AMURA, get rid of this artifact for RTAP
but not for RTPP. However, since RTPP is not as closely related to the anisotropy as RTAP,
and as long as AMURA-RTPP is still consistent with MAP-RTPP, this seems acceptable.

All in all, the apparent nature of AMURA makes corresponding measures heavily dependent
on the measured shell (see Fig. 1.6), but a similar variability is also found in multi-shell
methods (Fig. 1.8).

Once the consistency of AMURA has been thoroughly discussed, the big deal is their power
to resolve micro-structural features beyond the capabilities of conventional DT-MRI. Ta-
bles 1.4, 1.5, and 1.6 suggest that AMURA might be as good as the other multi-shell
techniques to distinguish different populations based on tissue properties. Going back to
the previous discussion, the lack of consistency between the raw values of RTOP, RTPP, and
RTAP computed with different multi-shell methods translates in similar discrepancies in the
classification of white matter voxels. If AMURA correlated with MAPL stronger than the
other multi-shell techniques did, they indeed provide better overlapped classifications too.
Remarkably, AMURA finds two populations that more closely resemble those found by MAPL
than MAP-MRI does, even when MAPL and MAP-MRI share a good number of common
features. This remains true for all apparent measures at all available b-values. Hence,
if we admit that EAP imaging provides measures that actually relate to micro-structural
properties [1.12, 1.22, 1.29, 1.31], corresponding AMURA indexes should be assumed to
probe actual tissue information as well. Once again, this claim can be justified only under
the hypothesis that the radial integration to compute scalar measures blurs out a major part
of the radial information within the q-space.

The experiment in Fig. 1.4 supports this claim, at least for RTPP: while tensor-derived
measures are not able to distinguish different populations within the corpus callosum,
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AMURA-RTPP finds two distinct regions that can be easily identified in Fig 1.5. In other
words, AMURA-RTPP is measuring a micro-structural information that is not revealed with
standard DT-MRI. Paying attention to Fig. 1.5, the two populations distinguished by AMURA-
RTPP become evident: in the outermost region, the corpus callosum is interleaved with
the cingulum, so that restricted diffusion prevails, the maximum diffusivity decreases, and
the RTPP increases (lobes at the right of the valley in Fig. 1.4, rightmost column). In
the innermost part, on the contrary, the corpus callosum is closer to the CSF and non-
restricted diffusion takes a more relevant role: the maximum diffusivity increases and, as a
consequence, the RTPP decreases (lobes at the left of the valley in Fig. 1.4). At the sight
of Fig. 1.4, MAPL seems to find only subtle differences between these two populations,
performing worse than AMURA. Nonetheless, the PDD database comprises only 2 shells, and
hence it is not particularly well suited for this technique.

In any case, RTPP yields statistically significant differences between controls and patients
at both the GCC and the SCC in all cases, see Table 1.7 (though the AMURA-RTPP yields a
higher significance). This is not the case for RTOP and RTAP. It is important to stress here
that the aim of the experiment is not demonstrating the clinical usefulness of AMURA in the
particular case of PD, but testing its capability to describe micro-structural features. In other
words, the fact that RTOP and RTAP are not able to find significant differences between
controls and PD patients only means that the micro-structural properties they describe do
not seem to be altered by this particular pathology and/or in this particular data set.

One further step in the present study would be the validation of AMURA as clinical biomarker
candidates for diverse pathologies. Though Table 1.7 somehow points in this direction,
this aspect must be thoroughly tested. In this sense, one major advantage of AMURA is its
compatibility with nowadays standard acquisition protocols, so that they can be computed
over already existing data sets such as the PDD database. Indeed, in case several shells with
different b-values are available in one such database (as it is the case with PDD), AMURA
can be trivially extended to fit the mono-exponential model to the entire data set and obtain
more robust markers. On the contrary, multi-shell methods like MAPL need ad-hoc new
acquisitions to attain satisfactory results, which complicates their clinical validation.

Moreover, since AMURA avoids the estimation of the actual EAP, the computation of its re-
lated measures may be done in a fast and robust way, i.e., without imposing a computational
burden to the standard protocols: some of the experiments in the present paper report an
acceleration about three orders of magnitude (103) compared to EAP-based measures, see
Table 1.8. A whole volume can be processed in 6 to 8 minutes, so that a clinical study with
200 different subjects could be finished in 26 hours. The same cohort would take 4808 days
(RBF), 135 days (MAP-MRI), or 19 days (MAPL), which obviously limits the applicability
of these methods. The computational simplicity of AMURA, however, does not only imply
faster execution times, but also more robust estimations due to its closed-form. As opposed,
EAP-based techniques usually estimate the whole EAP from multi-shell samplings based on
iterative procedures, which, as discussed above, lead to high discrepancies in the output
measures.

On the other side of the coin, the major drawback behind AMURA is the explicit assumption
of a specific radial behavior for the diffusion, which cannot fit the whole q-space. As a
consequence, the selection of a particular b-value may change the anatomical measures that
have been consequently dubbed apparent. However, as we have shown, this dependence
on the b-value can also be found in other state of the art methods (see Fig 1.8), whose
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outputs vary with the number of shells used for the estimation of the EAP. This implies the
results of clinical trials could be compared against each other only if the same b-value is
preserved across the studies. This is by no means something new to diffusion imaging: it
is well-known that a change in the acquisition parameters (number of gradients, b-value,
resolution, scanner vendor, etcetera) seriously affects scalar measures like the FA or the
MD [1.47, 1.48].
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Appendices

1.A Calculation of the structural measures using the diffusion
tensor

If a Gaussian diffusion propagator is assumed, P (R) is a mixture of independent and
(nearly) identically distributed bounded cylinder statistics and, by virtue of the central limit
theorem, their superposition is Gaussian distributed. The measured signal in the q–space is
the (inverse) Fourier transform of the PDF and it can be expressed as:

E(q) = F−1 {P (R)} (q) = exp
(
−4π2τqTDq

)
, (1.15)

which represents the well-known Stejskal–Tanner equation [1.49]. The diffusion tensor D is
the anisotropic covariance matrix of the Gaussian PDF P (R), and therefore it is a symmetric,
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positive–definite matrix with positive eigenvalues and orthonormal eigenvectors. If we use
this model to estimate the measures, we obtain:

RTOP = 1√
(4πτ)3

· (λ1 · λ2 · λ3)−1/2

= RTPP · RTAP; (1.16)

RTPP = 1√
4πτ
· (λ1)−1/2; (1.17)

RTAP = 1√
(4πτ)2

· (λ2 · λ3)−1/2, (1.18)

where λ1 ≥ λ2 ≥ λ3 are the three real, non-negative eigenvalues of D.
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Abstract:
Purpose: The Apparent Propagator Anisotropy (APA) is a new diffusion MRI metric that, while
drawing on the benefits of the Ensemble Averaged Propagator Anisotropy (PA) compared to
the Fractional Anisotropy (FA), can be estimated from single-shell data.
Theory and Methods: Computation of the full PA requires acquisition of large data sets with
many diffusion directions and different b-values, and results in extremely long processing
times. This has hindered adoption of the PA by the community, despite evidence that it provides
meaningful information beyond the FA. Calculation of the complete propagator can be avoided
under the hypothesis that a similar sensitivity/specificity may be achieved from apparent
measurements at a given shell. Assuming that diffusion anisotropy is non-dependent on the
b-value, a closed-form expression using information from one single shell (i.e. b-value) is
reported.
Results: Publicly available databases with healthy and diseased subjects are used to compare
the APA against other anisotropy measures. The structural information provided by the APA
correlates with that provided by the PA for healthy subjects, while it also reveals statistically
relevant differences in white matter regions for two pathologies, with a higher reliability than
the FA. Additionally, APA has a computational complexity similar to the FA, with processing-
times several orders of magnitude below the PA.
Conclusions: The APA can extract more relevant white matter information than the FA, without
any additional demands on data acquisition. This makes APA an attractive option for adoption
into existing diffusion MRI analysis pipelines.

Originally published as: S Aja-Fernández, A Tristán-Vega, DK Jones, Apparent propagator anisotropy
from single-shell diffusion MRI acquisitions, Magnetic resonance in medicine 85 (5), 2869-2881, 2021

2.1 Introduction

The term Diffusion Magnetic Resonance Imaging (dMRI) refers to a set of diverse imag-
ing techniques that, when applied to brain studies, provide useful information about the
microscopic organization and connectivity of the white matter. One relevant feature of
dMRI is its ability to measure orientational variance in the different tissues, i.e. anisotropy.
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Nowadays, the most common way to estimate the anisotropy is via the diffusion tensor
(DT) [2.1]. Diffusion tensor MRI (DT-MRI) brought to light one of the common issues of
dMRI techniques: in order to carry out clinical studies, the information given by the selected
diffusion analysis method must be translated into some scalar measures that describe differ-
ent features of diffusion within every voxel. That way, metrics like the Fractional Anisotropy
(FA) were defined with the DT as a starting point [2.1]. Despite the strong limitations that
the underlying Gaussian assumption imposes, the FA is still widely used in clinical studies
involving dMRI.

In practice, the diffusion mechanisms cannot be fully described by DT-MRI because of the
oversimplified Gaussian fitting. Accordingly, techniques with more degrees-of-freedom
naturally arose, such as Diffusion Kurtosis Imaging (DKI) [2.2] or methods based on High
Angular Resolution Diffusion Imaging (HARDI) [2.3, 2.4]. The trend over the last decade
has been to acquire a large number of diffusion-weighted images distributed over several
shells (i.e. with several gradient strengths) and with moderate-to-high b-values to estimate
more advanced diffusion descriptors, such as the Ensemble Average diffusion Propagator
(EAP) [2.5]. The estimation relies on model-free, non parametric approaches that can
accurately describe most of the relevant diffusion phenomena.

The most straightforward strategy to estimate the EAP is to sample the Cartesian q-space
densely enabling Diffusion Spectrum Imaging (DSI) [2.6], which requires a vast number of
acquisitions. Alternatively, several methods were proposed grounded on sparse samplings of
the q-space, being the most prominent: Hybrid Diffusion Imaging (HYDI) [2.7, 2.8], multiple
q-shell Diffusion Propagator Imaging (mq-DPI) [2.9, 2.10], Bessel Fourier Orientation
Reconstruction (BFOR) [2.11], the directional Radial Basis Functions (RBFs) [2.12], the
Mean Apparent Propagator MRI (MAP-MRI) [2.5, 2.13], or the Laplacian-regularized MAP-
MRI (MAPL) [2.14].

Regardless of the method selected for estimating the EAP, the typical end-user condenses the
information provided by the whole EAP into a set of scalar metrics such as: the probability
of zero displacement (or return-to-origin probability, RTOP), the q-space inverse variance,
the return-to-plane (RTPP) and return-to-axis probabilities (RTAP) [2.8, 2.15, 2.12], or the
Propagator Anisotropy (PA) [2.5]. In this work we will focus on the latter.

The PA can be seen as an alternative anisotropy measure able to discern changes that remain
hidden for the FA. It reveals microstructural information of interest in the white matter. For
example, a recent study in transgenic rats suggests that the PA may be a valid biomarker for
Alzheimer’s disease [2.16]. The same study also shows that the PA could be an important
marker in longitudinal studies, indicating a possible dependency with age. [2.13] showed
that the PA shows higher tissue contrast than the FA in white matter. Finally, [2.17] detected
the main limitation of the PA: the bottleneck of studies with EAP-derived measures is the
amount of data needed for the calculation. This issue, together with the long processing
times needed for EAP imaging, has slowed down a widespread adoption of propagator-based
anisotropy measures by the clinical community and motivated the current work.

This same pitfall has been recently addressed by [2.18] for the computation of other
EAP imaging-related markers (namely: RTOP, RTPP, and RTAP). The so-called “Apparent
Measures Using Reduced Acquisitions” (AMURA) can mimic the sensitivity of EAP-based
measures to microstructural changes when a reduced amount of data distributed in a few
shells (even one) is available. AMURA assumes a prior model for the behavior of the radial
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q-space instead of trying to numerically describe it, yielding closed-form expressions that
can be computed easily even from single-shell acquisitions.

The present paper extends AMURA to the estimation of the PA. To that end, the same
constrained model for radial diffusion used by [2.18] is adopted here, i.e., the diffusion
anisotropy is assumed to be independent of the actual b-value of the measured shells. We
use this simplification to derive alternative closed-forms for the inner products that define
the original PA that can be computed even from single-shell acquisitions. At the same time,
the so-called Apparent Propagator Anisotropy (APA), together with other closely related
measures we derive from it, may reveal analogous tissue anisotropy features as the original
PA and other anisotropy measures. The use of a constrained model, instead of regularizing a
heavily under-determined problem, makes the APA more robust for certain brain structures
than the PA itself, as we illustrate over an extensive set of experiments performed on data
acquired with a ’clinical’ type acquisition.

2.2 Theory

2.2.1 The Diffusion Signal

The EAP, P (R), is the Probability Density Function of the water molecules inside a voxel
moving an effective distance R in a time ∆. It is related to the normalized magnitude signal
provided by the MRI scanner, E(q), by the Fourier transform F{.} [2.19]:

P (R) =
∫
R3
E(q)e−2πjq·Rdq = F {|E(q)|} (R). (2.1)

The inference of exact information on the R–space would require the sampling of the whole
q–space to exploit the Fourier relationship between both spaces.

In order to obtain a closed-form analytical representation from a reduced number of ac-
quired images, a model of the diffusion behavior must be adopted. The most common
techniques rely on the assumption of a Gaussian diffusion profile and a steady state regime
of the diffusion process leading to DT representation [2.20]. Alternatively, a more general
expression for E(q) can be used [2.21]:

E(q) = exp
(
−4π2τq2

0D(q)
)

= exp (−b ·D(q)) (2.2)

where the positive function D(q) = D(q0, θ, φ) is the Apparent Diffusion Coefficient (ADC),
b = 4π2τ‖q‖2 is the so-called b-value, q0 = ‖q‖ and θ, φ are the angular coordinates in
the spherical system. The effective diffusion time τ is defined as τ = ∆ − δ/3, where the
diffusion time ∆ is usually corrected with the pulse duration δ.

The mono-exponential assumption is ubiquitous to many HARDI techniques, and it implies
the anisotropy of the diffusion signal is roughly independent of the b-value. The accuracy
of such an assumption depends on the range of b-values considered: according to [2.21]
this mono-exponential signal representation is predominant in the mammalian brain for
b-values up to 2000 s/mm2. Beyond this value, in the range 2000 to 10000 s/mm2, it
has been proven that the deviation of the actual signal from mono-exponentials embeds
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meaningful information about the diffusion process [2.5]. However, the relevance of this
extra information might be at stake due to the limitations inherent to commonly used
samplings (with maximum b-values ranging 3,000 to 5,000 s/mm2), which are able to
capture only the low-frequency spectrum.

2.2.2 Propagator Anisotropy and Inner Product

In [2.5], the authors propose a measure called the Propagator Anisotropy (PA) that quantifies
how the propagator diverges from the isotropic one. The PA is defined as a function of the
sine of the angle between two propagators as:

PA = γ (sin (∠[P (R), PI(R)]) , ε) , (2.3)

where P (R) is the actual propagator and PI(R) its equivalent isotropic propagator. The
function γ (., ε) is a contrast enhancement to better distribute the output values in the range
[0, 1]. For the sake of simplicity, hereon, we will use θP,PI to denote the angle.

In order to calculate this metric, we need to define the inner product between two prop-
agators. Let P1(R) and P2(R) be two different propagators. If we consider them as two
different signals defined over a common signal space S, we can define an inner product as
[2.5, 2.22]:

〈P1(R), P2(R)〉 =
∫
R3
P1(R)P ∗2 (R)dR. (2.4)

where P ∗2 (R) is the conjugate of P2(R). According to Parseval’s Theorem [2.22], since
variables R and q are related via the Fourier Transform, there is an equivalence of this
product in the q-space. Considering that the magnitude-reconstructed diffusion-weighted
MR signal E(q) is always real and symmetric, E∗(q) = E(q) and E(q) = E(−q), we can
write:

〈P1(R), P2(R)〉 =
∫
R3
E1(q)E2(q)dq, (2.5)

where E1(q) = F−1 {P1(R)} (q) and E2(q) = F−1 {P2(R)} (q). The norm of a signal is
defined as:

||P1(R)|| = 〈P1(R), P1(R)〉1/2 =
(∫

R3
|E1(q)|2dq

)1/2
. (2.6)

The similarity between two signals is given by the cosine of the angle between them, defined
as:

cos θP1,P2 = 〈P1(R), P2(R)〉
||P1(R)|| · ||P2(R)|| . (2.7)

The sine is calculated from Eq. (2.7) as:

sin θP1,P2 =
√

1− cos2 θP1,P2 . (2.8)

This result can be extrapolated for the EAP, P (R), and its isotropic equivalent, PI(R), to
define the PA as in Eq. (2.3).
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2.3 Methods

2.3.1 Apparent Propagator Anisotropy

The calculation of the PA demands the full estimation of the EAP which requires an extensive
data acquisition. In contrast, AMURA permits the use single-shell data at the expense of
constraining the radial behavior so that the diffusivity D(q) does not depend on the radial
direction (i.e., independent of the magnitude of the q-vector): D(q) = D(u), where ‖u‖ = 1
and q = qu [2.18]. Then, Eq. (2.2) becomes:

E(q) = E(q,u) = exp
(
−4π2τq2 D(u)

)
. (2.9)

Note that, although D(q) is independent of q, the signal attenuation, E(q), still has q-
dependence. This assumption, although restrictive, is used to define certain diffusion
representations in HARDI [2.23, 2.4], where only one data-shell (i.e., b-value) is usually
acquired.

In what follows, we explicitly calculate the inner product that defines the PA by using the
simplification in Eq. (2.9), yielding an anisotropy metric related to the PA for a specific
shell.

First, we define an isotropic signal equivalent to the mono-exponential model, EI(q).
Pursuing an analogous formulation to that in AMURA [2.18], we propose an alternative
formulation, leading to a linear computation:

EI(q) ∆= exp
(
−4π2τq2 DAV

)
, (2.10)

for:
DAV = 1

4π

∫
S

D(u)du. (2.11)

The integration on the surface of the sphere from a limited number of samples is performed
by fitting corresponding signals in the basis of Spherical Harmonics (SH), whose 0-th order
coefficient is defined as:

C0,0 {H(u)} = 1√
4π

∫
S

H(u)du. (2.12)

Therefore, DAV can be calculated as:

DAV = 1√
4π
C0,0 {D(u)} , so that EI(q) = exp

(
−2π3/2τq2 C0,0 {D(u)}

)
. (2.13)
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Second, we calculate the norm of P (R) and PI(R) under the considered assumption:

||P (R)||2 =
∫
R3

exp
(
−4π2τq2 2 D(u)

)
dq

=
∫ ∞

0

∫
S

exp
(
−4π2τq2 2 D(u)

)
q2du dq

= Cp

∫
S

1
(2 ·D(u))3/2 du (2.14)

= Cp ·
√
π

2 · C0,0

{
D(u)−3/2

}
, (2.15)

where Cp is a constant. Following the same reasoning, the norm of the isotropic equivalent
is:

||PI(R)||2 =
∫
R3

exp
(
−4π2τq2 2 DAV

)
dq

= Cp
√

2π ·D−3/2
AV . (2.16)

Third, we calculate the inner product of both signals using the single shell assumption:

〈P (R), PI(R)〉 =
∫
R3

exp
(
−4π2τq2 (D(u) +DAV)

)
dq

= Cp

∫
S

1
(D(u) +DAV)3/2 dS (2.17)

= Cp ·
√

4π · C0,0

{
(D(u) +DAV)−3/2

}
. (2.18)

Next, we calculate the cosine and sine of the angle between both signals:

cos2 θP,PI = 〈P (R), PI(R)〉2

||P (R)||2 · ||PI(R)||2

= 4√
π

[
C0,0

{
(D(u) +DAV)−3/2}]2

C0,0
{
·D(u)−3/2

}
·D−3/2

AV

; (2.19)

sin θP,PI =
√

1− cos2 θP,PI . (2.20)

From here, we can define the anisotropy measure prior to the non-linear transformation as:

APA0 = sin θP,PI . (2.21)

Finally, the PA is calculated using the Gamma transformation proposed by [2.5]:

γ(t, ε) = t3ε

1− 3tε + 3t2ε . (2.22)

This way, the Apparent Propagator Anisotropy (APA) at a given b-value is calculated as:

APA = γ (sin θP,PI , ε) . (2.23)
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Measure Formula Practical implementation

APA γ (APA0, ε) γ (APA0, ε)

APA0

√
1−

[∫
S

(D(u)+DAV)−3/2du
]2

√
2πD−3/2

AV

∫
S

(2D(u))−3/2du

√
1− 4√

π

[C0,0{(D(u)+DAV)−3/2}]2

C0,0{D(u)−3/2}·D−3/2
AV

DAV
1

4π
∫
S
D(u)du 1√

4πC0,0 {D(u)}

DiA

√
4π·
∫
S
D2(u)du−

[∫
S
D(u)du

]2

4π·
∫
S
D2(u)du

√
1−

1√
4π
·C2

0,0{D(u)}
C0,0{D2(u)}

Tab. 2.1.: Summary of the proposed anisotropic diffusion metrics.

2.3.2 Alternative form of the APA

The need for a contrast enhancement of the raw values of the PA through the gamma
correction in Eq. (2.23) was already recognized by [2.5]. Generalizing this idea, we can
apply a contrast enhancement to the attenuation signal itself before the PA is actually
computed. Since E(q) is bounded in the range (0, 1), the negative logarithm of E(q), i.e.
D(q), is an appropriate transformation in this sense. Hence, we can reformulate:

〈D1(q), D2(q)〉 =
∫
S

D1(u)D2(u)du; (2.24)

||D(q)||2 =
∫
S

D2(u)du, (2.25)

and the Diffusion Anisotropy (DiA) is defined straightforwardly as:

DiA = sin θD,DAV

=

√√√√1−
[
DAV ·

∫
S
D(u)du

]2
4π ·D2

AV ·
∫
S
D2(u)du

=
(
C0,0{D2(u)} − 1√

4π · C
2
0,0{D(u)}

C0,0{D2(u)}

)1/2

, (2.26)

so that the term DAV no longer appears. The DiA can be seen as a generalization of the
Coefficient of Variation of the Diffusion (CVD) defined in [2.24] as a robust alternative for
the FA. According to [2.25], the DiA is also an alternative definition to the Generalized
Anisotropy proposed by [2.26]. Note that the derived DiA also resembles to the Generalized
Fractional Anisotropy (GFA) defined in [2.27].

An overview of all the proposed diffusion anisotropy metrics, together with their specific
numerical implementations, is presented in Table 2.1.
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2.3.3 Public data sets used for the experiments

In order to test the proposed measures for a wide range of acquisition protocols and MR
hardware configurations, four different data sets were used:

• Human Connectome Project (HCP)1: specifically volumes MGH1007, acquired on a
Siemens 3T Connectom scanner with 4 different shells at b = [1000, 3000, 5000, 10000]
s/mm2, with [64, 64, 128, 256] gradient directions each, in-plane resolution 1.5 mm
and slice thickness was 1.5 mm.

• Public Parkinson’s disease database (PPD): publicly available database2 acquired
in the Cyclotron Research Centre, University of Liège. It consists of 53 subjects in
a cross-sectional Parkinson’s disease (PD) study: 27 PD patients and 26 age, sex,
and education-matched control subjects. Data were acquired on a 3T head-only MR
scanner (Magnetom Allegra, Siemens Medical Solutions, Erlangen, Germany) operated
with an 8-channel head coil. DWIs were acquired with a twice-refocused spin-echo
sequence with EPI readout at two shells b = [1000, 2500, 5000, 10000] s/mm2 along
120 encoding gradients. Acquisition parameters are TR=6800 ms, TE=91 ms, and
FOV=211 mm2, voxel size 2.4×2.4×2.4 mm, no parallel imaging and 6/8 partial
Fourier were used. More information can be found in [2.28].

• ADNI database (ADNI): multi-shell data from 55 subjects were obtained from the
Alzheimer’s Disease Neuroimaging Initiative (ADNI) database 3. From the whole
database we have focused on those subjects scanned with more than one shell (ADNI
3 advanced protocol). The data used consist of 38 cognitively normal elderly controls
(CN; mean age: 71.4±6.4 yrs, 15M/23F) and 17 with mild cognitive impairment
(MCI; mean age: 71.6±8.6 yrs, 10M/7F). Data were acquired on 3T Siemens Ad-
vanced Prisma scanners (at 9 different acquisition sites). DW images were acquired
at three distinct b-values b = [500, 1000, 2000, 10000] s/mm2 with different encod-
ing gradients for each shell: 6 (b=500 s/mm2), 48 (b=1000 s/mm2), 60 (b=2000
s/mm2) and 12 unweighted (b = 0) volumes. Acquisition parameters are TR=3300
ms, TE=71, 116×116 matrix, 81 slices, voxel size 2×2×2 mm, whole scanned vol-
ume 232×232×160 mm. All raw DWI were corrected for motion, eddy-current and
echo-planar imaging (EPI) induced susceptibility artifacts and B1 field inhomogeneity.

• Multi-shell data acquired at CUBRIC (CBR)4: 14 healthy volunteers scanned on a 3T
Siemens Prisma scanner (80 mT/m) with a pulsed-gradient spin-echo (PGSE) sequence.

1Data obtained from the Human Connectome Project (HCP) database (ida.loni.usc.edu/login.jsp). The
HCP project (Principal Investigators: Bruce Rosen, M.D., Ph.D., Martinos Center at Massachusetts General Hospital;
Arthur W. Toga, Ph.D., University of Southern California, Van J. Weeden, MD, Martinos Center at Massachusetts
General Hospital) is supported by the National Institute of Dental and Craniofacial Research (NIDCR), the National
Institute of Mental Health (NIMH) and the National Institute of Neurological Disorders and Stroke (NINDS). HCP is
the result of efforts of co-investigators from the University of Southern California, Martinos Center for Biomedical
Imaging at Massachusetts General Hospital (MGH), Washington University, and the University of Minnesota.

2www.nitrc.org/frs/?group_id=835.
3Data used in preparation of this article were obtained from ADNI database (adni.loni.isc.edu). As such, the

investigators within the ADNI contributed to the design and implementation of ADNI and/or provided data but did
not participate in analysis or writing of this report. A complete listing of ADNI investigators can be found at: http://
adni.loni.usc.edu/wp-content/uploads/how_to_apply/ADNI_Acknowledgement_List.pdf. The ADNI was
launched in 2003 as a public-private partnership, led by Principal Investigator Michael W. Weiner, MD. The primary
goal of ADNI has been to test whether serial MRI, PET, other biological markers, and clinical and neuropsychological
assessment can be combined to measure the progression of MCI and early Alzheimer’s Disease (AD).

4www.cardiff.ac.uk/cardiff-university-brain-research-imaging-centre/research/projects/
cross-scanner-and-cross-protocol-diffusion-MRI-data-harmonisation
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Fig. 2.1.: Visual comparison of the diffusion anisotropy metrics using slices 42, 52 and 65 of the
MGH1007 volume from HCP. FA is calculated using b=1000 s/mm2, GA, GFA, APA0, APA,
and DiA using b=3000 s/mm2, and PA using 4 shells (1000, 3000, 5000 and 10000 s/mm2).
γ(DiA) is the gamma-corrected version of DiA, constructed for visualization purposes.

Three shells were acquired at b = [1200, 3000, 5000] s/mm2 with 60 directions per
value. The resolution is 1.5× 1.5×1.5 mm. Other acquisition parameters are: TE=80
ms, TR=4500ms, ∆/δ = 38.3/19.5 ms, parallel imaging acquisition (GRAPPA2) with
sum of squares combination and 32 channels.

2.4 Results

2.4.1 Visual Assessment

A preliminary visual assessment of the different metrics was performed using 3 slices (42,
52, 65) from the HCP volume MGH1007. The proposed measures (APA0, APA, and DiA)
were calculated using a single shell at b=3000 s/mm2. For the sake of comparison, we
have also calculated the FA at b=1000 s/mm2, the GA and GFA (calculated using FSL)
at b=3000 s/mm2, and the PA using all the available information (4 shells). Results are
shown in Fig. 2.1. A gamma-corrected version of DiA is also presented to enhance the
contrast. It is calculated using the transformation in Eq. (2.22) over Eq. (2.26). As expected,
all the metrics highlight the anisotropy of the white matter, meanwhile they suppress the
signal from the (approximately) isotropic gray matter. isotropic gray matter. APA0 and
DiA are not uniformly distributed over the range [0, 1], an effect also present in the GFA,
which is palliated by the APA. Comparing the new measures with the original PA, the latter
seems over-saturated towards 1, in a way that most of the white matter looks homogeneous.
Conversely, the APA exhibits wider dynamic range across the white matter, making it possible
to distinguish different anatomical features.

Moreover, Fig. 2.2 suggests that the APA exhibits a good noise behavior across the entire
cerebrum, even in those areas with low anisotropy such as the CSF (which has low APA)
and areas of intermediate anisotropy, such as thalamus and head of caudate. This is in
stark contrast to the PA computed using MAP-MRI, where there is elevated anisotropy in the
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Fig. 2.2.: Visual comparison of PA to APA using slice 42 of the MGH1007 volume from HCP. APA is
calculated using one single shell (b=3000 s/mm2), and PA using 2 (1000 and 3000 s/mm2),
3 (1000, 3000 and 5000 s/mm2) and 4 shells (1000, 3000, 5000 and 10000 s/mm2). There
are marked differences between APA and PA in the basal ganglia, including the head of
caudate (red arrows) and thalamus (green arrows),
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Fig. 2.3.: Number of regions with significant differences (p < 0.05) for different number of samples.
FA is compared to APA for the ADNI database to find differences between control and MCI
subjects. Only those regions with more than 2500 voxels are considered.

ventricles, and the poor contrast-to-noise ratio in the basal ganglia occludes corresponding
structures.

2.4.2 Validation with Clinical Data

The next set of experiments aims at quantitatively evaluating the potential of the new metrics
for the clinical analysis of real data provided in public databases. The assessment is based
on the ability to find significant differences between two different cases: (1) mild cognitive
impairment (MCI), using the ADNI database, and (2) Parkinson disease (PD), using the PPD
database. We have selected these two cases as they are illustrative of very different clinical
studies: according to the literature, significant differences in diffusion anisotropy can be
easily found between MCI and controls in a large number of brain regions [2.29, 2.30]. In
contrast, although patient-control anisotropy differences have been reported in white matter
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Number of subjects 51 48 45 42 39 36 33 30 27 24
2-sided 11 17 16 13 15 13 10 11 12 7
APA-not(FA) 10 15 15 14 15 15 11 11 12 9
FA-not(APA) 1 2 1 0 1 0 0 0 0 0

Tab. 2.2.: Results of the McNemar’s test on the ADNI data: comparison of areas detected by APA and
FA (p < 0.01).

regions for PD [2.31], such differences are harder to find using standard dMRI analysis.
This way, the the ability of the new measures to detect pathology are evaluated under two
different difficulty levels.

For all the experiments, the FA was calculated as a reference value using MRTRIX [2.32]5

from the data collected at b=1000 s/mm2. The FA maps of all the volumes were warped to
a common template using the standard TBSS pipeline [2.33]. The same transformation was
applied to all the metrics considered for the experiment.

Let us focus first on the MCI experiment. The FA was compared to the APA using two
different shells for both measures (b=1000 and b=2000 s/mm2) in order to check the
capability of the latter to discriminate differences between MCI and healthy controls. To that
end, a region of interest (ROI) analysis was carried out: 48 different ROI were identified on
the subjects using the JHU WM atlas [2.34]. For the sake of robustness, only those 22 ROIs
containing more than 2500 voxels were considered for the experiment. The average value of
the FA and the APA inside each ROI was calculated using the 2% and 98% percentiles. Then
we carried out a two-sample, pooled variance t-test between controls and patients for each
of the measures considered and at each of the 22 ROIs. To observe the dependence of the
measures with the number of subjects, the t-test was repeated in sub-samples of the original
set. Starting with 55 subjects (38 CN and 17 MCI), the number of subjects per group was
progressively reduced in 3 subjects (2 CN and 1 MCI) for each iteration, until no regions with
significant differences were found. For each iteration, 200 repetitions were performed, each
of them generating a random sub-sample of subjects for which the inference was carried
out. This inference plots differences between the two groups in a certain number of white
matter regions with significance p < 0.05 (uncorrected). The median value of regions with
significant differences across the 200 repetitions was considered as the figure of merit for
each iteration.

Results are shown in Fig. 2.3. As expected, the number of regions showing significant group
differences decreased together with the number of subjects in each group. However, for any
given sample size, the APA consistently finds a larger number of regions with significant
patient-control differences than the other metrics. Moreover, the APA is able to obtain similar
results as the FA with a smaller sample size. This feature makes the APA a robust alternative
to the FA even with data sets collected for DT-MRI-based analysis, i.e. single-shell data
with b≈1000 s/mm2. In this experiment, it is precisely at b=1000 s/mm2 where the best
discrimination results were obtained for the APA compared to the FA.

Complementarily, in order to test the sensitivity of APA compared to FA, we have conducted
a McNemar’s statistical test with the results provided by bootstrapping for FA and APA with
b = 1000s/mm2, for each subsample set and the 200 repetitions. This type of test is usually

5mrtrix.org
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Fig. 2.4.: Significant differences found by statistical test for the Parkinson database, using a voxel-wise
analysis over the FA skeleton for the different considered metrics (sagittal view). In red,
those points where the considered metric decreases in the PD with respect to the controls
with statistical significance above 99% (p< 0.01).

employed to assess sensitivity and specificity of two different tests on the same sample.
To that end, we have tested the null hypothesis that APA and FA detect differences in the
same regions, and three alternative hypotheses: (1) APA detects more regions than FA
(APA-not(FA)); (2) FA detects more regions than APA (FA-not(APA)); and (3) FA and APA
detect different number of regions (2-sided). Results can be seen in Table 2.2 where we
show the number of regions with p < 0.01 for each subsample. Note that, according to the
results, APA is able to detect differences in regions not detected by the FA (high values in
the row APA-not(FA)), while most of the findings reported by FA are in areas also reported
by APA (low values in the row FA-not(APA)).

Next, we test the utility of the new measures using the PPD database. Though PD is known
to affect the substantia nigra or the gray matter more than the white matter, significant
differences have also been reported in several white matter regions such as the corpus
callosum (CC), the corticospinal tract and the fornix [2.31]. The aim of this experiment was
to test the ability of the proposed measures to detect differences in the white matter. Two
different analysis were considered:

1. A voxelwise cross-subject analysis using the FA skeleton with the randomise tool from
the FSL toolbox (which performs a non-parametric permutation inference over the
data) with 500 realizations. Those voxels with p < 0.01 (without TFCE) are highlighted
in Fig. 2.4. Voxels colored red denote where the considered metric decreases in the PD
with respect to the controls.
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Fig. 2.5.: Absolute value of effect sizes (Absolute Cohen’s d) for associations between PD and controls
in the Parkinson data base for different metrics and, where appropriate, different b-shells.

2. A ROI oriented analysis: the three regions of the CC (genu –GCC–, body –BCC–, and
splenium –SCC–) were identified on the subjects using the JHU WM atlas [2.34]. The
average values of the different measures inside each ROI were calculated using the 2%
and 98% percentiles. First, effect sizes were estimated using the Cohen’s d. Results are
depicted in Fig 2.5. Then we carried out a two-sample, pooled variance t-test between
controls and patients for each of the measures considered and at each of the three
sections of the CC segmented in the JHU WM. Table 2.3 shows the results.

We have focused on the CC since this is the region where previous studies have reported
group differences between PD and healthy controls. If we focus on this area in a sagittal plane
in Fig. 2.4, the FA and the GA only find some isolated voxels with statistically significant
differences. The PA finds some extra voxels, but cannot show its true potential due to
the small b-values considered. In contrast, the proposed measures show more differences
across the whole CC. All of them, especially the DiA, find differences in the Genu of the CC
(GCC). The slightly better performance of the DiA compared to the PA in this experiment
supports the logarithmic contrast enhancement in the attenuation signal despite the uneven
distribution of DiA values over the range [0, 1] seen in Fig. 2.1.

In the ROI analysis, it is precisely at the SCC where all the measures show the greatest
values of Cohen’s d, see Fig. 2.5. Once again, DiA shows larger effect sizes, although the
GA and GFA (with b=2500 s/mm2) are also able to find significant differences in this ROI,
see Table 2.3. However, note that the DiA shows a statistical significance above 99%. If we
focus on the GCC ROI, only the APA is able to find differences. In contrast, the PA calculated
with MAP-MRI and the DTI version (proposed in [2.5]) both show very low effect sizes and
are unable to detect significant differences in any part of the CC.

Finally, it is important to stress here that the aim of the experiments carried out in this
section was not to demonstrate the clinical usefulness of APA in the particular case of MCI
and PD, but rather to test its ability to detect differences in the white matter on real datasets.
The fact that a particular measure finds significant patient-control differences indicates that
the diffusion properties it describes is altered by this particular pathology and/or in this
particular data set.
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B val GCC BCC SCC
FA 1000 0.378 0.205 0.192
MAPMRI-PA all 0.656 0.585 0.517
MAP-PA-DTI all 0.664 0.290 0.345
GA 1000 0.443 0.151 0.102

2500 0.063 0.078 0.015
GFA 1000 0.428 0.211 0.059

2500 0.095 0.102 0.034

APA 1000 0.555 0.296 0.310
2500 0.038 0.238 0.116

APA0 1000 0.309 0.676 0.436
2500 0.180 0.472 0.062

DIA 1000 0.431 0.183 0.047
2500 0.057 0.071 0.004

Tab. 2.3.: Two-sample, pooled variance, t-tests for each measure and at each section of the corpus
callosum: GCC (genu), BCC (body), and SCC (splenium). The p-values represent the
probability that the averaged values (using the values between the 2% and 98% percentiles)
of each region of the corresponding tract have identical means for both controls and patients.
Differences with statistical significance above 99% are highlighted in green, and those with
significance over 95% are highlighted in amber.

2.4.3 Sensitivity analysis to acquisition parameters

Next, we tested the dependency of APA on the b-value and the number of diffusion samples
taken in a given shell. To that end, we used 5 whole volumes from the CBR data. Each volume
was divided in 6 different regions according to their diffusion features. The APA was first
calculated and those voxels with APA< 0.1 removed. The remaining voxels were clustered
in 6 different groups using k-means (at b=3000 s/mm2). Each voxel in the white matter
was assigned to one cluster using its PA value and the minimum distance. The following test
was carried out: first, the variability with the b-value was probed by computing the different
anisotropy measures with each of the available shells at b=1200 s/mm2, b=3000 s/mm2, or
b=5000 s/mm2. For the variability with the number of diffusion sampling directions, we
began with the 60 samples at b=3000 s/mm2 and uniformly downsampled this set to obtain
either 25, 32, 40 and 48 diffusion directions subsets6. All the proposed anisotropic diffusion
measures were computed for each considered case, and the median value inside each of the
six clusters is depicted in Fig. 2.6.

Note that all the measures show a dependence on the b-value: the smallest values tend
to increase monotonically with the b-value, whereas the higher values tend to show a
monotonic decrease. However, and this is the key point, the separation between clusters
remains the same for different b values. This means that the differences in the anisotropy
detected by these measures can be detected when using different shells. All the measures
show a extremely robust behavior to the variation in the number of sampling directions even
in the case of very heavy downsampling.

6A “uniform” downsampling of n gradients among the original 60 is here defined as those n directions that
minimize the overall electrostatic repulsion energy among all

(60
n

)
combinations. The optimization is carried out

using heuristic rules.
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Fig. 2.6.: Evolution of the proposed measures with the b-value (top) and the angular resolution
(bottom), using data from a 3T Prisma scanner. The volume has been clustered in 6 different
sets (for PA at b=3000 s/mm2) and the median of each set is shown. Centroids of the data
CL = {0.27, 0.41, 0.52, 0.65, 0.78, 0.91}.

2.4.4 Execution Times

The long processing times associated with the estimation of EAP-based measures is one of the
issues that has hindered a widespread clinical adoption of the PA. In comparison, the linear
nature of SH needed to estimate the APA results in a significant reduction of the calculation
time, that can be several orders of magnitude faster than whole EAP-based techniques.

To test this extreme, a volume from the PPD was used here to compute APA and PA measures
on a quad-core Intel(R) Core(TM) i7-4770K 3.50GHz processor under Ubuntu Linux 16.04
SO. PA was calculated using the two available shells with MAP-MRI using the DIPY library
under Python 3.6.4 (scipy 1.0.0)7. APA was implemented using one single shell in MATLAB
R2013b without multi-threading. The calculation of APA took 3.17s, while MAP-MRI-PA 2h
53min for the same volume. Though raw execution times are an ambiguous performance
index (they can be dramatically improved, for example, via GPU acceleration), they give a
reasonable idea of the relative complexity of each method. The calculation of the APA for
the whole volume is almost instantaneous, which makes it feasible for practical studies.

2.5 Discussion

The intention of the new anisotropy measure proposed here, APA, is not to exactly replicate
a measure like the PA but, using a similar philosophy, to infer anatomical information with
comparable discrimination power as the PA estimated using EAP-based methods (mainly,
MAP-MRI). The original PA calculated from the EAP explicitly accounts for the radial behavior
of the diffusion signal, which also needs to be sampled extensively. For the APA calculation,
the radial behavior is not sampled but modeled as a mono-exponential decay.

One might anticipate that the computation of the whole EAP would provide a more specific
and sensitive measure than the APA, since the anisotropy information encoded in the radial

7The PA calculation is not available in the public distribution of DIPY. The current implementation has been
kindly provided by Dr. Fick.
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direction is otherwise neglected in the APA. This would be the case for a dense sampling
of the q-space, or at least for a truly sparse one. However, actual samplings comprise a
structured, regular grid of gradient directions describing a reduced number of shells (b-
values). This way, the measured radial information does not suffice to describe the behavior
of the attenuation signal in detail, so that a strong regularization of the prior model is
required, leading to a heavily low-pass filtered estimation of the true EAP. As we report in
the results with clinical data (see the PPD experiment), this issue may cause the original
PA to lack the expected discriminant power, or even to have less discriminant power than
conventional DT-MRI.

Moreover, Fig. 2.2 suggests that the lack of a proper radial description of the diffusion signal,
and the consequent over-regularization of the problem, may cause EAP estimators like
MAP-MRI to completely blur out white matter regions such as the thalamus or the caudate,
which are more clearly defined by the APA.

The experiments carried out in this paper confirm that the proposed measures show a
discriminant power that is superior to traditional DT-MRI markers and, in some occasions,
even over the PA. We are aware that the finding of more significant differences between
groups does not directly imply that one method is better than other. However, under
the assumption that the group differences represented here are true positives (which is
endorsed by the related literature), the proposed APA may be reasonably attributed a higher
sensitivity.

The main advantage of the proposed measures, when compared to the PA, is that they can
be calculated from a reduced set of measures leading to a significant reduction in data
acquisition time. Initially they are intended for data collected with one shell (b-value), but
the methodology can be easily extrapolated to more than one. In addition, the experiments
with different gradient directions carried out over the CBR data set have shown a robustness
to differences in the number of gradient directions, which will allow a further reduction in
the amount of requisite data, making it compatible with contemporary acquisition protocols
widely deployed in studies, with as few as 64 gradient directions. It is a common practice
to acquire two shells (b=[1000, 3000] s/mm2, for instance) to estimate classical DT-MRI
parameters, like the FA and MD, but also advanced models (DKI, HARDI, CHARMED,
etcetera). The APA (or the DiA) proposed here can also be calculated with no additional
effort and without changing the acquisition protocol.

Moreover, since the computation of the APA avoids the estimation of the actual EAP, it can be
done in a fast and robust way, i.e., without imposing a computational burden to the standard
protocols. A whole volume can be processed in a matter of seconds while the processing of
the original PA usually takes hundreds of minutes, which obviously limits its applicability.

On the other hand, the major drawback of the APA is the explicit assumption of a specific
radial behavior for the diffusion, which cannot characterize the whole q-space. As a
consequence, the selection of the b-value may impact the absolute values of the measures
and difficult multi-centre studies. However, we have shown that the relative anatomical
differences between different regions are preserved regardless of the absolute changes in
APA values: as long as the same b-value is preserved across each study, the results of different
clinical trials in terms of increased/decreased anisotropy should be broadly compared. This
is by no means something new to diffusion imaging: it is well-known that a change in the
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acquisition parameters (number of gradients, b-value, resolution, scanner vendor, etcetera)
seriously affects scalar measures like the FA or the MD [2.24, 2.35].

2.6 Conclusions

The newly introduced APA (or, alternatively, the DiA) can be easily integrated into the
processing pipeline of currently existing single-shell dMRI protocols and databases to unveil
anatomical details that remain hidden in traditional-FA-based studies. Its simplicity (it is
mainly based on linear fitting of Spherical Harmonics coefficients) prevents the need for
cumbersome parameter tuning procedures via cross-validation or trial and error, so that the
same setting-up will suit virtually any acquisition protocol out-of-the-box, regardless of the
number of acquired gradients and/or b-values.

In the case of multi-shell protocols, and whenever the accuracy in the computation of the full
PA gets compromised by the lack of a detailed sampling of the whole q-space, the proposed
measures are a robust and useful alternative.

Software

The full implementation of AMURA, including the APA and the DiA as described here, may
be downloaded for Matlab© and Octave, together with use-case examples and test data,
from: http://www.lpi.tel.uva.es/AMURA.
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Appendices

2.A Isotropic Ensamble Average Propagator

In the main document, section 3.1, we explicitly calculate the inner product that defines
the PA by using the simplification in eq. (9), yielding an anisotropy metric related to the
PA for a specific shell, namely the APA. After [2.5], this metric requires the definition of an
isotropic signal equivalent to the mono-exponential model. The rationale behind [2.5] is
that the EAP can be averaged over the directional coordinates to obtain the closest isotropic
signal to the original one. By using

P (R) =
∫
R3
E(q)e−2πjq·Rdq = F {|E(q)|} (R), (2.27)

we have:

PI(R) ∆= 1
4π

∫
S

P (R)dr = 1
4π

∫
S

(∫
R3
E(q)e−2πjq·Rdq

)
dr, (2.28)
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where ‖r‖ = 1 and R = Rr. The inner integral in R3 is usually computed in spherical
coordinates, so that dq = q2du dq and a straightforward manipulation yields:

PI(R) = 1
4π

∫ ∞
0

∫
S

q2E(q)
(∫

S

e−2πjq·Rdr
)
du dq = 1

2

∫ ∞
0

∫
S

q2E(q)
J1/2(2πqR)
√
qR

du dq

= 1
2
√
R

∫ ∞
0

q3/2J1/2(2πqR)
(∫

S

E(q)du
)
dq, (2.29)

where J1/2 stands for Bessel’s function of the first kind with index 1/2. The meaning of
eq. (2.29) is that the isotropic EAP defined as the directional average of the original EAP
becomes the Bessel transform of the isotropic diffusion signal defined as the directional
average of the original diffusion signal. In other words, the isotropic equivalent to the EAP
corresponds to a diffusion signal that is indeed computed in the same manner:

PI(R) = 1
4π

∫
S

P (R)dr ←→ EI(q) = 1
4π

∫
S

E(u)du. (2.30)

By assuming a mono-exponential model of E(q) itself, we can compute:

• The (squared) `2 norm of E(q):

‖E‖2 =
∫ ∞

0

∫
S

q2 ∣∣exp
(
−4π2τq2D(u)

)∣∣2 du dq =
∫
S

∫ ∞
0

q2 exp
(
−8π2τq2D(u)

)
dq du

=
∫
S

√
π

4 (8π2τD(u))3/2 du. (2.31)

• The (squared) `2 norm of EI(q):

‖EI‖2 =
∫ ∞

0

∫
S

q2
∣∣∣∣ 1
4π

∫
S

exp
(
−4π2τq2D(v)

)
dv
∣∣∣∣2 du dq

= 4π
∫ ∞

0
q2
∣∣∣∣ 1
4π

∫
S

exp
(
−4π2τq2D(v)

)
dv
∣∣∣∣2 dq

= 1
4π

∫ ∞
0

q2
(∫

S

exp
(
−4π2τq2D(u)

)
du
)(∫

S

exp
(
−4π2τq2D(v)

)
dv
)
dq

= 1
4π

∫
S

∫
S

(∫ ∞
0

q2 exp
(
−4π2τq2 (D(u) +D(v))

))
du dv

= 1
4π

∫
S

∫
S

√
π

4 (4π2τ (D(u) +D(v)))3/2 du dv. (2.32)

• The inner product between E(q) and EI(q):

〈E,EI〉 =
∫ ∞

0

∫
S

q2
[
exp

(
−4π2τq2D(u)

)( 1
4π

∫
S

exp
(
−4π2τq2D(v)

)
dv
)]

du dq

= 1
4π

∫
S

∫
S

(∫ ∞
0

q2 exp
(
−4π2τq2 (D(u) +D(v))

))
du dv

= 1
4π

∫
S

∫
S

√
π

4 (4π2τ (D(u) +D(v)))3/2 du dv = ‖EI‖2 . (2.33)
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• The cosine between both two signals, which implicitly defines the PA:

cos2 (∠[E,EI ]) = cos2 θE,EI =
∫
S

∫
S

(D(u) +D(v))−3/2
du dv

4π
∫
S

(2D(u))−3/2
du

. (2.34)

Using this complete approach, we achieve a a closed form of the APA that involves the
computation of a quadratic form on the measured values at each voxel. Pursuing an
analogous formulation to that in AMURA [2.18], in the main document we propose an
alternative formulation leading to a linear computation with negligible deviations from the
model. To that end, instead of using eq. (2.30) for the isotropic equivalent, we use the
following expression instead::

EI(q) ∆= exp
(
−4π2τq2 DAV

)
, (2.35)

with
DAV = 1

4π

∫
S

D(u)du. (2.36)

2.B Practical implementations

Note that the computation of ‖EI‖2 = 〈E,EI〉 in eq. (2.30) requires evaluating a double
surface integral in the orientation variables u and v. In a practical implementation, such
integrals are computed based on spherical harmonics expansions. In precise terms, let
{un}Nn=1 be the set of the N acquired gradients within the measured shell; let {Yj(u)}Mj=1 be
the set of the M first (low order) spherical harmonics (typically M < N). The coefficients
{cj}Mj=1 of a given orientation function, S(u), in this basis will be fitted as a Laplacian-
regularized least squares problem:

S ' BC⇒ C =
(
BTB + λL2)−1 BTS, (2.37)

where the M × 1 vector C stacks the coefficients cj; the N × 1 vector S stacks the measure-
ments of the orientation function, S(un); the N ×M matrix B stacks the values of the basis
functions, Bn,j = Yj(un); λ is the Laplace-Beltrami regularization parameter so that the
M ×M matrix L contains the eigenvalues of spherical harmonics for the Laplacian (we fix
it to constant value of 0.006 in all cases). Since the 0−th order spherical harmonic encodes
the DC component of the signal, the integral of the orientation function over the unit sphere
reduces to a scaled version of its c0 coefficient. For example, eq. (2.31) can be estimated as:

‖E‖2 =
√
π

4 (8π2τ)3/2

√
4π sD̄, (2.38)

where s stands for the first row of
(
BTB + λL2)−1 BT and the N × 1 vector D̄ stacks the

N values of D(un)−3/2. In order to compute eqs. (2.32) and (2.33), we arrange a N ×N
matrix ¯̄D whose entries are ¯̄Dn1,n2 = (D(un1) +D(un2))−3/2. Then:

‖EI‖2 = 〈E,EI〉 =
√
π

16π (4π2τ)3/2 4π s ¯̄DsT , (2.39)
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Fig. 2.7.: Visual comparison of the APA calculated with the two approaches, full (F-APA) and simplified
(APA), together with the absolute error. Slices 42, 52 and 65 of MGH1007 volume from the
HCP are used. Both measures have been calculated using using b=3000 s/mm2.

where the left product with s stands for the outermost integral in eq. (2.32) in the variable v
for each constant u (each column un2), meanwhile the right product with sT stands for the
innermost integral in eq. (2.32) in the variable u for each constant v (each row un1). This
way, the computational complexity of computing simple surface integrals remains linear with
the number of sampled gradients, O(N), while the complexity of double surface integrals
becomes O(N2).

2.C Comparison of both APA implementations

In order to compare the results given by the simplified APA implementation proposed in the
main document to the complete implementation described in this supplementary material,
an experiment is carried out. For the sake of comparison, we will denote full-APA (F-APA) to
the complete implementation derived from eq. (2.34), and simply APA to the fast approach
used along the paper, derived from eq. (2.35). For a visual comparison we use three slices
from the HCP volume MGH1007 using a single shell for b=3000 s/mm2. We consider the
absolute error as the quality measure:

Error(x) = |APA(x)− F-APA(x)|.

A mask is used in order to limit the measurement of the error to the white matter area. Both
measures are bounded in the interval [0,1] and so will be the error. A visual comparison for
slices (42, 52, 65) is shown in Fig. 2.7. The average error for the white matter is calculated
for the whole volume at b=3000 s/mm2 and b=5000 s/mm2 and it can be found in Table 2.4.
Note that the average error is smaller than 1% for both shells, which implies that both
measures are practically the same and both provide very similar results. In addition, from
the visual comparison in Fig. 2.7, we can also conclude that the error is uniformly distributed
in the white matter, which, from a practical view point, it can be seen as a very small bias in
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the measure. Some of the experiments with real data from the main document were also
redone for F-APA with no noticeable differences from those with APA.

Shell (s/mm2) 3000 5000
Average error 0.0083 0.0083

Tab. 2.4.: Average absolute error between F-APA and APA for the whole MGH1007 volume. Two
different shells are considered.

Although both methods provide similar results, in this work we have opted for APA, for
a matter of simplicity. As previously stated, the computational complexity of computing
simple surface integrals is O(N), while the complexity of double surface integrals becomes
O(N2). Since APA is only based on simple integrals, similar results can be obtained in
reduced computation time. In order to test it on real data, we measure the execution times
of computing the metrics over the MGH1007 volume previously described. The experiment
is run on a quad-core Intel(R) Core(TM) i7-4770K 3.50GHz processor under Ubuntu Linux
16.04 So using one single shell in MATLAB R2013b without multi-threading. The results are
reported in Table 2.5. As a consequence of the simplicity on the implementation of APA, it
shows execution times 200 faster than F-APA.

Thus, since the implementation error is so small and the gain in execution time is so high,
we have opted to use the fast implementation thorough the whole paper.

Shell (s/mm2) 3000 5000
APA 6.05 s 12.24 s
F-APA 1152 s 2738.75s

Tab. 2.5.: Estimated execution time for the calculation of APA and F-APA for the MGH1007 volume.
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Moment-based
representation of the diffusion
inside the brain from reduced
DMRI acquisitions:
generalized AMURA

3

Santiago Aja-Fernández, Tomasz Pieciak, Carmen Martín-Martín, Álvaro Planchuelo-Gómez, Ro-
drigo de Luis-García and Antonio Tristán-Vega

Laboratorio de Procesado de Imagen (LPI), ETSI Telecomunicación, Universidad de Valladolid, Spain

Abstract: AMURA (Apparent Measures Using Reduced Acquisitions) was originally proposed
as a method to infer micro-structural information from single-shell acquisitions in diffusion MRI.
It reduces the number of samples needed and the computational complexity of the estimation
of diffusion properties of tissues by assuming the diffusion anisotropy is roughly independent
on the b-value. This simplification allows the computation of simplified expressions and makes
it compatible with standard acquisition protocols commonly used even in clinical practice.
The present work proposes an extension of AMURA that allows the calculation of general
moments of the diffusion signals that can be applied to describe the diffusion process with
higher accuracy. We provide simplified expressions to analytically compute a set of scalar
indices as moments of arbitrary orders over either the whole 3-D space, particular directions, or
particular planes. The existing metrics previously proposed for AMURA (RTOP, RTPP and RTAP)
are now special cases of this generalization. An extensive set of experiments is performed on
public data and a clinical clase acquired with a standard type acquisition. The new metrics
provide additional information about the diffusion processes inside the brain.

Originally published as: Aja-Fernández, Santiago and Pieciak, Tomasz and Martín-Martín, Carmen
and Planchuelo-Gómez, Álvaro and de Luis-García, Rodrigo and Tristán-Vega, Antonio, Moment-based
representation of the diffusion inside the brain from reduced DMRI acquisitions: generalized AMURA,
Medical Image Analysis, 102356, 2022

3.1 Introduction

The name Diffusion Magnetic Resonance Imaging (DMRI) describes a set of diverse MRI
imaging techniques with the ability of extracting in vivo relevant information regarding the
random, anisotropic diffusion of water molecules that underlie the structured nature of
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different living tissues [3.1, 3.2, 3.3]. It has attracted an extraordinary interest among the
scientific community over the last two decades due to the relationships found between a
number of neurological and neurosurgical pathologies and alterations in the white matter as
revealed by an increasing number of DMRI studies [3.4, 3.5, 3.6, 3.7, 3.8].

In practice, in order to estimate the properties of the diffusion from the acquired data,
different techniques can be adopted, being the diffusion tensor [3.9, DT] the most common
in clinical studies. However, the diffusion mechanisms cannot be fully described by DT
because of the oversimplified Gaussian fitting. More evolved techniques with more degrees-
of-freedom have been proposed, such as Diffusion Kurtosis Imaging [3.10, DKI] or methods
based on High Angular Resolution Diffusion Imaging [3.11, 3.12, 3.13, HARDI]. The trend
over the last decade has been to acquire a large number of diffusion-weighted images
distributed over several shells (i.e. with several gradient strengths) and with moderate-
to-high b-values to estimate more advanced diffusion descriptors, such as the Ensemble
Average diffusion Propagator [3.14, 3.15, 3.16, 3.17, EAP]. This estimation relies on model-
free, non parametric approaches that can accurately describe most of the relevant diffusion
phenomena.

Regardless of the method selected for estimating the diffusion properties, in order to be used
in clinical studies, the information provided is usually translated into a set of scalar metrics
such as: the Fractional Anisotropy (FA) or Mean Diffusivity (MD) [3.18, 3.19] for the DT
approach, the Kurtosis coefficient for DKI [3.10, 3.20] or the return-to-origin (RTOP), the
return-to-plane (RTPP), return-to-axis probabilities (RTAP) and mean-squared-displacement
(MSD) [3.21, 3.14, 3.15, 3.22, 3.16], or the Propagator Anisotropy (PA) [3.15] for EAP
imaging.

There are two main limitations with those techniques that rely on the estimation of the
EAP: (1) the need of acquiring very large data sets with many q–space samples in different
shells; and (2) the estimation of the EAP involves important computational burdens with
very long processing times. These two issues have slowed down the generalization of this
methodology among the clinical community, despite the relevance of its scalar measures
in the description of the brain micro-structure, see for instance [3.23, 3.24, 3.25, 3.26]. In
order to overcome these problems, in [3.27, 3.28] authors proposed a new technique called
“Apparent Measures Using Reduced Acquisitions" (AMURA) for the computation of EAP
imaging-related markers, namely RTOP, RTPP, RTAP and PA without explicitly calculating
the EAP. AMURA can mimic the sensitivity of EAP-based measures to microstructural changes
when a reduced amount of data distributed in a few shells (even one) is available. In order
to do so, AMURA assumes a prior model for the behavior of the radial q–space instead of
trying to numerically describe it, yielding simplified expressions that can be computed easily
even from single-shell acquisitions. It has proved its potential in some preliminary studies
with clinical data (Parkinson and Mild Cognitive Impairment [3.27, 3.28]) and recently in
real clinical studies in migraine and headache [3.29, 3.30].

The present work proposes a generic formulation of AMURA that allows the calculation of
generalized moments that can be better suited to describe certain anatomies, both healthy
and pathological. The existing metrics (RTOP, RTPP and RTAP) can be seen as special cases
of this generalization. To that end, the same constrained model for radial diffusion used
by [3.27] is adopted here, i.e., the diffusion anisotropy is assumed to be independent of
the actual b-value of the measured shells. We use this simplification to derive alternative
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simplified expressions for the moments of the acquired magnitude signal and the EAP from
single-shell acquisitions.

Our hypothesis is that the new metrics based on moments representation provide extra
information about the diffusion that can highlight additional interesting properties of certain
brain structures compared to AMURA. In order to evaluate whether the calculation of general
moments can be used as an alternative approach to standard AMURA in the analysis of
specific brain regions, an extensive set of experiments was performed on data acquired with
a typical acquisition protocol employed in a clinical context.

3.2 Background

3.2.1 The Diffusion signal

The EAP, P (R), is the three dimensional Probability Density Function (PDF) of the water
molecules inside a voxel moving an effective distance R in an effective time τ . It is related
to the normalized magnitude image provided by the MRI scanner, E(q), by the Fourier
transform [3.31]:

P (R) =
∫
R3
E(q) exp(−2πjqTR)dq. (3.1)

The inference of exact information on the R–space would require the sampling of the whole
q–space to use the Fourier relationship between both spaces.

In order to obtain an analytical solution from a reduced number of acquired images, a
model for the diffusion behavior must be adopted. The most common techniques rely on the
assumption of a Gaussian diffusion profile and a steady state regime of the diffusion process
that yields to the well-known Diffusion Tensor (DT) approach. Alternatively, a more general
expression for E(q) can be used [3.12, 3.27]:

E(q) = exp
(
−4π2τq2D(q)

)
= exp (−b ·D(q)) , (3.2)

where the positive function D(q) = D(q, θ, φ) > 0 is the Apparent Diffusion Coefficient
(ADC), b = 4π2τ‖q‖2 is the so-called b-value and q = ‖q‖, θ ∈ [0, 2π), and φ ∈ [0, π] are
the angular coordinates in the spherical system. According to [3.32], in the mammalian
brain this mono-exponential model is predominant for values of b up to 2, 000 s/mm2 and it
can be extended to higher values (up to 3, 000 s/mm2) if appropriate multi-compartment
models of diffusion are used.

3.2.2 Advanced diffusion measures from single shell acquisitions: AMURA

Despite the advantages of the EAP-based measures, the calculation of these scalars usually
requires long execution and acquisition times, together with very large b-values and a large
number of diffusion gradients, not always available in commercial scanners and generally
discarded in the clinical routine. To solve these problems, AMURA has been developed in
[3.27, 3.28]. This approach allows the estimation of simplified versions of EAP-related scalars
without the explicit calculation of the EAP, using a lower number of samples, even with a

3.2 Background 57



single-shell acquisition scheme. AMURA considers that, if the amount of data is reduced, a
restricted diffusion model consistent with single-shell acquisitions must be assumed: the
ADC does not depend on the magnitude of q (i.e., it is roughly independent on the b-value)
within the range of b-values probed, so that D(q) = D(u), where u ∈ S is a unit direction
in space where ||u|| = 1 and q = qu. This way Eq. (3.2) becomes:

E(q) = E(qu) = exp
(
−4π2τq2 D(u)

)
. (3.3)

This methodology allows shorter MRI acquisitions and very fast calculation of scalars. From
Eq. (3.3), AMURA proposed a particular implementation of scalar measures. Since the
mono-exponential model only holds within a limited range around the measured b-value,
the measures derived this way must be seen as apparent values at a given b-value, related to
the original ones but dependent on the selected shell. The main metrics defined in AMURA
are:

1. Return-to-origin probability (RTOP): also known as probability of zero displacement,
it is related to the probability density of water molecules that minimally diffuse within
the diffusion time τ [3.33, 3.21, 3.34]. It is defined as the value of P (R) at the origin,
related to the volume of the signal E(q):

RTOP =
∫
R3
E(q)dq

= 1
(4π)2τ3/2 C0,0

{
D(u)−3/2

}
.

(3.4)

where C0,0 {H(u)} is the zeroth-order coefficient of a spherical harmonics (SH) ex-
pansion of signal H(u), defined as:

C0,0 {H(u)} = 1√
4π

∫
S
H(u)du, (3.5)

where S denotes the surface of a sphere of radius one.

2. Return-to-plane probability (RTPP): defined as

RTPP =
∫
R
E(qr||)dq =

√
π

4π2τ

√
1

D(r||)
(3.6)

where r|| denotes the direction of maximal diffusion. This measure is known to be a
good indicator of restrictive barriers in the axial orientation, and it is related to the
mean pore length [3.15, 3.35, 3.23].

3. Return-to-axis probability (RTAP):

RTAP =
∫

q⊥r||
E(q)dq

= 1
2 · 4π2τ

G
{
D(u)−1} (r||)

(3.7)

where q ⊥ r|| is the set of directions perpendicular to r|| and G
{
D(u)−1} (r||) is

the Funk-Radon Transform (FRT) [3.36] of D(u)−1 evaluated at r||, the direction
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of maximum diffusion. The RTAP is an indicator of restrictive barriers in the radial
orientation [3.15, 3.37, 3.38].

4. Apparent Propagator Anisotropy (APA): quantifies how much the propagator di-
verges from the closest isotropic one. For AMURA, we can define:

APA0 =

√√√√1− 4√
π

[
C0,0

{
(D(u) +DAV)−3/2

}]2
C0,0

{
D(u)−3/2

}
·D−3/2

AV

, (3.8)

where DAV = 1√
4πC0,0 {D(u)}. To better distribute the output values in the range [0, 1],

the APA is transformed by a contrast enhancement function as described in [3.15].

3.3 Methods

As previously stated, the information provided by the EAP is expressed in terms of scalar
indices or metrics to be usable in practice. In [3.15, 3.16], the authors suggest the use of
radial moments, i.e. integrals computed over P (R) and weighted by powers of the radial
coordinate. Following a similar rationale, the authors in [3.39] propose the computation
of similar moments over E(q). Indices like RTAP and RTPP can be computed as either line
or plane integrals over R which translate to either plane or line integrals over q. Thus, in
[3.39] the diffusion is characterized in a multishell approach through the computation of
moments on either the R or the q domain. In this work, we will restrict ourselves to the
assumptions of AMURA, specifically the simplified diffusion in Eq. (3.3) and considering only
one acquired shell, i.e., only one b-value is available for the computation of the metrics.

3.3.1 Generalized Moments of E(q)

First, we consider those moments over the signal defined in the q domain.

1. Full moments: We define the full moments of E(q) as those computed by integration
in the whole 3-D space:

Υp =
∫
R3
qpE(q)dq. (3.9)

Note that, with this definition, RTOP = Υ0 and qMSD = Υ2 (q–space mean-squared-
displacement [3.16]). By using the simplification in Eq. (3.3), we can write Eq. (3.9)
in spherical coordinates and integrate with respect to the radial component q:

Υp =
∫ ∞

0

∫
S
q2+p exp(−4π2τq2 ·D(u)) du dq

= 1
2Γ
(

3 + p

2

)
1

(4π2τ) 3+p
2

∫
S
D(u)−

3+p
2 du, (3.10)
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the integral being convergent only if p > −3. Using the zeroth-order coefficient of a
SH expansion to calculate the integral over the surface of the unit sphere S, we can
write:

Υp = Γ
(

3 + p

2

) √
π

(4π2τ) 3+p
2
C0,0

{
D(u)−

3+p
2

}
, p > −3. (3.11)

The units of the full moment Υp are [mm−p−3].

2. Axial moments: We define the axial moments as those computed as a line integral
along a given direction:

Υp
|| =

∫
R
qpE(qr||)dq, (3.12)

where r|| denotes the direction of maximal diffusion. With this definition, RTPP = Υ0
||.

Once more, we can use the simplification in Eq. (3.3) and therefore:

Υp
|| =

∫ ∞
−∞

qp exp(−4π2τq2D(r||))dq

= 1
(4π2τ) 1+p

2
Γ
(

1 + p

2

)
D(r||)−

1+p
2 , p > −1, (3.13)

where D(r||) is the value of the diffusion signal D(q) at the maximum diffusion
direction r||. Again, the condition p > −1 ensures the convergence of the integral. The
axial moment Υp

|| is measured in [mm−p−1].

3. Planar moments: We define the planar moments as those computed as surface
integrals in a plane perpendicular to a desired direction containing the origin:

Υp
⊥ =

∫
q⊥r||

qpE(q)dq, (3.14)

where q ⊥ r|| is the set of directions perpendicular to r|| (the one with maximal
diffusion). With this definition, RTAP = Υ0

⊥. In order to simplify the equation, we use
again the simplification in Eq. (3.3). Let θ be the angle that parameterizes the equator
perpendicular to the maximum diffusion direction, {u⊥(θ), θ ∈ [0, 2π)} ≡ {u : u ⊥
r||, ‖u‖ = 1}, and D(u⊥(θ)) the diffusion signal at that equator. Since D(u⊥(θ)) does
not depend on the radial component, the previous integral can be developed into:

Υp
⊥ =

∫ ∞
0

∫ 2π

0
exp(−4π2τq2D(u⊥(θ))) qp+1 dθ dq

= 1
2

1
(4π2τ) p+2

2
Γ
(

2 + p

2

)∫ 2π

0
D(u⊥(θ))−

2+p
2 dθ. (3.15)

By assuming p > −2 we can guarantee the integral is convergent. The FRT operator
allows a more compact notation:

Υp
⊥ = 1

2
1

(4π2τ) p+2
2

Γ
(

2 + p

2

)
G
{
D(u)−

2+p
2

}
(r||), p > −2. (3.16)

The units of the planar moment Υp
⊥ are [mm−p−2].
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Measure Numerical Implementation

Full moments of E(q) Υp = Γ
( 3+p

2

) √
π

(4π2τ)
3+p

2
C0,0

{
D(u)−

3+p
2

}
, p > −3

Axial moments of E(q) Υp
|| = 1

(4π2τ)
1+p

2
Γ
( 1+p

2

)
D(r||)−

1+p
2 , p > −1

Planar moments of E(q) Υp
⊥ = 1

2
1

(4π2τ)
p+2

2
Γ
( 2+p

2

)
G
{
D(u)−

2+p
2

}
(r||), p > −2

Full moments of P (R) υp = Γ( p+3
2 )

qpπp+1 C0,0

{
D
p
2 (u)

}
, p > −3

Tab. 3.1.: Survey of the moments of E(q) and P (R) calculated with AMURA.

3.3.2 Generalized (full) moments of P (R)

A closed form expression of P (R) cannot be attained in the general case from the mono-
exponential model of E(q). Even so, full moments analogous to those defined for E(q) can
be explicitly computed. In precise terms, we define the p-th full moment of P (R) as:

υp =
∫
R3
RpP (R)dR. (3.17)

where R = |R|. Using spherical coordinates, we can rewrite it to:

υp =
∫
S

(∫ ∞
0

Rp+2P (Rr)dR
)
dr, p > −3, (3.18)

where r ∈ S is a unitary direction in space and, therefore, R = Rr and |r| = 1. If we
consider the mono-exponential model in Eq. (3.3) we can solve the integral, see 3.A:

υp =
Γ
(
p+3

2
)

2qpπp+ 3
2

∫
S
D

p
2 (u)du, p > −3. (3.19)

Following the Eq. (3.19), MSD = υ2. Using the zeroth-order coefficient of a SH expansion
to calculate the integral over the surface of the unit sphere S, we can write:

υp =
Γ
(
p+3

2
)

qpπp+1 C0,0

{
D

p
2 (u)

}
. (3.20)

The full moment υp is given in [mmp].

3.3.3 Survey

An overview of the different moments proposed in this section, together with their specific
numerical implementations, is presented in Table 1. In addition, 3.B provides the analogous
expressions for DT representation.

3.3 Methods 61



3.4 Materials

In order to test the proposed measures the following datasets were used:

• Human Connectome Project (HCP) MGH database [3.40, 3.41]1: specifically vol-
umes MGH1007, MGH1010, MGH1016, MGH1026 and MGH1030, acquired on a
Siemens 3T Connectom scanner (Siemens, Erlangen, Germany) equipped with a
custom-made 64-channel head coil and gradient coil capable of producing a maxi-
mum gradient strength at 300 mT/m. The data were acquired with a mono-polar
Stejskal–Tanner pulsed gradient spin-echo echo planar imaging (EPI) with (repetition
time/time echo) TR/TE = 8800/57 ms and accelerated with the Generalized Autocal-
ibrating Partially Parallel Acquisition (GRAPPA) protocol at phase partial Fourier 6/8.
The acquisition protocol included four b-values at {1000, 3000, 5000, 10, 000} s/mm2

sampled at 64, 64, 128 and 256 directions respectively, 40 non-diffusion acquisitions
at b = 0, voxel resolution 1.5 × 1.5 × 1.5 mm3, pixel bandwidth 1984 Hz/pixel, ac-
quisition matrix 140× 140 with 96 slices covering each volume, and pulse separation
time/diffusion gradients length ∆/δ = 21.8/12.9 ms.

• Human Connectome Project (HCP) WU-Minn test-retest database: [3.42, 3.41]:
Thirty-seven subjects were used after excluding seven cases from the database due
to incompatibilities between test and retest acquisitions (excluded volumes: 135528,
137128, 151526, 169343, 179548, 192439, 601127, 660951). All subjects were
scanned with a customized Siemens 3T Connectome Skyra scanner (Siemens, Erlangen,
Germany) equipped with a 32-channel head coil and gradient coil with a maximum
gradient strength at 100 mT/m. The data were acquired using the multiband approach
with a multiband factor of 3, TR/TE = 5520/89.5 ms. The acquisition protocol
included three b-values at {1000, 2000, 3000} s/mm2, each shell sampled in 90 non-
collinear directions, 18 repetitions of the baseline acquisition (b = 0), voxel resolution
1.25 × 1.25 × 1.25 mm3, pixel bandwidth 1490 Hz/pixel, 140 slices covering each
volume, and pulse separation time/diffusion gradients length ∆/δ = 43/10.6 ms.

• Multishell data acquired at CUBRIC (CBR)2: 14 healthy volunteers scanned on
a 3T Siemens Prisma scanner (maximum gradient strength at 80 mT/m) with a
pulsed-gradient spin-echo (PGSE) sequence. Three shells were acquired at b =
{1200, 3000, 5000} s/mm2 with 60 directions per value. The voxel resolution is
1.5× 1.5×1.5 mm. Other acquisition parameters are: TE=80 ms, TR=4500 ms,
∆/δ = 38.3/19.5 ms, parallel imaging acquisition (GRAPPA2) with sum of squares
combination and 32 channels.

• Episodic Migraine Database (EMDb): as described in [3.7, 3.8]. For this paper we
will consider a total of 50 healthy controls (HCs) at the age of 36.1 ± 13.2 (39F,
11M) and 51 patients with Episodic Migraine (EM) at the age of 36.6 ± 7.9 (44F,

1Data obtained from the Human Connectome Project (HCP) database (ida.loni.usc.edu/login.jsp). The
HCP project (Principal Investigators: Bruce Rosen, M.D., Ph.D., Martinos Center at Massachusetts General Hospital;
Arthur W. Toga, Ph.D., University of Southern California, Van J. Weeden, MD, Martinos Center at Massachusetts
General Hospital) is supported by the National Institute of Dental and Craniofacial Research (NIDCR), the National
Institute of Mental Health (NIMH) and the National Institute of Neurological Disorders and Stroke (NINDS). HCP is
the result of efforts of co-investigators from the University of Southern California, Martinos Center for Biomedical
Imaging at Massachusetts General Hospital (MGH), Washington University, and the University of Minnesota.

2www.cardiff.ac.uk/cardiff-university-brain-research-imaging-centre/research/projects/
cross-scanner-and-cross-protocol-diffusion-MRI-data-harmonisation
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7M) and duration of migraine 13.1y ± 10.5y. The study was approved by the Ethics
Committee of the Hospital Clínico Universitario de Valladolid (PI: 14-197). The
inclusion criteria of EM follow the International Classification of Headache Disorders
guidelines [3.43]. MRI acquisition was performed with a Philips Achieva 3 T MRI unit
(Philips Healthcare, Best, The Netherlands), using a 32-channel head coil in the MRI
facility at the Universidad de Valladolid (Valladolid, Spain). The parameters of the
diffusion-weighted acquisition are as follows: TR/TE = 9000/86 ms, flip angle = 90o,
single-shell acquisition with 61 gradient directions and b = 1000 s/mm2, one baseline
volume, 128× 128 matrix size, spatial resolution of 2× 2× 2 mm3 and 66 slices that
cover the whole brain. Both T1 and diffusion-weighted data were collected between
May 2014 and July 2018 in a unique MRI session, starting with the T1 scan. For a
single subject, the time for both scans was approximately 18 minutes. The data were
preprocessed following a standard pipeline: denoising, correction for eddy currents
and motion and correction for B1 field inhomogeneity, and Gibbs ringing artifact. The
MRtrix software [3.44] was employed to carry out these steps. A whole brain mask for
each subject was also calculated from data.

3.5 Experiments and Results

3.5.1 Setting-up of the experiments

AMURA and MiSFIT measures were calculated using the dMRI-Lab3 toolbox and MATLAB
2020a. As explained above, AMURA measures rely on the expansion of spherical functions at
a given shell in the basis of SH. Even SH orders up to 6 were fitted with a Laplace-Beltrami
penalty λ = 0.006. The direction of maximum diffusion r|| was computed as the principal
eigenvector of the diffusion tensor calculated from the same data set as the AMURA. The
FRT was numerically computed as described in [3.45]: the spherical function –D(u)– was
first spanned in the basis of SH up to the desired order L; then, we exploited the property
of SH being eigenfunctions for the FRT by applying constant factors –FRT eigenvalues– to
the SH coefficients. As a result, we got the SH coefficients of the analytically computed FRT
of the original signal, which could now be evaluated for any orientation at will (and, in
particular, for r||).

3.5.2 Behavior of moments for varying orders

A preliminary visual assessment of the different metrics was performed using one single
slice from the HCP volume MGH1007. The proposed measures were calculated using a
single shell at b = 3000 s/mm2. Fig. 3.1 provides a qualitative insight in the behavior of
moments computed in the q and R domains. Each kind of moment (full, axial, or planar)
admits a different range of variation for its order depending on the convergence of the
corresponding integral. Accordingly, we have probed a range including inverse (negative),
positive and fractional orders in all cases. Since their ranges of variation are very different

3www.lpi.tel.uva.es/dmrilab
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Fig. 3.1.: Moments of different kinds for different orders p computed over the composite attenuation
signal over subject HCP MGH1007. Each moment has been normalized to its own range for
visualization purposes. Top to bottom: full moments (Υp); axial moments for the maximum
diffusion direction (Υp

||); planar moments for the maximum diffusion direction (Υp
⊥) and

full moments of the EAP (υp). These indices include RTOP, qMSD, RTPP, RTAP and MSD.

from each other depending on the order and the kind of moment, all the slices shown have
been min-max normalized.

First of all, note that the popular RTOP, RTPP and RTAP could be already calculated with the
original formulation of AMURA. Here, we can see them as special values of the considered
moments. Full moments Υp, for instance, show a different range of quantification of the
variation of the white matter as a function of the order p. Axial moments Υp

|| result in
very noisy maps with a reduced anatomical coherence, an effect that can also be seen in
RTPP, even when calculated with more shells and more advanced methods [3.39]. These
moments are especially sensitive to the signal-to-noise ratio (SNR). Planar moments Υp

⊥, on
the other hand, exhibit a behavior very similar to the full moments. Anatomical structures
in white matter are distinguishable even for negative and not even orders. Finally, moments
of P (R), υp, show a behavior different to the previous ones. Note that υ0 = 1 since it is the
integral of the whole EAP, which represents a PDF. On the other hand, note that, from an
implementation point of view, υp are defined as positive powers of D(u), while the moments
of E(q) are defined over negative powers, hence the visual differences.

Next, we will focus in the values of the different moments in one particular area of the brain,
the CC. Different AMURA metrics were calculated on HCP volumes MGH1016, MGH1026
and MGH1030 using a single shell at b = 5000 s/mm2 for higher contrast. The CC was
extracted using the registration of the the subject’s FA (calculated at b = 1000 s/mm2)
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GCC

BCC

SCC

Fig. 3.2.: Values of different moments calculated with AMURA on the CC for the average of volumes
MGH1016, MGH1026 and MGH1030 using a single-shell at b = 5000 s/mm2 in the standard
space, sagittal view. The values of the measures are displayed over the FA for reference.
Scheme of the fiber distribution in the corpus callosum extracted from [3.46] with marked
regions: the genu corpus callosum (GCC), the body corpus callosum (BCC) and the splenium
corpus callosum (SCC).

to a common template using the FSL 6.0.4 (Analysis Group, FMRIB, Oxford, UK.; https:
//fsl.fmrib.ox.ac.uk/fsl/fslwiki; [3.47]), applying the JHU WM atlas [3.48] and
then averaging the measures over three subjects. Specifically, we linearly registered the
FA to the template FMRIB58 (a high-resolution FA average over 58 subjects) with a voxel
resolution of 1× 1× 1 mm3 [3.49, 3.50] using twelve degrees of freedom and normalized
correlation as the cost function. We then applied a non-linear registration procedure to
correct the matching of the subject’s FA to the template. Once the FAs were registered to the
common space, we warped the AMURA based measures to the standard space using trilinear
interpolation. The values of the different metrics over the CC are depicted in Fig. 3.2 for
a single sagittal view. Once more, the metrics have been min-max normalized in order to
show a similar range of values. A 3D rendering of the CC is shown for reference.

According to previous analyses [3.51, 3.46], the CC presents different fiber structure con-
figurations for the three different parts: the genu CC (GCC), the body CC (BCC) and the
splenium CC (SCC). The different regions have a wide variety of diffusion properties, dis-
tributed in an uneven manner along this structure, as reflected in the scheme in Fig. 3.2-left,
extracted from [3.46]. In Fig. 3.2, those moments based on E(q) reflect the differences in
the diffusion properties for the different parts of the CC. This difference is more noticeable
with higher order moments, like Υ2, Υ2

|| and Υ2
⊥. On the contrary, this effect is not reflected

on the moments of P (R).

3.5.3 DT vs. AMURA

Some of the moments presented in this study can also be implemented using the DT
approach, as described in 3.B. In this section we will show how AMURA provides distinct
representations than DT does, which will potentially lead to markers more sensitive to
anatomical changes. Different measures were calculated on volume MGH1007 using a
single shell at two different b-values: b = 1000 s/mm2 and b = 3000 s/mm2. For the sake
of visual comparison, Fig. 3.3 shows respective slices of different moments calculated with
DT and with AMURA for b = 3000 s/mm2 with identical scaling, so that they can be directly
compared, together with the voxel-wise joint 2-D histograms for both considered shells.
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Fig. 3.3.: Comparison of scalar measurements computed with either the DT (left) or AMURA (right)
over subject HCP MGH1007 at b = 3000 s/mm2. The same scale is used for both two
approaches in all cases. Joint 2-D histograms for the comparison at b = 3000 s/mm2 and
b = 1000 s/mm2 are shown in each case. Arrows highlight prominent differences between
the DT and AMURA: (1) genu of corpus callosum, (2) centrum semiovale and (3) splenium
of the corpus callosum.

While the structure of the anatomical maps look quite similar with the two approaches, and
their ends of scale are also coherent, AMURA systematically shows greater values than the
DT at the corpus callosum (CC, 1 and 3) and the centrum semiovale (2).

The centrum semiovale is a region with a complex fiber configuration in terms of crossing
fibers: there is a conjunction of structures with different alignment, like anterior-posterior
(cingulum and superior longitudinal fasciculus), left-right (corpus callosum) and superior-
inferior (corticospinal tract). It is known to be an area prone to produce false positives
in tractography [3.52]. Thus, the adjustment of a Gaussian model (like the DT) will be
subject to underestimation of the diffusion in this region. A more general model like AMURA,
despite also being based on an mono-exponential decay, will produce higher values, more
coherent with actual structures.

The divergence of values in the CC is explained by a different effect. In that area, the fibers
follow a similar main direction, with high anisotropy. However, the underlying structure is a
bit more complex than most tracts in white matter, since it shows a greater curvature. The
resolution of the DMRI data is not enough to discriminate this subvoxel curvature, especially
in approaches like DT, where only one predominant direction is considered. Actually, in
[3.52], the authors report analogous problems with tractography in the CC due to this same
effect. In addition, full and planar moments calculated with the DT are an inverse function
of the smallest eigenvalues (see 3.B). In those areas with higher anisotropy, like the CC,
where the second and third eigenvalues are particularly low, the effect of noise could bias
them to higher values, a well-known effect in the DT when estimated using a least-squares
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Fig. 3.4.: Comparison of the moments of E(q) computed with AMURA and MiSFIT. A joint 2-D his-
togram is shown in each case, together with the respective Pearson’s correlation coefficient,
for quantitative assessment. AMURA is calculated using a single shell with the b-value
specified on the left side of each row. MiSFIT is calculated using three shells.

approach [3.53, 3.54, 3.55]. As a consequence, metrics like RTOP and RTAP will show lower
values in those areas when calculated with the DT.

On the other hand, note that the moments based on P (R) show almost no difference
between both implementations.

Paying attention to the voxel-wise joint 2-D histograms, the DT approach consistently shows
an underestimation of the greater values when compared to AMURA, specifically in the full
and planar moments of E(q). This mismatch is more significant at b = 3000 s/mm2, whereas
for b = 1000 s/mm2 the differences remain, but to a smaller degree. The histograms show
that DT and AMURA diverge when the b-value grows. On the other hand, values for the
moments of P (R) are almost the same for both implementations. This effect, once again,
could be easily explained by the fact that υp is calculated over positive powers of D(u).

3.5.4 Comparison with multishell metrics

The apparent moments calculated with AMURA are now compared to the same actual
moments calculated with a multishell approach where the radial information of q is taken
into account, specifically Micro-Structure-adaptive convolution kernels and dual Fourier
domains Integral Transforms (MiSFIT) [3.39]. For both methods, volume MGH1010
is considered. AMURA is calculated independently for three separated shells at b =
{1000, 3000, 5000} s/mm2 while MiSFIT is calculated using the three available shells at
once. Fig. 3.4 shows the voxel-wise joint 2-D histogram for the moments of E(q). For
each moment, Pearson’s correlation coefficient between both methods is calculated. There
are clearly differences, since both methods are based on very different initial assumptions.
However, for higher b-values, full and planar moments of the E(q) show a very strong
correlation between the estimation with AMURA using only one shell and the multishell
calculation given by MiSFIT. In some cases, that correlation exceeds the 90%, which basically
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Fig. 3.5.: Comparison of the moments of P (R) computed with AMURA and MiSFIT. A joint 2-
D histogram is shown in each case, together with the respective Pearson’s correlation
coefficient, for quantitative assessment. AMURA is calculated using a single shell with the
b-value specified on the left side of each row. MiSFIT is calculated using three shells.

means that those methods are measuring very similar information. However, the mapping
of both methods is not linear, with AMURA showing a reduced contrast when compared
to MiSFIT, especially for the highest values. Axial moments are the ones showing more
differences with greater dispersion.

All the measures show a low correlation when AMURA is calculated at b = 1000 s/mm2,
which is expected, since the underlying features measured by the estimated moments are
better visible at higher b-values. This experiment shows that the best performance of AMURA
is achieved for higher b-values, where the correlation with multishell methods is stronger. In
addition, the correlation seems weaker when higher order moments are considered.

Fig. 3.5 shows the voxel-wise joint 2-D histogram for the moments of P (R). Results here are
weaker than the previous case. This, once more, shows the inability of AMURA to properly
estimate the moments of P (R). While the moments of E(q) could provide equivalent
information when calculated from a single shell, for a proper estimation of the moments of
P (R) experimental results points to the need of multishell information.

3.5.5 Variability of measures depending on the b-value

Next, since AMURA provides apparent measures at a given shell, we tested the dependency
of different moments on the b-value. To put this to the test, the variability with the b-value
is probed using five whole volumes from the CBR data with the following procedure: Each
AMURA moment was calculated at b = 3000 s/mm2 on the white matter and outliers are
removed. Then, that moment was clustered in fivedifferent groups inside using k-means
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Fig. 3.6.: Evolution of the proposed measures with the b-value using data acquired with a 3T Prisma
scanner (CBR dataset). The volume has been clustered in five different sets (for each metric
at b = 3000 s/mm2) and the median of each set is shown. Each color represents the median
value inside each ROI (1 to 5).

algorithm. Each voxel in the white matter was assigned to the closest cluster using the
minimum distance. As a result, the whole volume was divided into six different region-of-
interests (ROIs) of similar value of the moment at b = 3000 s/mm2. Then, the variability
with the b-value was probed by computing the different AMURA measures with each of the
available shells at b = 1200 s/mm2, b = 3000 s/mm2, or b = 5000 s/mm2. All the proposed
measures were computed for each considered case, and the median value inside each of the
six clusters was calculated and depicted in Fig. 3.6.

All the considered measures show an indubitable dependence on the b-value. There is a
monotonical behavior of each cluster for full and planar moments where the value grows
with b. However, the separation between clusters remains for different b-values. This
suggests that differences detected by these measures can be detected when using different
shells This is not exactly the case for axial moments, where the cluster with lowest value
shows a different behavior, decreasing for b = 3000 s/mm2. This is motivated by the very
noisy nature of this cluster, see for instance Fig. 3.1. The lowest values of the axial moments
are prone to more variability than higher values.

3.5.6 Test-retest reproducibility analysis

Next, we evaluate the variability of the moments of AMURA using the HCP WU-Minn test-
retest database. This database facilitates subsampling of the data by choosing the first k
(k < N) diffusion gradient directions out of N samples, so that we subsampled the original
data (90 directions) to 45, 30 and 15 gradients subsets per single-shell. To improve the
SNR of the baseline (i.e. the non-diffusion weighted data), we averaged all together 18
non-diffusion weighted volumes. We estimated then AMURA measures for each subject,
b-value and all four different numbers of gradient directions (i.e. 90, 45, 30 and 15 samples
per each shell). We also estimated DTs from b = 1000 s/mm2 data using the FSL [3.47].
Hither, the same sampling coverage was employed as the one used for AMURA measures. We
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Fig. 3.7.: Median CV maps (defined in %), CV(x), of the moments of E(q) and P (R) in the standard
space calculated across thirty-seven subjects from the HCP WU-Minn test-retest database.
The moments were retrieved from single-shell data at b = 1000 s/mm2 (DT; top) and
separately for b = 1000, 2000 and 3000 s/mm2 under the AMURA framework, all using 30
gradient directions per a single-shell. The arrows show the following WM regions: (1) genu
of corpus callosum, (2) fornix, (3) splenium of the corpus callosum, (4) left anterior limb of
the internal capsule and (5) left posterior limb of the internal capsule.

retrieved then the FA, full/axial/planar moments of E(q) and full moments of the diffusion
propagator P (R) directly from tensor eigenvalues estimated at each data subsampling level.
The FA calculated from fully-sampled data served for the two-step registration process of
each subject to the common space as mentioned before. Similarly, we warped all AMURA
and DTI based measures to the standard space using trilinear interpolation. The coefficient
of variation (CV) is defined in the standard space for each subject, measure and subsampling
ratio as the sample standard deviation across two sessions (i.e. test and retest) divided by
the sample mean across sessions, and eventually multiplied by 100 to get the percentage
score

CVs(x) = sample std. devs(x)
sample means(x) · 100 [%] for s = 1, . . . , S, (3.21)

where CVs(x) is a position dependent (x-dependent) CV of a measure under a specified
acquistion scenario (i.e. b-value, number of gradient directions) for subject s and S is the
number of subjects used for the experiment (i.e. S = 37 for the HCP WuMinn database).
The final CV is aggregated across all subjects using median operation for each measure,
acquisition scenario and spatial position x separately:

CV(x) = median
s=1,...,S

CVs(x). (3.22)

Results of two reproducibility experiments are depicted in Figs. 3.7, 3.8 and 3.9. In the former
experiment, we compare median CV maps of the moments of E(q) and diffusion propagator
P (R) retrieved from a single-shell diffusion MR data with the DT at b = 1000 s/mm2 and
AMURA separately for b = 1000, 2000 and 3000 s/mm2, all using 30 gradient directions.
Fig. 3.7 presents the median CV, CV(x), calculated over all thirty-seven subjects from the
HCP WU-Minn test-retest database in the standard space (slice 85), including both the
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Fig. 3.8.: Comparison of median CV maps, CV(x), obtained from the HCP WU-Minn test-retest
database under different number of diffusion gradient directions employed to calculate the
moments of E(q) and P (R), i.e. 90 (fully-sampled data), 45 and 15. The DT-based mo-
ments were obtained from a single-shell at b = 1000 s/mm2, while the AMURA framework
was applied to the data at b = 3000 s/mm2.

DT and AMURA. The smallest CV amongst all cases is observed for the zeroth-order axial
moment of E(q) (RTPP) and the second-order full moment of diffusion propagator P (R)
(MSD), while the highest one is noticeable for the second-order full and planar moments
(qMSD, Υ2

⊥), especially in highly anisotropic regions such as the corpus callosum (genu
and splenium), fornix and anterior/posterior limb of the internal capsule (see the arrows
in Fig. 3.7). The CVs for the AMURA at b = 1000 s/mm2 are comparable to those obtained
from the DT, but in the former case, the CV is decreased with the higher b-value regime.
Importantly, the CV increases with the positive moment’s order consistently for all types of
moments of E(q) and P (R).

The latter reproducibility experiment matches the median CV maps and their histograms
determined with the DT and AMURA under the varying number of diffusion gradients used to
calculate the moments of E(q) and P (R) starting from fully-sampled volumes (90 directions
per shell) and then subsampled data to 45 and 15 directions, respectively. Here, we contrast
AMURA measures calculated at b = 3000 s/mm2 to DT-based ones from b = 1000 s/mm2

(see Fig. 3.8). Generally, both the AMURA and DT exhibit robustness due to a decreasing
number of diffusion gradient directions. However, we can observe an increase in the CV
obtained from the DT with 15 gradient directions, which is notably prominent in the region
of the SCC, including full Υp and planar Υp

⊥ moments. Notice we modified the scale in
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Fig. 3.9.: The histograms of median CV maps for DT- and AMURA-based moments obtained from
randomly three subjects from the HCP WU-Minn test-retest database under different num-
bers of diffusion gradient directions employed to calculate the moments of E(q) and P (R),
i.e. 90 (fully-sampled data), 45 and 15. The DT-based moments were obtained from a
single-shell at b = 1000 s/mm2, while the AMURA framework was applied to the data at
b = 3000 s/mm2. Each curve presents a kernel density estimated plot for the histogram of
the CV map of the measure under a specified method and the number of gradient directions
used to calculate the parameter.

Fig. 3.8 to delineate the differences between the methods across varying number of gradients.
Next, for each measure retrieved with DTI at b = 1000 s/mm2 and AMURA at b = 1000 and
3000 s/mm2, we calculated the histogram from the median CV map aggregated from 37
subjects, CV(x), over the brain area of a representative slice (slice 85). We applied then a
kernel density estimation method with a bandwidth selection using Scott’s Rule to generate
smoothly varying curves and put them together for each measure in Fig. 3.9. In both the
AMURA and DT, we observe shifts in histogram peaks towards higher median CV value,
especially once the number of gradients reduce to 15. Nonetheless, the changes in estimated
density plots are consistent across all evaluated measures and acquisition scenarios with the
advantage of AMURA-based measures under a higher b-value.

3.5.7 Clinical data: Episodic Migraine

Finally, in order to test the capability of the new measures to be used in clinical studies, we
have selected a very specific pathology, the EM, in which differences in the white matter are
particularly hard to find, compared to other frequently assessed disorders such as Alzheimer’s
disease or schizophrenia. Details about the nature and etiology of migraine can be found
elsewhere [3.56, 3.43]. To better understand migraine pathophysiology, diverse modalities
of MRI have been employed in literature, being especially relevant those based on DMRI
[3.57, 3.58, 3.59]. One particular study, carried out with the same database we will use
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Fig. 3.10.: Episodic migraine (EM) vs. healthy controls (HC): two-sample t-tests for different measures
calculated for EMDb database at b = 1000 s/mm2 and at each of 48 ROIs defined by the
ICBM-DTI-81 atlas (the lower the better). The p-values represent the probability that the
measure has identical means for both controls and patients. Differences with statistical
significance above 95% are highlighted in green, above 99% in amber and above 99.9% in
yellow. At the bottom, the number of regions showing significant differences between EM
and HC for each measure. We have carried out the correction for multiple comparisons
for each measure following the Benjamini-Hochberg false discovery rate (FDR) procedure.
Regions with statistically significant differences between both groups after correction are
marked with a star (*).

in this work [3.7], found significantly lower axial diffusivity (AD=λ1) and MD values in
chronic migraine (CM) compared to EM using tract-based spatial statistics (TBSS) [3.60],
but no statistically significant differences were found between EM and HCs. In a recent study
[3.29] significant differences between patients with EM and HC were found using the RTOP
calculated with AMURA over a single shell of b = 1000 s/mm2. Patients with EM showed
lower RTOP values than HC in 24 out of 48 the assessed regions from the ICBM-DTI-81
White Matter Atlas [3.61].
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Hence, to test the moments with a different order, we will carry out a region-oriented analysis
of the database in order to search for differences between EM and HC. For all the volumes,
the FA was calculated using MRtrix [3.44] from the data collected at b = 1000 s/mm2. The
FA maps of all the volumes were warped to a common template using the standard TBSS
pipeline [3.60]. The same transformation was applied to all the metrics considered for
the experiment. A ROIs-based analysis was carried out: 48 different ROIs were identified
on the subjects using the JHU WM atlas [3.48]. The average value of the metrics on the
FA-skeleton inside each ROI was calculated within the 2% and 98% percentiles. Note that
the measures are only calculated over the skeleton to obtain a more robust measure. Then
we carried out a two-sample-two-tailed, pooled variance t-test between HC and EM patients
for each of the measures considered at each of the 48 ROIs. We corrected these results
for multiple comparisons for each diffusion descriptor following the Benjamini-Hochberg
False Discovery Rate (FDR) procedure. Note that our purpose is not to carry out a complete
clinical study but to analyze the behavior of each measure separately. Thus, results may
vary with those reported in literature, especially considering that the statistical comparisons
are distinct in the present study, and they should not be roughly interpreted to determine
clinical differences (which have already been validated elsewhere [3.7, 3.29]).

Fourteen different measures were considered for the analysis: three DT-based measures (FA,
AD, MD) and 11 AMURA-based (APA, Υ0 (RTOP), Υ2 (qMSD), Υ1/2, Υ0

|| (RTPP), Υ1
||, Υ0

⊥
(RTAP), Υ2

⊥, υ1, υ2 (MSD) and υ−1). Fig. 3.10 shows a p-value scheme for the 48 ROIs
considered for each of the measures. Those ROIs that exhibit differences with statistical
significance (before multiple comparison correction and FDR) above 95% (p < 0.05) are
highlighted in green, above 99% (p < 0.01) in amber, and above 99.9% (p < 0.001) in yellow.
Those ROIs that exhibit differences with statistical significance after multiple comparison
correction and FDR are marked by a star (*). In the bottom of the figure the number of
regions of each kind for every measure are also shown.

Basic metrics based on the DT show a limited amount of differences, with only one ROI
with statistically significant differences for the MD and none for the FA and AD after the
FDR correction. This result is consistent with the literature in which, after proper statistical
corrections, none are found. For the sake of comparison, another anisotropy metric has been
added, PA calculated with AMURA, which can be seen as an alternative to the FA. In this
particular experiment PA proves to be more sensitive to changes than FA, coherently with
results reported in [3.28].

On the other hand, AMURA-based RTOP shows differences in nine regions after the correction
for multiple comparisons. Once more, this is totally compatible with what we have seen in
previous studies [3.7]: AMURA can detect changes between EM and HC where DTI cannot.
In addition, qMSD (Υ2) shows a behavior similar to RTOP but, in this particular case, it
provides a higher number of statistically significant differences (23 ROIs vs. 9, respectively,
after the FDR correction), which is related to the higher number of statistically significant
results for lower p-values set as threshold for statistical significance (see Full E(q), first two
columns of Fig. 3.10). All the ROIs in qMSD show consistently smaller p-values than those
in RTOP. Otherwise, the use of a non even moment like Υ1/2 does not seem particularly
advantageous within this study.

RTAP and RTPP show a limited number of regions with differences after the FDR correction,
in line with the findings in the literature. These two metrics would require a higher b-value
in order to be more discriminant. However, in the planar case, note that when the order
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of the moments increases the number of statistically significant differences also increases,
considering the unadjusted and the corrected results. For teh axial case, this effect is only
visible in the unadjusted case.

Finally, the moments of the P (R) exhibit a behavior very similar to the DT indices, with
only one region with statistically significant differences after the FDR correction, considering
simultaneously the three measures. Actually, υ2 can be seen as a version of the MD with
different weighting.

3.6 Discussion and conclusions

AMURA was originally proposed as a method to infer micro-structural information from
single-shell acquisitions, with no need to specifically calculate the whole EAP. As stated in
the original paper [3.27], the metrics provided by this method must be seen as apparent
versions of the original metrics for a specific shell. The method was initially intended to be
used for high b-values (over 2000 s/mm2), since that is the regime in which measures like
RTOP, RTPP and RTAP are better described. However, recent studies, like the one in [3.29],
have shown its good performance even for DTI-like acquisitions with b-values around 1000
s/mm2. In its original formulation, AMURA provided only a small amount of metrics: RTOP,
RTPP, RTAP and APA. In this work, we have generalized them in order to provide a greater
set of measures based on the moments of E(q) and P (R). The original AMURA metrics can
be seen as particular cases of the new proposal calculating new generic moments.

In this sense, AMURA aims at generically describing the diffusion signal through the compu-
tation of arbitrary order moments, analogously to the proposal in [3.62]. There, the authors
propose a framework to generate rotationally-invariant features from the SH coefficients
fitted to the diffusion signal. These features are directly linked with the MD, FA, or the
volume of the spherical signal, and can be directly derived from single-shell acquisitions
as well. AMURA is not directly defined over the SH coefficients, but this mathematical
formalism is only used for the purpose of efficient numerical calculus. Moreover, AMURA
attains an alternative description beyond rotation invariants through the computation of
planar and axial (i.e. directional) moments.

These generalizations are not just a simple mathematical effort to provide a theoretical
framework to AMURA. On the contrary, the new measures allow to better quantify different
aspects of the diffusion in the brain, dealing with different features of the diffusion process
and being particularly sensitive to the restricted components of such diffusion and better
suited to deal with multiple meso-structure diffusion components than DT-based metrics. As
we have shown in Fig. 3.10, different ponderations of the same signal will yield to different
results and, in the case of clinical studies, could yield to discover new variability patterns in
some pathologies, as we have illustrated in the case of migraine.

Although AMURA only needs one shell in order to calculate the different measures, the
information provided is not the same obtained from the DT. Differences can be clearly seen
in Fig. 3.3 and the test-retest experiment. The use of the DT assumes not only a Gaussian
decay, but also a single-bundle meso-structure, while AMURA uses a generic D(u) that could
take into account arbitrary fiber bundles orientations. In the experiment carried out, we
could see that the DT approach underestimates the values of the moments in those regions in
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which there is a complex fiber structure, like the centrum semiovale and the corpus callosum.
In the former, different alignments and crossing-fiber structures cannot be properly described
by the DT, while in the latter, the source of error is the high sub-voxel curvature of the fibers.
Nevertheless, according to this particular experiment, moments calculated over the E(q) are
better estimated using a non-parametric orientation distribution, especially those moments
of higher order. Results in this experiment are coherent with those obtained using more
complex schemes, like MiSFIT (see Fig. 4 and 5 in [3.39]).

These results are also confirmed when we compared the apparent moments provided by
AMURA with the actual moments estimated by a multishell approach, specifically MiSFIT.
Although there are some clear differences in Fig. 3.4, for higher b-values, full and planar
moments of the E(q) show high correlation between both techniques. AMURA scalars
present a reduced contrast when compared to MiSFIT, especially for the highest values
of each moment. On the other hand, axial moments are the least robust ones, since they
are computed over the q-space samples along the maximum diffusion direction, for which
the attenuation is maximal and the SNR dramatically decreases. We can conclude that
AMURA does not produce totally analogous values to EAP-based approaches, one issue
already raised in [3.27]. However, the large correlations between both methods suggest
that these measures are not considering totally different diffusion features, but very close
ones. Once again, the goal of AMURA is not estimating the exact same values as EAP-based
methods. Nevertheless, a shifted version of a given moment as the ones provided, could also
be equally valuable when studying diffusion.

The reproducibility study showed, in general, a good agreement between test and retest
acquisitions verified over 37 subjects. The AMURA measures retrieved at b = 1000 s/mm2

presented a similar behavior to the DT but with a smaller variation in those areas with higher
FA, coherently with the previous experiment. In addition, once the b-value increases, starting
from b = 2000 s/mm2, our results suggest that AMURA outperforms the DT equivalents in
terms of CV. These results seem promising once applying the non-zeroth-order moments
of E(q) and P (R) to clinical studies under the higher b-value regime, like those studies
where the primary zeroth-order EAP-based moments have already been implemented and
showed an advantage over the standard protocols [3.24, 3.23, 3.25, 3.26, 3.63]. One can
observe amplified CV values for highly anisotropic brain regions, principally for the DT based
measures, i.e. corpus callosum, fornix and limb of the internal capsule (see Fig. 3.7). The
exaggerated values are remarkably noticeable with the full Υp and planar Υp

⊥ moments,
especially the second-order ones. This effect can be explained on the ground of the tensor
equations in 3.B, as in the case of prolate tensors, we observe a positive/negative bias
on the second/third eigenvalue, while in oblate tensors, representing crossing fibers, the
second and third eigenvalues are generally underestimated [3.64]. Therefore, special care
must be taken once using higher-order moments, especially under the low b-value regime,
as it might introduce a potential bias in the cohort studies. Nevertheless, the AMURA
framework exhibits the robustness to a greatly limited number of the samples in the q–space
domain (e.g. only 15 samples per shell), allowing to significantly shorten the acquisition
time while preserving the same amount of information. Notice that using only 15 gradient
directions, the DT-based moments show intensified CV once compared to fully-sampled data
with 90 directions (see Fig. 3.8). Although no studies were performed on the influence
of confounding factors on DT-based moments, one can presume that at least 30 gradient
directions are suggested for robust estimation, like in the case of FA parameter [3.65].
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The robustness of AMURA-based moments has been quantitatively confirmed using the
histogram-based study presented in Fig. 3.9. The peak values of kernel density estimated
curves are only slightly shifted towards increased median CV value once reducing the
number of gradients to only 15 directions. Overall, the reproducibility and robustness to
a reduced acquisition scenario experiments allowed recognizing the potential application
of the AMURA approach in studies concerning the variability of the brain anatomy, such as
longitudinal or lifespan studies, in which a high level of reproducibility is a must.

Finally, in the migraine experiment, AMURA shows a better performance than DT metrics,
although we must clarify that this could not be the case for every other study. We have
selected one for which, according to the literature, AMURA succeeds in finding differences
where the DT could not. But in the same study [3.29], AMURA could find almost no differ-
ences between EM and CM, while the DT succeeds. This effect talks about complementary
measures, rather than competitive. On the other hand, this experiment allows us to better
understand the behavior of different orders and kinds of moments of AMURA. According
to the results in Fig. 3.10, the use of higher order moments in q–space provides smaller
p-values and allows finding a higher number of statistically significant differences between
groups. This could be motivated by the fact that differences between EM and HC are subtle
and these moments precisely highlight them. In general, the use of different moments could
provide meaningful insight to different phenomenons of diffusion in the tissues, though
further validation of AMURA moments is required to postulate them as clinical biomarker
candidates.

Furthermore, metrics derived with AMURA have also shown larger correlation with multishell
moments when higher b-values where considered. The acquisition of one single shell at
b-values over 2000 s/mm2 is not totally compatible with DT estimation, but it is consistent
with single-shell HARDI techniques, in which the ODF is estimated and then some metrics
could be derived, such as the ADC, the MD, the generalized FA (GFA) or the apparent fiber
density (AFD) [3.66]. Once more, scalars derived from the ODF and moments from AMURA
can be calculated together without extra-cost and be used complementarily in practical
studies. The complementary nature of GFA and APA, for instance, was already shown in
[3.28].

With regard to those moments based on the P (R), they showed themselves not particularly
interesting for clinical studies to the extent of the present paper: Fig. 3.3 shows a very high
correlation between these indices calculated with either AMURA or the DT, putting at stake
the added value of AMURA over DT in this case. When compared with a multishell approach
like MiSFIT, these moments calculated with AMURA present a very low correlation with the
actual values. In addition, the results of the migraine experiment also show a discriminant
power similar to the DT-based measures and no added value. Thus, we must conclude that
AMURA is not able to properly estimate the moments of P (R). Unlike moments based on
E(q), for which a unique value of ‖q‖ allows to extrapolate an apparent behavior for the
entire q-space through modeling, a unique ‖q‖ sample does not allow a proper description
of the bandwidth of the dual domain R: results obtained with just one shell, although
feasible from a theoretical point of view, do not provide significant information.

The computation of moments as proposed in this paper is based on the same implementation
as in the original AMURA paper [3.27], hence it shares similar pros and cons: since the
reconstruction of the EAP is not explicitly required, the computation of scalar measurements
will not impose a computational burden to the standard protocols; an entire volume can
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be processed in minutes or even seconds, so that a whole database for a clinical study can
be processed in the order of few hours. On the other hand, one major drawback of these
measures is the same pointed out in [3.27]: the explicit assumption of a specific radial
behavior for the diffusion, which cannot fit the whole q–space. As a consequence, the
selection of a single shell will make the anatomical features dependent on the selected
b-value and, consequently, they must be considered apparent. This effect was confirmed by
experiment in Fig. 3.6 and it implies that, in clinical studies, the results can be compared
against each other only if the same b-value is preserved across data sets. However, despite
the dependence with the b-value, the apparent moments calculated with AMURA have also
shown a great correlation with the actual moments calculated with a multishell approach,
especially for higher b-values.

All in all, the newly introduced AMURA moments can be easily integrated into the processing
pipeline of currently existing single-shell DMRI protocols and databases to unveil anatomical
details that may remain hidden in traditional DT-based studies. Their simplicity and fast
calculation make them proper complementary metrics for clinical studies.

Appendices

3.A Calculation of full moments of P (R)

3.A.1 Fourier Transform in spherical coordinates

Let D(u) > 0 be the diffusivity for a given shell q = q0. Using the mono-exponential model,
the diffusion signal can be defined as:

E(q) = E(qu) = exp
(
−q

2

q2
0
D(u)

)
, (3.23)

where u ∈ S is a unit direction in space. Since both E(q) and P (R) are real signals,
the Eq. (3.1) may as well be established in terms of cosine functions instead of complex
exponentials. Besides, it is convenient to represent the integrals in spherical coordinates:

P (R) = P (Rr) =
∫
S

(∫ ∞
0

q2E(qu) cos
(
2πqRuT r

)
dq

)
du

=
∫
S

(∫ ∞
0

q2 exp
(
−q

2

q2
0
D(u)

)
cos
(
2πqRuT r

)
dq

)
du, (3.24)

where r ∈ S is a unit direction independent on u. The inner integral in the variable q can be
explicitly solved to yield (see section 3.952, Eq. (4) in [3.67]):

P (Rr) =
√
πq3

0
4

∫
S
D−

3
2 (u)

(
1−

2
(
πq0RuT r

)2
D(u)

)
exp

(
−
(
πq0RuT r

)2
D(u)

)
du. (3.25)
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3.A.2 Explicit computation of full moments

The p-th full moment of the diffusion propagator is defined as:

υp
∆=
∫
R3
RpP (R)dR =

∫
S

(∫ ∞
0

Rp+2P (Rr)dR
)
dr, (3.26)

where the integral is already represented in spherical coordinates. By casting Eq. (3.25)
into the previous expression, the order of the integrals can be exchanged at convenience to
obtain:

υp =
√
πq3

0
4

∫
S
D−

3
2 (u)

∫ ∞
0

Rp+2
∫
S

(
1−

2
(
πq0RuT r

)2
D(u)

)
exp

(
−
(
πq0RuT r

)2
D(u)

)
dr dR du.

(3.27)
The innermost integral in the variable r can then be computed using regular spherical
coordinates by just aligning their ‘z’ axis (i.e. the origin of the polar angle θ = 0) with each
u, so that uT r = cos θ:∫

S

(
1−

2
(
πq0RuT r

)2
D(u)

)
exp

(
−
(
πq0RuT r

)2
D(u)

)
dr

=
∫ 2π

0

∫ π

0

(
1− 2 (πq0R cos θ)2

D(u)

)
exp

(
− (πq0R cos θ)2

D(u)

)
sin θ dφ dθ

= 2π
∫ 1

−1

(
1− 2 (πq0Rs)2

D(u)

)
exp

(
− (πq0Rs)2

D(u)

)
ds = 4π exp

(
− (πq0R)2

D(u)

)
,(3.28)

where the last integral is solved with the change of variable s = cos(θ). This result is casted
into Eq. (3.27) to obtain:

υp = π
3
2 q3

0

∫
S
D−

3
2 (u)

∫ ∞
0

Rp+2 exp
(
− (πq0R)2

D(u)

)
dR du =

Γ
(
p+3

2
)

2qp0πp+
3
2

∫
S
D

p
2 (u)du,

(3.29)
whose convergence is assured if p > −3. The latter integral has to be numerically computed
for each acquired signal, which can be trivially attained by expanding D

p
2 over S using

SHs. This way, the integral becomes a scaled version of the DC component, C0,0, of such
expansion:

υp =
Γ
(
p+3

2
)

2qp0πp+
3
2

∫
S
D

p
2 (u)du =

Γ
(
p+3

2
)

2qp0πp+
3
2

2
√
πC0,0

{
D

p
2 (u)

}
=

Γ
(
p+3

2
)

qp0π
p+1 C0,0

{
D

p
2 (u)

}
.

(3.30)

3.B Calculation of the moments using the diffusion tensor

If a Gaussian diffusion propagator is assumed, P (R) is a mixture of independent and
(nearly) identically distributed bounded cylinder statistics and, by virtue of the central limit
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theorem, their superposition is Gaussian distributed. The measured signal in the q–space is
the (inverse) Fourier transform of the PDF and it can be expressed as:

E(q) = F−1 {P (R)} (q) = exp
(
−4π2τqTDq

)
, (3.31)

which represents the well-known Stejskal–Tanner equation [3.68]. The diffusion tensor D is
the anisotropic covariance matrix of the Gaussian PDF P (R), and therefore it is a symmetric,
positive–definite matrix with real, positive eigenvalues (λ1 ≥ λ2 ≥ λ3) and orthonormal
eigenvectors.

We can use this model to estimate the generalized moments of E(q) and P (R) defined in
sections 3.3.1 and 3.3.2. For the sake of simplicity, only the even moments are calculated
(the only ones with closed-form expressions):

1. Full moments of E(q):

Υp = 1
(4π2τ) 3+p

2

p/2∑
k=0

k∑
m=0

(
p/2
k

)(
k

m

)Γ
( 1

2 + k −m
)

Γ
( 1

2 +m
)

Γ
( 1

2 + p
2 − k

)
λ
p
2 + 1

2−k
1 λ

k−m+ 1
2

2 λ
m+ 1

2
3

.(3.32)

This solution is valid for p ≥ 0 and only for p integer and even. Some specific values
are:

Υ0 = π3/2

(4π2τ)3/2
1√

λ1λ2λ3
(RTOP);

Υ2 = π3/2

2(4π2τ)5/2
λ1λ2+λ2λ3+λ1λ3

(λ1λ2λ3)3/2 (qMSD).

2. Axial moments of E(q):

Υp
|| =

Γ
( 1+p

2
)

(4π2τ) 1+p
2 λ

1+p
2

1

. (3.33)

This solution is valid for p > −1. For example:

Υ0
|| =

√
π√

4π2τ

1√
λ1

(RTPP);

Υ2
|| =

√
π

2(4π2τ)3/2
1

λ
3/2
1
.

3. Planar moments of E(q):

Υp
⊥ = 1

(4π2τ) p2 +1

p/2∑
k=0

(
p/2
k

)Γ
( 1

2 + k
)

Γ
( 1

2 + p
2 − k

)
λ
−k+ p

2 + 1
2

2 λ
k+ 1

2
3

. (3.34)

This solution is valid for p ≥ 0 and only for p integer and even. Some specific values
are

Υ0
⊥ = π

4π2τ
1√
λ2λ3

(RTAP);

Υ2
⊥ = π

2(4π2τ)2
λ2+λ3

(λ2λ3)3/2 .
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4. Full moments of P (R):

υp = 1
qp0π

3+p

p/2∑
k=0

k∑
m=0

φυpkmλ
p
2−k
1 λk−m2 λm3 ; (3.35)

φυpkm =
(
p/2
k

)(
k

m

)
Γ
(

1
2 + k −m

)
Γ
(

1
2 +m

)
Γ
(

1
2 + p

2 − k
)
.

This solution is valid for p ≥ 0 and only for p integer and even. Some specific values
are:

υ0 = 1;
υ2 = 1

2π2q2
0
(λ1 + λ2 + λ3) (MSD);

υ4 = 1
4π4q4

0

[
2(λ2

1 + λ2
2 + λ2

3) + (λ1 + λ2 + λ3)2] .

Software

The full implementation of the methods here included are part of the dMRI-Lab toolbox
and it may be downloaded for MATLAB© (The MathWorks, Inc., Natick, MA) and GNU
Octave, together with use-case examples and test data, from: http://www.lpi.tel.uva.
es/dmrilab.
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Abstract: Diffusion Tensor Imaging (DTI) is the most employed method to assess white matter
properties using quantitative parameters derived from diffusion MRI, but it presents known
limitations that restrict the evaluation of complex structures. The objective of this study was
to validate the reliability and robustness of complementary diffusion measures extracted with
a novel approach, Apparent Measures Using Reduced Acquisitions (AMURA), with a typical
diffusion MRI acquisition from a clinical context in comparison with DTI with application to
clinical studies. Fifty healthy controls, 51 episodic migraine and 56 chronic migraine patients
underwent single-shell diffusion MRI. Four DTI-based and eight AMURA-based parameters
were compared between groups with tract-based spatial statistics to establish reference results.
On the other hand, following a region-based analysis, the measures were assessed for multiple
subsamples with diverse reduced sample sizes and their stability was evaluated with the
coefficient of quartile variation. To assess the discrimination power of the diffusion measures,
we repeated the statistical comparisons with a region-based analysis employing reduced sample
sizes with diverse subsets, decreasing 10 subjects per group for consecutive reductions, and
using 5001 different random subsamples. For each sample size, the stability of the diffusion
descriptors was evaluated with the coefficient of quartile variation. AMURA measures showed
a greater number of statistically significant differences in the reference comparisons between
episodic migraine patients and controls compared to DTI. In contrast, a higher number of
differences was found with DTI parameters compared to AMURA in the comparisons between
both migraine groups. Regarding the assessments reducing the sample size, the AMURA
parameters showed a more stable behavior than DTI, showing a lower decrease for each
reduced sample size or a higher number of regions with significant differences. However, most
AMURA parameters showed lower stability in relation to higher coefficient of quartile variation
values than the DTI descriptors, although two AMURA measures showed similar values to
DTI. For the synthetic signals, there were AMURA measures with similar quantification to DTI,
while other showed similar behavior. These findings suggest that AMURA presents favorable
characteristics to identify differences of specific microstructural properties between clinical
groups in regions with complex fiber architecture and lower dependency on the sample size or
assessing technique than DTI.
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4.1 Introduction

Diffusion Magnetic Resonance Imaging (dMRI) is an imaging modality employed to assess
diverse in vivo physiological and pathological conditions of the human body in clinical
studies. It has been widely used in the study of the brain and neurological disorders
[4.42, 4.21, 4.29, 4.23]. It allows the characterization of the diffusivity of water molecules
within the tissue, providing information about the microscopic configuration and structural
connectivity of the brain, especially inside the white matter (WM).

The most relevant feature of dMRI is its ability to measure directional variance, i.e.,
anisotropy, which, inside the brain, is related to structural connectivity between areas.
The most common methodology to estimate the anisotropy is via the diffusion tensor (DT)
[4.11, 4.51].

In order to use it in clinical studies, the information provided by the DT must be translated
into some scalar measures that describe different features of diffusion within every voxel.
That way, metrics like fractional anisotropy (FA) were defined and widely employed to
characterize damaged tissues in multiple neurological and psychiatric disorders [4.28, 4.12,
4.31, 4.24]. However, from the early stages of DT imaging (DTI), it was clear that the
Gaussian assumption oversimplifies the diffusion process.

In the past few decades, many techniques have been proposed to overcome the limitations of
DTI, usually requiring the acquisition of larger amounts of diffusion data [4.8, 4.35]. Most
of these techniques rely on the estimation of more advanced diffusion descriptors, such as
the Ensemble Average diffusion Propagator (EAP), which is the probability density function
of the motion of the water molecules within a voxel [4.37, 4.47, 4.50].

A complete analysis of the EAP requires many diffusion-weighted images (DWI) with several
(moderate to high) b-values in a multi-shell acquisition. The information provided by the
EAP is usually adapted to scalar measures that describe different aspects of diffusion. The
most frequently employed measures are the return-to-origin probabilities (RTOP), return-to-
plane probabilities (RTPP), return-to-axis probabilities (RTAP) and the propagator anisotropy
(PA) [4.37, 4.34, 4.53, 4.17, 4.25].

The accurate estimation of these measures requires the calculation of the EAP, which
commonly involves: (1) long acquisition times; (2) several shells with large b-values, which
may be difficult to acquire in many commercial MRI scanners; and (3) heavy computational
burdens with very long processing times. These three issues have hindered the general
adoption of EAP-related metrics in the clinical routine, despite the growing interest in the
exploration of their potential applicability [4.9, 4.14, 4.13, 4.55].

To overcome these limitations and facilitate the widespread use of advanced diffusion metrics
in clinical studies, a new approach called Apparent Measures Using Reduced Acquisitions
(AMURA) has been recently proposed [4.1, 4.2, 4.3]. The method allows the estimation of
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diffusion measures such as RTOP, RTAP and PA, while reducing the number of necessary
samples and the computational cost. AMURA can mimic the sensitivity of EAP-based
measures to microstructural changes when only a small number of shells (even one) is
available. To do so, AMURA assumes a prior model for the behavior of the radial q-space
instead of trying to numerically describe it, yielding simplified expressions that can be
computed easily even from single-shell acquisitions.

One additional advantage of AMURA is that it can be easily integrated into the processing
pipeline of current existing single-shell dMRI protocols and databases to unveil anatomical
details that may remain hidden in traditional DT-based studies. AMURA has proved its
potential in some exploratory studies with clinical data focusing on Parkinson’s disease and
Mild Cognitive Impairment [4.1, 4.3], as well a recent clinical study on migraine [4.41].

In this work we aim to assess the viability of different diffusion descriptors extracted with
AMURA for the study of a neurological disorder in DTI-type datasets. Note that, initially,
AMURA was designed to work with b-values over 2000 s/mm2, since the effects measured
with RTOP, RTPP and RTAP were better showed at higher values of b. However, results in
clinical data have shown its potential at lower b-values [4.2]. Thus, we will explore the
viability of these technique to model DTI-type acquisitions, i.e., dMRI datasets acquired with
those protocols usually employed for the estimation of DTI and its derived parameters, such
as fractional anisotropy (FA) or mean diffusivity (MD). These acquisitions are commonly
single-shell, and only include one non-zero b-value, usually in the order of b = 1000
s/mm2.

We have selected migraine as a case study. Migraine is an attractive pathology for the
evaluation of the quality of alternative diffusion metrics, since the differences between
patients and controls that have been found using dMRI in the literature are scarce and subtle
[4.40]. In migraine, differences are usually hard to find in comparison with other disorders
such as schizophrenia or Alzheimer’s disease, and they require a large number of subjects
per group and good quality data. Thus, migraine will allow us to check the capability of
different techniques to detect subtle changes.

Migraine is a disabling primary disorder characterized by recurrent episodes of headache,
which usually last 4-72 hours and present at least two of the following four characteristics:
moderate to severe pain intensity, unilateral location, pulsating quality, and aggravation with
physical activity (Third edition of the International Classification of Headache Disorders,
ICHD-3). A common distinction when studying migraine is made between episodic migraine
(EM), in which patients suffer from headache less than 15 days per month, and chronic
migraine (CM), in which patients suffer from headache at least 15 days per month.

A recent study identified statistically significant differences in migraine using advanced
diffusion measures calculated with AMURA [4.41]. This study identified higher RTOP values
in CM patients compared to EM, and lower RTPP values in EM compared to HC.

Given the fact that AMURA-derived measures have shown promising results for the char-
acterization of subtle WM changes in migraine, the main objective of this study was the
assessment of the reliability and the robustness of AMURA metrics acquired with a typical
acquisition employed in a clinical context. Our purpose is to validate the viability of these
metrics for clinical studies even when acquisition protocols are suboptimal for this method-
ology. Specifically, we will use migraine as a case study and DTI-type acquisitions, where
only one shell is acquired at b = 1000 s/mm2.
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4.2 Materials and Methods

4.2.1 Advanced diffusion measures from single shell acquisitions: AMURA

AMURA was proposed in [4.1] as a methodology to calculate advanced diffusion metrics
from reduced acquisitions compatible with commercial scanners and general clinical routine.
It allows the estimation of different diffusion-related scalars using a lower number of
samples with a single-shell acquisition scheme. AMURA considers that, if the amount of
data is reduced, a restricted diffusion model consistent with single-shell acquisitions must
be assumed: the (multi-modal) apparent diffusivity does not depend on the b-value, so that
a mono-exponential behavior is observed for every spatial direction. According to [4.10],
in the mammalian brain, the mono-exponential model is predominant for values of b up
to 2000 s/mm2 and it can be extended to higher values (up to 3000 s/mm2) if appropriate
multi-compartment models of diffusion are employed.

This methodology allows shorter MRI acquisitions and very fast calculation of scalars. Since
the mono-exponential model only holds within a limited range around the measured b-value,
the measures derived this way must be seen as apparent values at a given b-value, related to
the original ones but dependent on the selected shell. The AMURA metrics used in this work
are [4.1, 4.2, 4.3]:

1. Return-to-origin probability (RTOP), also known as probability of zero displacement,
it is related to the probability density of water molecules that minimally diffuse within
the diffusion time τ .

2. Return-to-plane probability (RTPP), which is a good indicator of restrictive barriers in
the axial orientation.

3. Return-to-axis probability (RTAP), an indicator of restrictive barriers in the radial
orientation.

4. Apparent Propagator Anisotropy (APA), an alternative anisotropy metric. It quantifies
how much the propagator diverges from the closest isotropic one.

5. Diffusion Anisotropy (DiA), an alternative derivation of APA.

6. Generalized Moments, specifically we will consider the full moments of order 2 (q-
space Mean Square Displacement, qMSD) and 1/2 (Υ1/2).

4.2.2 Dataset

Participants

The sample of this study was originally composed of 56 patients with CM, 54 patients with
EM and 50 healthy controls (HC) that participated in previous studies [4.40, 4.39]. Three
patients with EM were discarded due to misregistration errors.

Inclusion criteria included diagnosis of EM or CM following the ICHD-3 (all the available
versions), stable clinical situation, and first screening related to migraine just before the
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recruitment. Exclusion criteria were use of preventive treatments before the MRI acquisition,
migraine onset in people older than 50 years, recently developed migraine (less than
one year), frequent painful conditions, psychiatric and neurological disorders different to
migraine, and pregnancy. Further details are available at [4.40].

The local Ethics Committee of Hospital Clínico Universitario de Valladolid approved the
study (PI: 14-197). Additionally, all participants read and signed a written consent form
prior to their participation.

The detailed demographic and clinical features of the three groups are shown in Table 4.1.
No statistically significant differences in age or gender were found between the three groups.
Patients with CM showed significantly higher duration of migraine, frequency of headache
and migraine attacks and medication overuse, and a lower presence of aura.

Tab. 4.1.: Clinical and demographic characteristics of healthy controls (HC), episodic migraine (EM)
and chronic migraine (CM).

HC (n=50) EM (n=51) CM (n=56) Statistical test

Gender, male/female 11/39 7/44 6/50 χ2
(2,N=157) = 2.74

(22/78%) (14/86%) (11/89%) p = .25 †

Age (years) 36.1 ± 13.2 36.6 ± 7.9 38.1 ± 8.7 χ2
(2) = 2.79, p = .25‡

Duration of migraine history (years) 13.1 ± 10.5 19.6 ± 10.4 U = 932.5, p = .002�

Time from onset of chronic migraine

(months)

24.5 ± 32.9

Headache frequency (days/month) 3.6 ± 1.9 23.3 ± 6.3 U = 40.0, p < .001�

Migraine frequency (days/month) 3.6 ± 1.9 13.9 ± 6.9 U = 99.5, p < .001�

Medication overuse 0 (0%) 42 (75%) p < .001∗

Aura 9 (18%) 1 (2%) p = .006∗

†Chi-square test. ‡Kruskal-Wallis test. �Mann-Whitney U test. ∗Fisher’s exact test. Data are
expressed as means ± SD.

MRI acquisition

For patients with migraine, the images were acquired at least 24 hours after the last migraine
attack and before two weeks after the clinical visit to the headache unit. High resolution 3D
T1-weighted followed by DWI were acquired using a Philips Achieva 3T MRI unit (Philips
Healthcare, Best, The Netherlands) with a 32-channel head coil . The acquisition of T1-
weighted images was carried out using a Turbo Field Echo sequence with the following
parameters: repetition time (TR) = 8.1 ms, echo time (TE) = 3.7 ms, flip angle = 8o,
256× 256 matrix size, spatial resolution of 1× 1× 1 mm3 and 160 sagittal slices covering
the whole brain.
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The acquisition parameters for DWI were TR = 9000 ms, TE = 86 ms, flip angle = 90o,
61 diffusion gradient orientations, one baseline volume, b-value = 1000 s/mm2, 128×128
matrix size, spatial resolution of 2 × 2 × 2 mm3 and 66 axial slices covering the whole
brain.

All the images were acquired in the same session with a total acquisition time of 18
minutes.

4.2.3 Analysis of the data

dMRI preprocessing

Image preprocessing steps consisted of 1) denoising based on the Marchenko-Pastur Principal
Component Analysis procedure [4.49], 2) eddy currents and motion correction and 3)
correction for B1 field inhomogeneity. The MRtrix software [4.46] was employed to carry out
these steps, using the dwidenoise, dwipreproc and dwibiascorrect tools [4.49, 4.7, 4.44, 4.54].
Further, a whole brain mask for each subject was obtained with the dwi2mask tool [4.18].

Diffusion measures estimation

Two groups of diffusion measures were extracted. The former group is composed of three DTI
classical metrics: FA, MD, axial diffusivity (AD) and radial diffusivity (RD). We considered
only these measurements as they are the ones employed in most previous studies, particularly
in the literature migraine, with no studies applying other measurements excluding the one
carried out with this sample or the use of kurtosis [4.26].

These measures were estimated at each voxel using the dtifit tool from the FSL software
[4.27]. FA measures the degree of anisotropy in the diffusion of water molecules inside
each voxel, which reflects the degree of directionality of water diffusivity. MD is the average
magnitude of water molecules diffusion. AD measures the water diffusion in the principal
direction of WM fibers. RD describes the perpendicular diffusion of the principal direction
[4.38].

The latter group includes the seven proposed q-space metrics calculated with AMURA: RTOP,
RTAP, RTPP, APA, qMSD, DiA and Υ1/2. The measures were calculated using dMRI-Lab1 and
MATLAB 2020a. AMURA measures rely on the expansion of spherical functions at a given
shell in the basis of spherical harmonics (SH). Even SH orders up to 6 were fitted with a
Laplace-Beltrami penalty λ = 0.006. A fixed value of τ = 70ms has been assumed for all
the AMURA metrics. A visual comparison of the DTI and AMURA measures is shown in
Figure 4.1.

1Available at www.lpi.tel.uva.es/dmrilab.

92 Chapter 4 Viability of AMURA biomarkers from single-shell diffusion MRI in Clinical
Studies



Fig. 4.1.: Visual comparison of diffusion tensor imaging (DTI) and measures from apparent measures
using reduced acquisitions (AMURA). The first row contains the DTI measures, and the last
two, the AMURA metrics.

4.2.4 Experiment with synthetic data

The main hypothesis of this work is that AMURA metrics are able to detect different
diffusion properties than DTI in the white matter. In order to quantify this assumption, an
illustrative synthetic experiment was carried out. We simulated a simple diffusion model
that diverges from the diffusion tensor (DT). The simplest case is a 2-compartment model in
which we considered that the main anisotropic diffusion was ruled by a zeppelin-shaped
compartment [4.5] and there was an isotropic compartment that stands for the free water
fraction [4.48]:

S(b) = f · Zp(b, d||, d⊥) + (1− f) · exp(−bD0)

where Zp() is the zeppelin compartment, D0 is the diffusivity of free water at body tempera-
ture (nearly 3.0·10−6 µm2/s), d|| (µm2/s) and d⊥ (µm2/s) are the parallel and perpendicular
diffusivities that model the zeppelin and (1− f) is the free-water fraction.

For the experiment, different values of f were considered, ranging from 0.3 to 1. The value
of d|| was fixed and d⊥ was changed as a function of f for two different cases

1. The FA obtained after estimating the DT from S(b) is constant.

2. The MD obtained after estimating the DT from S(b) is constant.
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Sixty-one gradient directions and b=1,000 s/mm2 were considered. DTI and AMURA metrics
were calculated from the synthetic signal.

In comparison with previous studies that assessed EAP-derived measures [4.20, 4.55], we
employed a simpler model due to the different objective of our study. The previous studies
were focused on a detailed characterization of the microstructure with the assessment of the
sensitivity of the EAP measures under different conditions with a three-compartment model.
The intracellular volume fraction and dispersion were additionally included compared to
our experiment for the three-compartment model. In our study, the main objective was
the assessment of AMURA measures compared to DTI in the context of clinical studies,
i.e., comparison between clinical groups, with a reduced dMRI acquisition. Therefore, this
synthetic experiment worked as a proof of concept to appreciate different properties of the
AMURA and DTI measures, and not as a detailed analysis of the parameters in relation to
microstructural features.

4.2.5 Statistical analysis

ROI analysis and TBSS

To test the capability of AMURA measures at b = 1000 s/mm2 to be used in clinical studies,
two different statistical analyses were considered: a region-oriented analysis and tract-based
spatial statistics (TBSS) assessment. For both approaches, statistical differences between
EM, CM and HC were assessed with two-by-two comparisons. Forty-eight different regions
of interest (ROIs) were identified using the Johns Hopkins University ICBM-DTI-81 White
Matter Atlas (JHU WM) [4.36]. The first steps of the two assessing methods were common.
The FA volumes were non-linearly registered to the Montreal Neurological Institute (MNI)
space using the JHU WM template as reference. In the MNI space, the mean FA image for all
the subjects was extracted and it was used to generate the white matter skeleton using a
minimum FA value of 0.2. For each subject, the FA values were projected to the skeleton.
For all the non-FA measures, the same registration used for the FA maps and projection to
the skeleton obtained from the FA volumes were carried out.

For the ROI-based analysis, to obtain more robust measures, the average value of the metrics
for each subject was obtained using voxels exclusively included in the white matter skeleton
within the 2% and 98% percentiles of the corresponding skeleton values. Then we carried
out a two-sampled-two-tailed, pooled variance t-test between each pair of groups (EM-HC,
CM-HC and EM-CM) for every measure and ROI.

The TBSS approach was conducted to mimic a clinical study following the basic procedure
implemented in [4.41, 4.40]. In this assessment, the statistical comparisons were conducted
using the randomise tool from FSL [4.33], which performs a permutation test. Specifically,
5000 permutations and the threshold-free cluster enhancement (TFCE) procedure were
employed [4.45]. Briefly, TFCE enhances zones of the voxelwise statistic maps that show
spatial contiguity to obtain spatial clusters without using specific values to delimitate
different spatial areas with similar values. We considered that an atlas-defined region
presented statistically significant differences, after family-wise error correction and TFCE,
when the voxels with differences contained a volume greater than 30 mm3. Each ROI from
the atlas could be part of one or more clusters defined by the TFCE procedure, i.e., TFCE
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was applied independently from the JHU WM atlas and the voxels for each region were
extracted within the defined clusters by TFCE.

The threshold for statistical significance for all the statistical assessments was p < 0.05. It is
worth noting that the purpose of the ROI-based analysis was not to carry out a complete
and accurate clinical study, but to analyze the behavior of each measure separately. Thus,
the results in this case were not corrected for multiple comparisons, causing some variations
with the results reported in the literature. For the same reason, clinical covariates were not
included in all the statistical comparisons.

Further, in relation to the ROI-based analysis, Cohen’s D value was calculated over the
different ROIs to quantify the effect size of the different DTI and AMURA scalars. In addition,
the Cohen’s D value was obtained for the full WM to better describe what happened with
each measure in the whole brain.

Resampling of diffusion measures

To better understand the discrimination power of each measure, we analyzed their statistical
significance in relation to the number of subjects in each group, i.e., the sample size. To that
end, a resampling experiment was carried out. The number of subjects of each group (EM,
CM and HC) was progressively decreased from the original number to 10 subjects in each
group, reducing five subjects for each iteration. For each iteration, 5001 different subsamples
were randomly obtained following a bootstrapping procedure. For each subsample, the
ROI-based approach described in section 4.2.5, i.e., the uncorrected t-tests of the diffusion
descriptors from each JHU WM atlas ROI within the WM skeleton, was repeated. Specifically,
for the tests with statistically significant differences in the reference comparisons with the
whole sample, two-by-two comparisons between HC, EM and CM groups were carried
out. For each ROI, diffusion metric and specific configuration, a ROI was considered to
have significant differences if at least the two-by-two comparison in 2501 out of the 5001
subsamples showed p < 0.05, value established as threshold for statistical significance, as in
the whole sample. No kind of statistical correction was used for this experiment considering
that our purpose was to study the behavior of the different metrics with the sample size.

Analysis of stability

The coefficient of quartile variation (CQV) was used to measure the stability across groups.
The CQV is a measure of homogeneity [4.6] and it was used to assess the inter-subject
variability, considering the diverse sample sizes from the analysis described in the previous
section. The CQV is one of the most robust statistical measures as it depends on the quartiles,
being less sensitive to outliers. Its use is as follows:

CQV = Q3 −Q1

Q3 +Q1
· 100 (4.1)

where Q1 and Q3 are the first and third quartile, respectively.

The CQV is calculated for each group and ROI, considering as figure of merit the median
value of all the CQV of the different 5001 subsamples used in this experiment. The 95%
confidence interval (95% CI) was set taking the 2.5 and 97.5 percentiles of the whole CQV
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values for each group of values. This 95% CI was compared between the diverse measures
and regions for each sample size.

4.3 Results

4.3.1 Experiment with synthetic data
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Fig. 4.2.: Experiment with synthetic data: a two-compartment model is considered, zeppelin + free
water. The parameters of the zeppelin are modified so that the estimated diffusion tensor in
every case shows: a) constant FA; b) constant MD. AMURA metrics have been calculated.
Measures are normalized for better visualization.

Results for the experiment with synthetic data are gathered in Fig. 4.2: constant FA (Fig. 4.2-
a) and constant MD (Fig. 4.2-b). All measures have been normalized for better visualization
and comparison. When FA is set to constant, in this simple scenario, anisotropy-related
metrics (PA and DiA) behave similarly. The other AMURA metrics detect the underlying
change and grow with f , presenting qMSD, Υ1/2 and RTOP similar but higher slopes of
opposite sense compared to MD, which decreases with f , begin the change of the RTAP
almost identical to the one shown by the MD. On the other hand, when MD is set to constant,
Fig. 4.2-b, all the AMURA measures are able to detect the changes in the signal, and the
DiA presented a similar steep rate compared to the FA, and higher steep rate values were
appreciated in the case of APA. This example illustrates that, although interpretation of
some AMURA measures can be similar to DTI measures, they are not really quantifying the
diffusion signal in the same way. The variety of AMURA measures allows not only to detect
similar patterns compared to DTI, but also to find complementary results.
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EPISODIC vs CONTROLS CHRONIC VS EPISODIC CHRONIC vs. CONTROLS

FA AD MD RD RTOP RTAP RTPP qMSD APA DIA FA AD MD RD RTOP RTAP RTPP qMSD APA DIA FA AD MD RD RTOP RTAP RTPP qMSD APA DIA

MCP 0.44 0.32 0.53 0.65 0.48 0.56

PCT 0.59 0.55 0.77 0.65 0.61 0.68 0.48 0.74 0.56 0.52 0.59 0.59 0.57 0.47 0.39 0.34

GCC 0.47

BCC 0.46

SCC 0.50 0.52 0.39 0.58 0.49

Fx 0.32 0.44 0.47 0.48

CST-R 0.40 0.53 0.64 0.35 0.48 0.38

CST-L 0.39 0.38 0.43 0.48 0.45 0.43 0.24

ML-R 0.62 0.71 0.66 0.63 0.29 0.47 0.57 0.59

ML-L 0.52 0.68 0.51 0.69 0.52 0.76 0.52 0.34 0.41 0.52 0.50

ICP-R 0.48 0.75 0.68 0.64 0.55 0.76 0.71 0.51 0.65 0.51 0.61 0.56 0.39

ICP-L 0.41 0.51 0.49 0.55

SCP-R 0.48

SCP-L 0.44

CP-R 0.43 0.59 0.59

CP-L 0.46

ALIC-R 0.41 0.45 0.59 0.51 0.44 0.55 0.39

ALIC-L 0.44 0.45 0.43 0.42 0.45 0.44 0.49 0.45 0.46 0.45 0.64 0.54

PLIC-R 0.49 0.51 0.51 0.45 0.47 0.34

PLIC-L 0.43 0.56 0.45 0.56 0.46 0.40 0.45

RPIC-R 0.48 0.39 0.47

RPIC-L 0.49 0.52 0.40

ACR-R 0.49 0.50 0.56

ACR-L

SCR-R 0.48 0.40 0.41

SCR-L

PCR-R

PCR-L

PTR-R

PTR-L

SS-R 0.45 0.52 0.55

SS-L

EC-R 0.72 0.72 0.83 0.76 0.74 0.39 0.42 0.41 0.59 0.54

EC-L 0.47 0.60 0.55 0.46 0.57 0.53 0.49 0.46 0.57 0.56

CG-R 0.47 0.54

CG-L 0.47 0.46

CH-R 0.22 0.32

CH-L

F/ST-R 0.68 0.55 0.73 0.51 0.42

F/ST-L 0.59 0.49

SLF-R

SLF-L 0.49 0.51 0.51 0.46 0.45

SFOF-R 0.42 0.59 0.51 0.40 0.67

SFOF-L 0.48 0.44 0.42 0.47 0.63 0.57

UF-R 0.42 0.50 0.66 0.64 0.50

UF-L 0.47

T-R 0.31 0.16 0.37

T-L 0.38 0.42 0.27 0.32

0.50

0.48

0.68

0.56

0.64

0.49

0.44

0.31

0.48

0.62

0.50

0.50

0.53

Tab. 4.2.: Results of the ROI-based statistical analysis and Cohen’s D: EM vs HC, CM vs EM and CM vs.
HC. Two-sample t-tests for DTI and AMURA measures and each of the ROIs defined by the
JHU WM atlas. The p-values represent the probability that a certain measure has identical
means for both groups. ROIs exhibiting differences with statistical significance above 95%
(p < 0.05) are marked in green and above 99% (p < 0.01) in amber. The Cohen’s D of
those ROIs showing statistical differences is included.

4.3.2 ROI based statistical analysis

Eleven different measures were considered for the analysis: four DT-based measures (FA, AD,
MD, RD) and seven AMURA-based (RTOP, RTAP, RTPP, qMSD, Υ1/2, APA and DiA). Table 4.2
shows a p-value scheme for the 48 ROIs considered for each of the measures. Those ROIs
that exhibit differences with statistical significance above 95% (p < 0.05) are highlighted in
green and above 99% (p < 0.01) in amber. The size of the effect (Cohen’s D) is shown for
those ROIs with significant differences (in bold face those values in which D > 0.5).

Note that those metrics based on the DT showed a limited amount of differences with only
three ROIs with statistically significant differences above 99% for EM vs CM, two for CM vs
EM and two for CM vs HC. In the EM vs HC comparisons, the highest differences between
AMURA and DTI metrics, with a a greater number of statistically significant results for
AMURA, were found: even in those cases in which the DT found differences, like the pontine
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crossing tract (PCT), the equivalent AMURA metrics showed a smaller p-value and higher
effect sizes. RTOP, qMSD and DiA were the metrics providing a higher number of statistically
significant differences with the higher significance (see amber ROIs) and the greater effect
size.

Regarding the other two sets of comparisons (CM-EM and CM-HC), AMURA metrics showed
no clear higher number of differences compared to DTI metrics. In fact, AD and MD were
able to detect more differences in the comparisons between CM and EM, coherently with
previous studies [4.40]. This case suggests the complementary nature of DTI and AMURA.
As shown in the preliminary example, both methods are quantifying different microstructure
effects. Thus, AMURA seems more sensitive to changes between EM and controls, while DTI
seems more sensitive to changes between the two types of migraine.

It is important to note that in all three comparisons, RD did not find any significant differ-
ences in any ROI, which is consistent with the findings reported in [4.40]. Therefore, to
streamline the presentation of data in the figures and tables that follow, RD will be omitted
in the following experiments.
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Fig. 4.3.: Boxplots of the distribution of different measures for EM, CM and HC for three specific
regions: PCT, ICP-R and EC-R. The star marks those regions with statistically significant
differences in the ROI analysis.
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To better understand the behavior of both sets of measures, let us deeply analyze three
specific regions. We selected the PCT, right inferior cerebellar peduncle (ICP-R) and the
right external capsule (EC-R) for being the ones with the highest number of differences and
the greatest effect sizes in Table 4.2. For each ROI, a box plot of the three groups is shown
for each measure in Fig. 4.3-a. The boxes mark the median and 25 and 75 percentiles of
the values of the different measures over the skeleton of the FA for all the subjects in each
group. For better visualization, the median of each group is marked in red. The box plots
are repeated in Fig. 4.3-b merging EM and CM in a single group that includes all migraine
patients.

In the PCT, regarding DTI, the statistical analysis found differences between EM and HC
for MD and AD, and between CM and HC for AD, but no differences were found between
both migraine groups. In Fig. 4.3-a we can see that, actually, MD showed a higher median
value of EM and CM when compared with HC. These differences were kept in Fig. 4.3-b
when considering the joint migraine group. On the other hand, AMURA showed significan
differences between EM-HC and CM-EM. Only RTPP (a metric related to AD) and Υ1/2

Regarding the other two sets of comparisons (CM-EM and CM-HC), AMURA metrics showed
no clear higher number of differences compared to DTI metrics. In fact, AD and MD were
able to detect more differences in the comparisons between CM and EM. This would mean
that AMURA better discriminates EM in this ROI. According to Fig. 4.3-a, that is precisely
what is happening. See, for instance, RTOP and qMSD. In both cases, there is almost no
difference between HC and CM, while EM shows smaller median and a reduced variance.
On the other hand, RTPP behaves more similarly to AD: both migraine groups were similar
but differ from the control-group.

For the ICP-R, according to Table 4.2, MD and AD differences were found for the EM-HC
case, AMURA found differences for EM-HC and CM-HC and no differences were found for
CM-EM. If we check Fig. 4.3-a we can see that both migraine groups presented similar values
in this ROI. Statistically significant differences were found between CM and HC, presenting
the RTOP, qMSD and RTAP lower values in CM.

A similar effect can be observed in the EC-R, where no differences were found for DTI
parameters, but for AMURA in the comparisons between HC and the two migraine groups.
If we see Fig. 4.3-a, we can observe that AMURA metrics (RTOP and qMSD, for instance)
discriminated CM and HC better than MD and AD. While in the MD and AD cases there is a
reduction in the variance of the CM group, the change in the median is smaller, compared to
CM and EM. If we pay attention to Fig. 4.3-b, we can see migraine and HC showed similar
AD and MD values, while differences could be appreciated with RTOP, qMSD and RTAP.

4.3.3 Effect size

In Table 4.2 the values of the Cohen’s D were shown for those ROIs with significant differ-
ences. Fig. 4.4 shows the absolute value of Cohen’s D for eight selected ROIs (those with the
largest number of differences) and for the three group comparisons.

The comparison between EM and HC, the AMURA metrics showed the largest effect sizes as
measured by larger Cohen’s D values. Specifically, qMSD, RTOP and DiA were consistently
getting values over 0.5 (the threshold for medium effect) and, in some cases, near 0.8. In the
right external capsule (EC-R), for instance, most AMURA metrics showed a moderate-large
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Fig. 4.4.: Absolute value of effect sizes (absolute Cohen’s d) for associations between a) EM and HC;
b) EM and CM; c) CM and HC. Different DTI and AMURA metrics are considered for eight
selected ROIs (MCP, PCT, SCC, ML-R, ML-L, ICP-R, SS-R EC-R) according to the JHU WM
Atlas.

effect size while DTI metrics did not get to 0.5. Even in those regions where DTI values
showed statistical differences and a moderate effect (PCT, ML-R), AMURA outperformed
them. There is only one case, the MD in the ICP-R, where a DTI metric showed a moderate
effect size. However, if we check Table 4.2, we can see that the effect size for MD is 0.75,
but this value was slightly lower than the value for the qMSD (0.75 vs. 0.76).

Regarding the comparison between CM and EM (Fig. 4.4-b), most measures showed low
effect sizes, both for DTI and AMURA. The middle cerebral peduncle (MCP) for the AD and
the right sagittal stratum (SSR) showed Cohen’s D values over 0.5 for the AD, while AMURA
only achieved medium effects in the pontine crossing tract (PCT).

Finally, in the comparison between CM and HC (Fig. 4.4-c), the right external capsule
(EC-R), the right medial lemniscus (ML-R) and the left medial lemniscus (ML-L), the APA
and the DiA reached absolute values of Cohen’s D higher than 0.5, showing at the same
time significant differences. FA also showed moderate effect in ML-R and ML-L, while RTOP,
qMSD and Υ1/2 showed values over 0.5 in the right inferior cerebellar peduncle (ICP-R).
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Fig. 4.5.: Absolute value of Cohen’s D values for the three group comparisons in the Full WM: a)
Episodic Migraine (EM) vs. Healthy Controls (HC); b) EM vs. Chronic Migraine (CM); c)
CM vs. HC. DTI and AMURA measures are depicted. For each measure, the total number
of ROIs that presented statistically significant differences obtained with the ROI and TBSS
statistical approaches are also noted.

It is also interesting to analyze the behavior of each measure over the whole WM. Fig. 4.5
shows the absolute Cohen’s D in the whole WM for each measure. The biggest effect
sizes were obtained for the comparison between EM vs. HC for AMURA. Coherently, this
comparison also produced the highest number of ROIs with significant differences. The
qMSD or the RTOP measures reached absolute Cohen’s D values close to 0.6, and respectively
27 and 22 ROIs with significant differences for the ROI analysis, 43 and 41 in TBSS. On the
other hand, the comparison between CM and HC presented the lowest Cohen’s D values,
none of them reaching 0.5. Regarding the comparison between CM and EM, the AD, MD
were the measures with greatest Cohen’s D values, over 0.5.

4.3.4 Change of the sample size
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Fig. 4.6.: Number of ROIs with statistically significant differences by the resampling of diffusion
measures reducing the number of subjects per group (sample size). A) Episodic Migraine
(EM) vs. Healthy Controls (HC). B) Chronic Migraine (CM) vs. HC. C) CM vs. EM. No
statistical correction was considered. For each case the median of 5001 permutations
considered.

Fig. 4.6 shows the effects of changing the sample size for different DTI and AMURA-based
measures for the three comparisons considered. We have selected 8 out of 11 metrics for
better visualization of the graphics. Among the DTI measures, results with MD showed a
relatively high number of ROIs with statistically significant differences using bigger samples
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b) 

Fig. 4.7.: Significant ROIs found for a reduced sample size (N = 25). a) Table of ROIs found
at N = 25 compared to the original sample size (EM vs HC). In amber, the ROIS with
differences for DTI at the original sample size; in red, those ROIS with differences for DTI
for a reduced sample size (N = 25); in green, those ROIS with differences for AMURA for a
reduced sample size (N = 25). b) The 13 ROIs detected by DTI at the original sample size
are shown in the white matter. For each ROI, we have added the label of those metrics that
show significant differences for a sample size of N = 25.

sizes, especially for the EM-CM comparison, as can be seen in Figure Fig. 4.6-c. However,
even in that case, the number of significant ROIs drastically decreased for a group sample
size of 40. In addition, few ROIs with statistically significant differences were found for
the rest of DTI measures and for the other two group comparisons, in any sample size,
which made the assessment of the relationship between DTI measures and sample size
unfeasible.

Results showed a stable behavior of AMURA measures in relation to the sample size, which
can be understood as a linear dependence between the group sample size and the number
of statistically significant ROIs. In Fig 4.6-a, this behavior can be better understood and
interpreted in measures such as qMSD, which was the most robust one in the comparison
between EM and HC. Furthermore, RTOP, qMSD and DiA also showed a robust behavior
in the CM vs HC comparison. Notice that AMURA measures reached the lack of statistical
significance ROIs for a group sample size of 10. However, when reducing the sample size
to half (N = 25), most AMURA metrics still were able to find differences between groups,
while only a few differences remained for the DTI case.

In order to better understand this effect, we now analyze the behavior of the measures in
selected ROIS. We have chosen, according to results in Table 4.2, those 13 regions in which
DTI measures showed differences with the original sample size for EM vs. HC, see Fig. 4.7-a.
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For those 13 ROIs, in 7 of them FA showed significant differences for N = 50, 5 for MD and
5 for AD (see ROIs marked in amber). Then, we look at the results for those specific ROIs
for a reduced sample size of N = 25. Note that, in that case, when the number of subjects
is reduced to half, the FA was only able to detect one ROI (out of 7), MD only one (out of
5) and AD none (ROIs marked in red). When we look to the AMURA metrics, we see that
they were able to still keep most of those differences even for a reduced sample size (see
ROIs marked in green): DiA and APA, anisotropy measures similar to the FA, were able to
respectively find 4 and 7 out of the original 7 FA ROIs. RTAP, and Υ1/2 succeed in finding 2
of the 5 MD ROIs, while RTOP finds 3 and qMSD 4 of them. In addition, with RTPP, 2 out of
the 5 AD ROIs were identified for the reduced sample size. All in all, for this comparison,
AMURA outperformed DTI in keeping the differences even for a smaller sample size.

As an illustration, in Fig, 4.7-b, the 13 considered ROIS are depicted. For each ROI, the
metrics that showed significant differences for a sample size of N = 25 are displayed.

4.3.5 TBSS (original sample)

Fig. 4.8.: Results of TBSS analysis: statistically significant clusters of voxels distinguishing between
DTI and AMURA approaches. Mean FA image at the background, FA skeleton coloured in
blue and significant ROIs coloured in red-yellow. A) Episodic Migraine (EM) vs. Healthy
Controls (HC): merged AMURA measures (RTOP, RTAP, APA, qMSD, Υ1/2 and DiA). B) CM
vs. EM: merged DTI (AD and MD) and AMURA (RTPP, and Υ1/2) measures. DTI measures
do not detect any significant ROI either in EM vs. HC nor CM vs. HC. Green circles showed
the areas where AMURA measures showed differences in group comparisons where the DTI
ones did not.

As we have previously staed, the ROI analysis carried out in the previous sections could be
an illustrative example of the performance of the different metrics and it gives a valuable
insight on the relation among them. However, since no statistical correction was considered,
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Fig. 4.9.: Summary of the statistically significan differences found with DTI (in red) and AMURA
measures (in dark blue) for the comparison of the three groups. (a) ROI based analysis (no
statistical correction). (b) TBSS analysis (with family-wise error correction).

the results could not be acceptable for clinical studies. Thus, in order to mimic an actual
clinical study, we have now repeated the analysis using TBSS for the three comparisons.

Using the DTI measures (FA, MD, AD and RD), statistically significant differences between
CM and EM patients were observed for two parameters. Patients with CM showed lower AD
and MD values than EM in 40 and 38 out of 48 regions from the JHU-WM Atlas, respectively.
No statistically significant differences were found using DTI measures between EM and HC
or between CM and HC.

For the AMURA metrics, the comparison between patients with EM and HC showed the
highest number of parameters with statistically significant differences. Significant lower
RTOP, RTAP, qMSD, APA, DiA and Υ1/2 values in EM compared to HC were found in 41, 39,
43, 27, 29, and 9 ROIs out of 48, respectively. Concerning the comparison between both
groups of patients, higher values in CM compared to EM were identified for the RTPP and
Υ1/2 in 4 and 32 regions, respectively.

Fig. 4.8 shows the TBSS results including all the ROIs that presented statistically significant
differences together with the FA skeleton. On the one hand, for EM vs. HC and CM vs. HC
comparisons, all the AMURA measures which showed significant differences are merged
and depicted in the figure, that is, RTOP, RTAP, APA, qMSD, Υ1/2 and only DiA for EM vs.
HC. On the other hand, DTI and AMURA measures can be distinguished in the last CM
vs. EM comparison. For DTI, the merged measures depicted are AD and MD, while for
AMURA are RTPP and Υ1/2. As it can be seen, AMURA measures showed differences in
group comparisons where the DTI ones did not, as shown in the green circles. A summary
with the previous TBSS results regarding the number of ROIs and the group comparisons
can be found in Fig. 4.9.

104 Chapter 4 Viability of AMURA biomarkers from single-shell diffusion MRI in Clinical
Studies



Mean CQV

HC - DTI

EM - DTI

CM - DTI

HC - AMURA

EM - AMURA

CM- AMURA

(%
)

Diffusion measures

Fig. 4.10.: Mean CQV for each group of study considering the 48 ROIs of JHU-WM atlas. Healthy
Controls (HC), Episodic Migraine (EM) and Chronic Migraine (CM). DTI and AMURA
measures are shown. The measures with the higher stability have lower CQV.

4.3.6 Analysis of stability

Fig. 4.10 depicts the average values of CQV for all the DTI and AMURA-based diffusion
measures. The measures with the highest stability (lowest CQV) were the RTPP and the APA,
with an approximate average CQV of 2% considering all the regions. Other measures with
relatively high stability were the three DTI measures (FA, MD and AD), Υ1/2 and DIA, with
CQV average values between 2% and 5%. The remaining DTI and AMURA descriptors (RD,
RTAP and RTOP), presented a moderate-high stability, with CQV average values between 5%
and 10%. The descriptor with the lowest stability was the qMSD, with CQV average values
between 15% and 20%.

Regarding the comparisons between the three groups of interest, after reducing the group
sample size to 45 subjects, the assessment of the CQV 95% CI showed that the HC presented
a general higher variability than patients with EM and CM. The parameters with a higher
number of regions with statistically significant differences between HC and migraine patients
according to the 95% CI were the three AMURA measures (RTOP, RTPP and RTAP) and the
MD, with 14-22 regions presenting differences. Additionally, in the comparison between
HC and CM, the CQV of APA or Υ1/2 were significantly higher in HC than CM in 13 regions.
The number of regions with CQV differences between CM and EM was lower compared to
the comparison between HC and the patient groups. FA and MD were the descriptors with a
higher number of regions (nine) that showed higher variance in EM compared to CM, and
MD was also the parameter with more regions (eight) with significantly higher variance in
CM.

4.4 Discussion and conclusions

In this study, we assessed the viability of advanced diffusion descriptors obtained with
a novel approach, AMURA, in comparison with traditional DTI parameters. To this end,
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their capability to discriminate difference between clinical groups of interest was compared,
together with the stability of these results for reduced sample sizes. Using synthetic and real
data with a single-shell and low b-value, we observed that AMURA is sensitive to changes of
parameters associated with the dMRI signal, showing a higher capability of discrimination
between clinical groups, even for decreased sample sizes. Specifically, with AMURA we
detected a larger number of ROIs with statistically significant differences between groups, or
results complementary to those identified with DTI, presenting higher effect size but lower
stability than DTI metrics.

Advanced diffusion descriptors such as RTOP, RTAP and APA have shown to be useful for the
analysis of the WM of the brain [4.1, 4.41, 4.40]. However, their conventional calculation
requires acquisition protocols including several b-values, a high number of diffusion gradient
directions and very long processing times. This makes them unfeasible for their use in
clinical practice or in many commercial MRI scanners. Besides, the use of these metrics in
retrospective studies is usually impossible since the acquisition protocols do not allow for
it.

AMURA was proposed to allow the estimation of apparent versions of these advanced
diffusion measures from reduced acquisitions [4.1, 4.2, 4.3]. It provides a fast and straight-
forward method to compute them from a single shell and very short processing times.
Metrics calculated with AMURA have shown a high correlation with measures calculated
using a multishell approach, such as MAP-MRI[4.37], MAPL[4.19] or MiSFIT[4.47], for high
b-values (at least 2000 s/mm2). For lower values, these measures show a weaker correla-
tion since the underlying features measured are better visible at higher b-values [4.1, 4.2].
However, we hypothesized that AMURA metrics can still provide useful information at lower
b-values, complementary to that obtained from DTI-based measures. This paper focuses
precisely on that hypothesis and tries to elucidate whether AMURA-based measures obtained
from standard DTI-type acquisitions are useful in group studies.

To that end, we have resorted to migraine as our target pathology, because of several reasons.
First, diffusion MRI studies in the literature show that differences between patients and
HC, or between different groups of patients (EM vs. CM) are subtle, as studies using small
sample sizes have often reported no differences and even contradictory findings have been
published [4.39, 4.16, 4.22, 4.15, 4.30, 4.32, 4.43].

To study the viability of AMURA-based measures, two different statistical analysis were
carried out, including a ROI-based analysis and conventional TBSS, together with the
assessment of the behavior of the diverse measures from reduces sample sizes and of the
stability. We show that AMURA measures obtained from DTI-type acquisitions were able to
successfully find statistically significant differences between the three groups under study
(HC, EM and CM), including differences that were not detected using DTI-based measures.
Although AMURA showed additional differences between groups in a preliminary previous
study [4.41], the magnitude of the additional differences, particularly those between EM
and HC, was unexpected.

With a single-shell and low b-value acquisition, AMURA shows itself as a method comple-
mentary to DTI, as reflected by the results from the TBSS analysis (Figure 4.9-(b)). On the
one hand, DTI-based AD and MD showed a good performance for the comparison between
EM and CM, with a great number of ROIs with statistically significant differences, while
AMURA-based measures detected equivalent but a lower number of differences. On the
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other hand, in the comparison between EM and HC, differences were only found using
AMURA-based measures, and in a relatively large number of ROIs. The reason of these
differences may be that both techniques represent changes associated with diverse patho-
physiological mechanisms, as shown in the example with synthetic data, where only AMURA
was able to identify changes of the free water fraction. Further studies on disorders with
better characterized pathophysiology than migraine must be carried out to understand the
different sensitivity to varied biological processes of DTI and AMURA.

Regarding the behavior of the DTI and AMURA measures in the synthetic experiment for
diverse free water fractions, some AMURA parameters showed higher sensitivity to the free
water changes. For constant FA, qMSD, Υ1/2 and RTOP presented higher changes for small
changes of the free water fraction than the MD, while DiA and APA remained constant. For
constant MD, DiA and FA showed similar changes and the APA showed higher changes than
the FA, without constant values of any AMURA parameter. These results suggest that AMURA
can better determine differences caused by changes of free water fraction in comparison
with DTI, as some parameters presented higher sensitivity. Therefore, the consequence
would be that AMURA measures may be able to find subtler differences between clinical
groups compared to DTI, in line with previously reported results in migraine [4.41].

The complementary nature of DTI- and AMURA-based measures is confirmed by the ROI-
based analysis (Table 4.2 and Figure 4.9-a). In the comparison between CM and EM, for
instance, the MD was the metric that detected a higher number of regions with statistically
significant differences, but there were some ROIs with differences exclusively identified by
one or more AMURA-based measures (e.g., the PCT). In the same way, there were ROIs with
differences exclusively found with the MD or AD (e.g., the SS-R), and ROIs with differences
identified by both DTI- and AMURA-based measures (e.g., the EC-L).

If we focus on those regions selected in Figure 4.3 (PCT, ICP-R and EC-R) we can better
understand what is happening with the behavior of the distribution of the different metrics
inside the selected ROIs. First, let us focus on the anisotropy measures, FA, APA and DiA.
According to Table 4.2 there are no differences between groups for the FA for any of the
three ROIs. On the other hand, APA and DiA reflected differences for EM vs HC (for the
three ROIs), for EM vs. CM (in the PCT) and CM vs HC (both in EC-R). These results
are confirmed by the boxplots in Figure 4.3, where AMURA-anisotropy measures were
able to better separate the three groups. It is of interest to note that when migraine is
considered as a single set, results are more similar for the three metrics, confirming that
anisotropy differences between controls are migraine were really present. Regarding the
other metrics, AD and MD were able to find significant differences in most cases for the three
ROIs, according to Table 4.2. However, AMURA metrics always find the same differences
but with a greater size effect. As an example of this, we can focus on the PCT for EM vs HC,
where we can see that all the metrics succeed in finding differences but with different effect
sizes.

All in all, from the results in Table 4.2 and Figure 4.3, we can see that the behavior of AMURA
and DTI is similar, although MD and AD showed a lower variance for the CM group. The
separation between the groups follows very similar trends within the three ROIs considered.
However, AMURA manages to better find these existing differences, and with a larger effect
size.
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The sensitivity of AMURA-based measures was analyzed by further comparing the effect size
found in the different comparisons between groups. A classical method to determine the
magnitude of the differences between groups is Cohen’s D, which considers the variability of
the sample in relation to the average value. As illustrated in Figures 4.4 and 4.5, DTI-based
and AMURA-based measures showed comparable effect sizes for the EM-CM and CM-HC
comparisons. In the first case, DTI-based AD and MD reached medium effect sizes (0.5)
(for the whole WM), while Cohen’s D for FA barely exceeded small effect size threshold
(0.2). For this last comparison, Cohen’s D for AMURA-based measures varied between the
small and the medium effect thresholds. For the comparison between CM and EM, however,
Cohen’s D values were notably lower for all measures, barely reaching 0.3 for DTI-based AD.
Finally, regarding the comparison between EM and HC, while DTI-based FA and MD reached
Cohen’s D values around 0.3, AMURA-based RTOP, qMSD and DIA reached values over 0.5.
These differences in effect sizes among different measures and different group comparisons
offer a good explanation for the results shown in Table 4.2 and Figure 4.9.

Whereas it may be tempting to think about EM and CM as different degrees of the same
pathological process, recent results [4.39, 4.16] support the hypothesis of EM and CM being
different entities at the microstructural level, each accompanied by different changes in the
WM. Following this hypothesis, DTI-based measures seem well-fitted to detect WM changes
in CM, while AMURA-based methods perform remarkably well for the changes that occur
in EM. Although the interpretation of changes in DTI or AMURA-based measures is not
straightforward, results suggest that WM changes in EM with respect to HC (specifically,
lower RTOP and RTAP) might be related to changes in the transverse diffusivity, while
changes in CM with respect to EM (such as higher RTPP and lower AD) might be more
related to changes in the diffusivity in the axonal or main direction. As previously stated,
the complementary use of DTI and AMURA may be useful to detect changes of different
nature using data obtained with a low b-value and single-shell acquisition. The specific
pathophysiological mechanisms related to changes of diverse essence in AMURA must be
assessed in future studies.

Considering the difficulty to obtain large sample sizes in group studies, it is important to
assess the behavior of the diverse diffusion measures when the number of subjects per group
is reduced. As depicted in Fig. 4.6, both DTI-based and AMURA-based measures shared the
expected trend, meaning that the number of ROIs with statistically significant differences
decreases as the sample size is reduced. However, as shown in the experiment in Fig. 4.7,
when the number of samples is reduced to half, DTI metrics were no longer able to detect
the differences between groups in most ROIs, whereas AMURA could. From the 13 ROIs
considered in the experiment, DTI lost 11 of them when reducing the sample size, while
AMURA only lost 2 of them. This effect favors the usage of AMURA metrics in studies with a
small sample size.

The assessment of the stability provides another interesting perspective for the evaluation
and comparison between different diffusion measures. The diffusion measures that showed
higher stability (lower CQV) were AMURA-based APA and RTPP, and the DTI-based mea-
sures, while AMURA-based qMSD seems to present low stability. This high variability was
expected, since qMSD is a quadratic measure, so it must show a greater range of variability.
Interestingly, it presented a relatively high number of regions with statistically significant
differences in the comparisons of both migraine groups against controls for diverse sample
sizes despite their low stability. Therefore, the results of this study suggest that qMSD is able
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to characterize specific microstructural properties that are particularly difficult to find with
other parameters. Moreover, as it has been suggested previously in this section, differences
between both groups of patients with migraine and controls may be qualitatively distinct
compared to the differences between CM and EM. Furthermore, qMSD is especially sensitive
to short diffusion time scales [4.34].

It is important to note that the AMURA-based measures employed in this paper must be
considered as apparent values at a given b-value, and their interpretation in terms of the
microstructure properties may be different from that of the original EAP-based diffusion
measures. Although the relationship between AMURA-based measures and their original
counterparts deserves further study, in this paper we deliberately chose not to pursue this
comparison to focus on the viability of AMURA-based measures to complement DTI in
scenarios where EAP-based measures cannot be obtained.

This study presents limitations that must be pointed out. First, the pathophysiological
interpretation of the different trends of the AMURA-based measures is not totally clear, so a
description of the microstructural properties according to the values of each measure cannot
be provided. As mentioned previously, the apparent nature of AMURA-based measures
and their complex relationship with the original EAP-based measures prevent the direct
adoption of interpretations from those EAP-based measures. Microstructural studies like
those conducted for DTI-based measures [4.4, 4.52] are needed to fully understand the
results obtained with AMURA.

Furthermore, the results obtained in this study cannot be directly translated to other
pathologies affecting the WM of the brain. Even though AMURA can be expected to be a
useful information to detect differences in group studies targeting other diseases, further
research is needed to confirm that.

In conclusion, this study showed that the new AMURA-based measures can be easily inte-
grated in group studies using single-shell dMRI acquisition protocols, and they can reveal
WM changes that may remain hidden with traditional DT-based measures. The wide variety
of AMURA, a fast and relatively simple approach, provides measures that allow to extract
values that are able to find differences between groups for restricted sample sizes and dMRI
acquisition protocols.
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Efficient and accurate EAP
imaging from multi-shell dMRI
with Micro-Structure adaptive
convolution kernels and dual
Fourier Integral Transforms
(MiSFIT)
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Abstract: A number of computational techniques have been lately devised to image the
Ensemble Average Propagator (EAP) within the white matter of the brain, propelled by the
deployment of multi-shell acquisition protocols and databases: approaches like Mean Apparent
Propagator Imaging (MAP-MRI) and its Laplacian-regularized version (MAPL) aim at describing
the low frequency spectrum of the EAP (limited by the maximum b-value acquired) and
afterwards computing scalar indices that embed useful descriptions of the white matter, e. g.
the Return-to-Origin, Plane, or Axis Probabilities (RTOP, RTPP, RTAP). These methods resort
to a non-parametric, bandwidth limited representation of the EAP that implies fitting a set
of 3-D basis functions in a large-scale optimization problem. We propose a semi-parametric
approach inspired by signal theory: the EAP is approximated as the spherical convolution
of a Micro-Structure adaptive Gaussian kernel with a non-parametric orientation histogram,
which aims at representing the low-frequency response of an ensemble of coherent sets of fiber
bundles at the white matter. This way, the optimization involves just the 2 to 3 parameters that
describe the kernel, making our approach far more efficient than the related state of the art.
We devise dual Fourier domains Integral Transforms to analytically compute RTxP-like scalar
indices as moments of arbitrary orders over either the whole 3-D space, particular directions, or
particular planes. The so-called MiSFIT is both time efficient (a typical multi-shell data set can
be processed in roughly one minute) and accurate: it provides estimates of widely validated
indices like RTOP, RTPP, and RTAP comparable to MAPL for a wide variety of white matter
configurations.

Originally published as: Antonio Tristán-Vega, Santiago Aja-Fernández, Efficient and accurate EAP
imaging from multi-shell dMRI with micro-structure adaptive convolution kernels and dual Fourier Integral
Transforms (MiSFIT), NeuroImage Volume 227, 15 February 2021, 117616

117



5.1 Introduction

Diffusion Magnetic Resonance Imaging (dMRI) has evolved in parallel with the development
of new advances in MRI acquisition and reconstruction for the last two decades. The
seminal work by [5.1] on Diffusion Tensor (DT) MRI of the brain exploited the experiment
by [5.2] to estimate the Ensemble Average Propagator (EAP) up from six sensitizing gradient
directions at a fixed b-value, corresponding to the six Degrees Of Freedom (DOF) of the
model. The EAP, i. e. the Probability Density Function (PDF) of water molecules moving a
distance R within an effective time τ , P (R; τ), was modeled there as a zero-mean Gaussian
whose variance was represented by the DT. As soon as MRI devices offered the possibility
of acquiring larger data sets with a good number of gradient directions, many authors
suggested new ways to estimate the DT with higher accuracy from over-complete data
sets [5.3, 5.4, 5.5, 5.6, 5.7, 5.8]. Shortly afterwards, the availability of dense samplings
of the orientations space opened the door to resolve complex white matter features like
fiber crossings, first with multi-tensor approaches [5.9, 5.10], then with a general family of
protocols dubbed High Angular Resolution Diffusion Imaging [5.11, 5.12, HARDI], see [5.13]
for a review.

[5.14], in parallel, described Diffusion Spectrum Imaging (DSI) based on a full sampling
of both the orientations space and the space of b-values, i. e. the 3-D ‘q-space’. Contrarily
to HARDI, DSI did not require any sort of modeling assumptions on the behavior of the
measured signal, which conferred a great potential upon the new technique. The main
pitfall with DSI, however, was the need to acquire an enormous set of MRI volumes to
accurately describe the diffusion process without aliasing artifacts, which made it little
feasible in practice. By the same time [5.15] laid the groundwork on Compressed Sensing
(CS), a new set of reconstruction techniques based on randomized under-samplings, sparse
signal representations, and `1-minimization problems. As long as CS is especially well suited
for problems where the Fourier transform of the signal of interest is sampled, its direct
application to DSI seemed natural [5.16, 5.17, 5.18].

However, the kind of sampling required by CS raises a number of practical issues, hindering
its adoption in clinical or even research environments. On the contrary, the standard
nowadays for advanced dMRI acquisitions are multi-shells, i. e., dense samplings of the
orientations space arranged in a regular spherical grid for different b-values (often two up
to four) describing each a so-called shell. This kind of data is rather easier to acquire even
in clinical environments, to the point that several databases with both healthy and diseased
subjects have been publicly issued during the last years, e. g.: the Human Connectome
Project [5.19, 5.20, 5.21, HCP] or the Public Parkinson’s Disease database [5.22, PDD].

The additional information multi-shells provide over HARDI has been exploited in different
ways. Several authors have proposed inferring micro-structural intra-voxel information from
multiple diffusion compartments by fitting a suitable diffusion model. This set of techniques
include Composite Hindered and Restricted Model for Diffusion [5.23, CHARMED], AxCal-
iber [5.24], Neurite Orientation Dispersion and Density Imaging [5.25, NODDI] and its
Bingham-distributed generalization [5.26], or Multi-tissue Constrained Spherical Deconvo-
lution [5.27]. Additionally, other authors have simplified the problem by decoupling the
estimation of micro-structure parameters from the meso-structure observations using Spheri-
cal Means [5.28, SM] and Multi-Compartment Spherical Means [5.29, MC-SM], Bayesian
regression [5.30], or rotationally-invariant features [5.31]. Many of these approaches may
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be casted into a general framework where each voxel is modeled as a mixture of an intra-
dendrite component, typically described as a zero-transverse diffusion tensor or a restricted
cylinder, an extra-dendrite component, typically modeled as a full Gaussian tensor, and
a free water component, modeled as an isotropic Gaussian [5.32]. The estimation of the
partial volumes and the diffusion characteristics of each component implies a mixed linear-
exponential optimization that involves a good number of parameters, which in practice
compels the use of fixed typical values for the longitudinal diffusivities inside the axons and
‘minimum tortuosity’ constraints to keep the problem tractable. These computations-driven
restrictions may or may not be realistic.

On the contrary, EAP imaging aims at describing macroscopic representations of the diffusion
process, instead of models [5.33], through its voxel-wise 3-D PDF, which should be an
ensemble average of the individual PDFs describing each micro-structure compartment.
Since there is no need to infer the actual partial volume fractions or characteristics of
each individual compartment, the representation can be entirely non-parametric, as well
as get rid of bold assumptions. On the other side of the coin, the necessarily limited
bandwidth of the q-space sampling (i. e. the restrictions imposed by the maximum b-value
acquired) compels EAP imaging to represent just the low frequency spectrum of the EAP
by assuming the diffusion signal is either compact supported or it rapidly vanishes outside
the range of acquired b-values. As [5.33] have noticed, this signal representation is not
consistent with the actual models for intra-axonal diffusivity. The most prominent approaches
in this field include Hybrid Diffusion Imaging [5.34, HyDI], multiple q-shell Diffusion
Propagator Imaging [5.35, mq-DPI], Bessel-Fourier Orientation Reconstruction [5.36, BFOR],
Spherical Polar Fourier reconstruction [5.37, SPFOR], Simple Harmonic Oscillator based
Reconstruction and Estimation [5.38, SHORE], Mean Apparent Propagator MRI [5.39,
MAP-MRI], directional Radial Basis Functions [5.40, RBF], or Multi-Echo Stimulated Echo
Sequence (MESTIM)-based dMRI [5.41]. Recently, the Laplacian-regularized MAP-MRI [5.42,
MAPL] has proven its better performance over the original one, becoming widely accepted
among the scientific community [5.43, 5.44, 5.45].

Imaging the EAP results in a whole 3-D function per voxel. Computational dMRI is based
on computing quantitative measurements from such functions and perform some kind of
statistical analysis and/or data mining trusting on the potential sensitivity/specificity of
these indices to discriminate two given populations. This approach has been intensively
exploited even with primitive DT-MRI studies, for which the Fractional Anisotropy (FA),
the Mean Diffusivity (MD), and other tensor-derived scalars are still nowadays the de
facto standard [5.3]. Within non-parametric EAP imaging, the aforementioned assumption
of bandwidth limitation allows to compute a plethora of scalar measurements, typically
as some sort of improper integral over the q-space, which can be assumed to faithfully
describe just the low frequency behavior of the EAP. Despite this limitation, the Return
to Origin Probability (RTOP), the Return to Plane Probability (RTPP), the Return to Axis
Probability (RTAP), the Mean Squared Displacement (MSD) computed over the EAP, or its
q-space counterpart (qMSD) [5.46, 5.36, 5.40, 5.47], or the Propagator Anisotropy [5.39,
PA] have demonstrated a potential in the description of neural architectures [5.48, 5.49]
involving a variety of clinical applications related to Alzheimer disease [5.50, 5.43], multiple
sclerosis [5.51], stroke [5.52, 5.53], or Parkinson’s disease [5.45].

The fundamentals behind EAP imaging are often related to CS-based DSI. Except for HyDI
and MESTIM, all other approaches are based on deploying a suitable basis where the EAP is
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assumed to be sparse and the radial behavior is described by light tails: Laplace’s equation
eigenfunctions, Bessel-Fourier’s system, or radial basis functions are a few examples. Then,
a proper sampling of the q-space allows for a robust reconstruction by means of a possibly
constrained, possibly regularized, optimization procedure. Multi-shell samplings, however,
are highly structured as opposed to randomized. This implies that only two to four samples
in the radial direction, one per measured shell, are usually available to fit a large number of
basis functions. As a consequence, a heavy regularization of the problem is required.

In this work, we assume the bandwidth limitation condition to compute EAP measurements
commonly used in the literature, as well as propose new ones. As opposed to the related
approaches in the state of the art, ours is not based on fitting the EAP in some functions
basis, which makes it time efficient at the same time it relaxes the low-frequency constraints
imposed by the maximum b-value acquired. Instead, it is based on Micro-Structure-adaptive
convolution kernels and dual Fourier domains Integral Transforms (MiSFIT). While the
angular representation of the signal is still fully non-parametric (since multi-shell samplings
grant a dense sampling for this manifold), the radial representation is low-rank, with
at most 3 parameters to estimate (since multi-shell samplings usually offer 2 to 4 radial
samples). Inspired by the SM technique described by [5.28, 5.54], we eliminate the effect
of fiber dispersion inside each voxel to compute a convolution kernel that depends on the
low-frequency micro-structure diffusion properties. The signal in the q-space is afterwards
expressed as a spherical convolution of the kernel with a non-parametric Orientation
Distribution Function (ODF), which is developed in the basis of Spherical Harmonics (SH).
Funk-Hecke’s theorem can then be used to draw closed forms for the integral transforms
arising from our method. This way, we attain a straightforward formulation of hybrid
moments, including fractional and inverse, computed over both the EAP and the q-space
signal that enhance the different contrast of the various diffusion features found in multi-shell
dMRI data sets. Such measures come to generalize RTOP, RTPP, RTAP, MSD, or qMSD. Our
experiments suggest that MiSFIT can provide accurate estimates of scalar indices commonly
found in EAP imaging with higher bandwidth than state of the art methods. At the same
time, the decoupled optimization in a low rank non-linear problem for the radial behavior
and a model-free, linear problem for the orientation makes MiSFIT extremely time-efficient,
beating the computation times of MAPL in two orders of magnitude.

5.2 Spherical convolution model of dMRI

In what follows, we dub E(q) the attenuation signal defined as the Diffusion Weighted Image
(DWI) over the unweighted T2 baseline, E(q) = S(q)/S0. MiSFIT is grounded on describing
the (low frequency) radial behavior of E(q) as a low-rank parametric representation in terms
of a spherical convolution. We choose a 3-D Gaussian kernel as a universal approximator
whose parameters are tuned to the diffusion properties at each voxel. With single-shell
acquisitions, [5.54] have proposed a zero-transverse diffusion kernel whose longitudinal
diffusivity, λ‖, is inferred from the spherical average Ê of E(q). With this approach, the
convolution kernel becomes constant for the transverse direction giving rise to an EAP with
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infinite bandwidth. [5.28] generalize this idea to compute a non-zero transverse diffusivity
λ⊥:

E(q) =
∫ ∫
S

Φ(v) exp
(
−4π2τq2

((
uTv

)2 (
λ‖ − λ⊥

)
+ λ⊥

))
dv; (5.1)

{
Ê(qi)

}2

i=1
= 1

4π

∫∫
S
E(qiu) du =

√
π

2 exp(−4π2τq2
i λ⊥)

erf
(√

4π2τq2
i

(
λ‖ − λ⊥

))√
4π2τq2

i

(
λ‖ − λ⊥

) ,(5.2)

where S = {u ∈ R3 : ‖u‖ = 1}, q = qu for q = ‖q‖ ∈ R+, and the b-value relates to q

through the effective diffusion time τ as: b = 4π2τq2. Φ(u) stands for the ODF. Eq. (5.2)
plots two non-linear equations that can be solved for the two unknowns λ‖ and λ⊥. As long
as λ⊥ is strictly positive, E(q) fulfills the necessary condition of rapidly vanishing for high q
and the EAP can be computed as the Fourier transform of eq. (5.1), for the dual variables q
and R, in terms of classical functions:

P (R) = 1√
(4πτ)3

λ‖λ
2
⊥

∫ ∫
S

Φ(v) exp
(
−R2

(
rTv

)2 (1/λ‖ − 1/λ⊥
)

+ 1/λ⊥
4τ

)
dv, (5.3)

where R = Rr for r ∈ S, R = ‖R‖ ∈ R+. The parameter λ‖ can be identified with the
parallel diffusivity of non-free water (in case both the intra- and extra-axonal components
are equal), so it has to be restricted to the range 0 < λ‖ ≤ Diso, where Diso is the diffusivity
of free water molecules at body temperature (usually fixed to 3.0 × 10−3 mm2/s). The
interpretation of λ⊥ is not equally intuitive: transverse diffusion is the mixture of, at least, a
rapidly decaying extra-axonal component and a heavy tailed intra-axonal component, the
latter violating the bandwidth limitation assumption. The term λ⊥ does not stand for anyone
of them, but instead it represents the overall low frequency behavior of all components
for the transverse diffusion. Accordingly, it cannot be interpreted as a micro-structure
measurement but as a kernel approximator tuned to the properties of the voxel. For this
kernel to accurately represent the white matter, it has to be constrained to prolate tensors,
i. e. 0 < λ⊥ ≤ λ‖.

Finally, the acquisition of three or more shells allows to refine the representation with a
volume fraction 1− f that stands for the potential presence of free water:

cE(q) = (1−f) exp
(
−4π2τq2Diso

)
+ f E(q); (5.4){

cÊ(qi)
}Ns
i=1

= (1−f) exp(−4π2τq2
iDiso) + f Ê(qi). (5.5)

Now, Ns ≥ 3 non-linear equations are used to infer three parameters (λ‖, λ⊥, and f). This
way, the EAP is described by means of three components: the Gaussian convolution kernel
described by λ‖ and λ⊥ at each voxel, the ODF Φ(R), and the partial volume fraction f

describing the percentage of the signal actually described by the convolution sum. The next
section focuses on the analytical computation of EAP descriptors (quantitative diffusion
indices) from this representation.
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Over E(q) Over P (R)

Full: (ν > −3) Υν
[
mm.−ν−3

]
=
∫∫∫

R3
qνE(q)dq υν [mm.ν ] =

∫∫∫
R3
RνP (R)dR

Axial: (ν > −2) Υνa(u0)
[
mm.−ν−1

]
=
∫ ∞
−∞
qνE(qu0)dq υνa(r0)

[
mm.ν−2

]
=
∫ ∞
−∞

RνP (Rr0)dR

Planar: (ν > −1) Υνp(u0)
[
mm.−ν−2

]
=
∫∫

qu⊥u0

qνE(qu)d(qu) υνp (r0)
[
mm.ν−1

]
=
∫∫

Rr⊥r0

RνP (Rr)d(Rr)

Tab. 5.1.: Summary of the definitions of the arbitrary order moments used to characterize diffusion
along with their units. Each kind of moment has an allowed range for the order ν ∈ R
given by the convergence of the respective integral.

5.3 Computational analysis of dMRI with scalar measurements

The rich 3-D information provided by the EAP has to be somehow condensed into scalar
indices to be usable in practice, as it has been thoroughly discussed in the literature. [5.39]
have suggested the use of so-called ‘radial moments’, i. e. integrals computed over P and
weighted by powers of the radial coordinate, Rn, with n ∈ Z+. Since E and P are a Fourier
transforms pair, it makes equal sense computing radial moments over E. On the other
hand, typical indices like RTAP and RTPP are computed as either line or plane integrals over
R, which in turn translate to either plane or line integrals over q by virtue of the central
section theorem. For these reasons, we aim at generically characterizing dMRI through
the computation of moments on either the R or the q domain, either by integrating in the
whole 3-D space, along particular directions, or over planes orthogonal to such directions.
Besides, we do not restrict moments to be neither integer nor positive pursuing an even more
general description. A summary of the definitions we develop in the following subsections is
provided in Table 5.1. There are remarkable relations among these moments, and also with
most of the scalar indices commonly used in the literature:

{
υ0 = 1;
Υ0
a(u0) = υ0

p(u0);


RTOP = Υ0;
MSD = υ2;
qMSD = Υ2;

{
RTPP = Υ0

a(u‖) = υ0
p(u‖);

RTAP = Υ0
p(u‖) = υ0

a(u‖),
(5.6)

where u‖ stands for the direction of maximum diffusion within each voxel. At first instance
we will develop on eqs. (5.1) and (5.3) to obtain analytical expressions for the simplest
convolution representation. The trivial extension to the composite in eq. (5.4) is briefly
discussed at the end of this section.

5.3.1 Full moments

Full moments are those computed by integration in the whole 3-D space. By casting the
representation in eq. (5.1) into the definition of Υν given in Table 5.1 we can integrate in
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spherical coordinates to obtain:

Υν =
∫∫
S

∫ ∞
0

qν
(∫ ∫

S
Φ(v) exp

(
−4π2τq2

((
uTv

)2 (
λ‖ − λ⊥

)
+ λ⊥

))
dv
)
q2 dq du

=
(∫ ∫

S
Φ(v)dv

)(∫∫
S

∫ ∞
0

qν+2 exp
(
−4π2τq2

((
uTv0

)2 (
λ‖ − λ⊥

)
+ λ⊥

))
dq du

)
=

∫∫
S

∫ ∞
0

qν+2 exp
(
−4π2τq2

((
uTv0

)2 (
λ‖ − λ⊥

)
+ λ⊥

))
dq du,

where the unit direction v0 ∈ S can be fixed to any arbitrary constant since the value of
the integral does not depend on it. At this point we must define a key parameter in our
developments:

ρλ
∆= λ⊥
λ‖ − λ⊥

> 0, (5.7)

so that explicitly integrating the previous equation in the variable q renders:

Υν = 1
2 (4π2τλ⊥)

ν+3
2

Γ
(
ν + 3

2

)∫∫
S

du(
1 + (uTv0)2

/ρλ

) ν+3
2

= π

(4π2τλ⊥)
ν+3

2
Γ
(
ν + 3

2

)∫ 1

−1

dx

(1 + x2/ρλ)
ν+3

2
,

since the spherical averaging in the variable u will not depend on the arbitrary value of
v0. Note the Gamma function is only defined if ν > −3. With this condition, λ⊥ (and
therefore ρλ) must be strictly positive as well for Υν to be finite. Finally, we introduce the
new definition:

ιnγ (z) ∆=
∫ 1

−1

x2ndx

(1 + x2/z)γ/2
, (5.8)

so that the full moment of order ν computed over E reads:

Υν = π

(4π2τλ⊥)
ν+3

2
Γ
(
ν + 3

2

)
ι0ν+3(ρλ). (5.9)

Conversely, we will define the following parameter κλ:

κλ
∆=

λ‖

λ‖ − λ⊥
> 1, (5.10)

so that full moments computed over P are derived from eq. (5.3) in a similar fashion:

υν =
(4τ)

ν
2 λ

ν+1
2
⊥√

πλ‖
Γ
(
ν + 3

2

)
ι0ν+3(−κλ). (5.11)

In this case, the condition λ⊥ > 0 is required so that κλ > 1 and the integrand of eq. (5.8)
does not become singular at x = ±1 (which will make ιnγ (−κλ) divergent for γ ≥ 2).
The computation of the integral ιnγ (z) defining both Υν and υν is thoroughly discussed in
appendix 5.C. It is worth noticing that any full moment will depend just on λ‖ and λ⊥, but
never on the ODF.
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5.3.2 Axial moments

Axial moments are those computed as line integrals along a given direction u0, as described
in Table 5.1. With the representation in eq. (5.1):

Υν
a(u0) =

∫ ∞
−∞

qν
(∫ ∫

S
Φ(v) exp

(
−4π2τq2

((
uT0 v

)2 (
λ‖ − λ⊥

)
+ λ⊥

))
dv
)
dq

=
∫ ∫
S

Φ(v)
∫ ∞
−∞

qν exp
(
−4π2τq2

((
uT0 v

)2 (
λ‖ − λ⊥

)
+ λ⊥

))
dq dv

= 1
(4π2τλ⊥)

ν+1
2

Γ
(
ν + 1

2

)∫∫
S

Φ(v)(
1 +

(
uT0 v

)2
/ρλ

) ν+1
2
dv, (5.12)

where we can find now an explicit dependency with the ODF through the convolution in the
variable v. Conversely, the axial moments computed over P are derived from eq. (5.3):

υνa(r0) =
(4τ)

ν−2
2 λ

ν−1
2
⊥√

π3λ‖
Γ
(
ν + 1

2

)∫∫
S

Φ(v)(
1−

(
rT0 v

)2
/κλ

) ν+1
2
dv. (5.13)

The practical computation of the ODF-dependent integrals defined by the spherical convolu-
tions in eqs. (5.12) and (5.13) is detailed in the next section. In any case, note that axial
moments are only defined for ν > −1, for which the Gamma function will be defined.

5.3.3 Planar moments

Planar moments are those computed as surface integrals in a plane perpendicular to a desired
direction u0 containing the origin, see Table 5.1. With the representation in eq. (5.1):

Υν
p(u0) =

∫∫
qu⊥u0

qν
(∫ ∫

S
Φ(v) exp

(
−4π2τq2

((
uTv

)2 (
λ‖ − λ⊥

)
+ λ⊥

))
dv
)
d(qu)

=
∫ ∫
S

Φ(v)
∫

u⊥u0

∫ ∞
0

qν+1 exp
(
−4π2τq2

((
uTv

)2 (
λ‖ − λ⊥

)
+ λ⊥

))
dq du dv

= 1
2 (4π2τλ⊥)

ν+2
2

Γ
(
ν + 2

2

)∫∫
S

∫
u⊥u0

Φ(v)(
1 + (uTv)2

/ρλ

) ν+2
2
du dv, (5.14)

where the integral around the equator u ⊥ u0 stands for the polar coordinate used to
integrate in the plane orthogonal to u0. As noted by [5.55], this is the Funk-Radon transform
of the integrand evaluated at u = u0. Developing on eq. (5.3) yields the moments over P :

υνp (r0) =
(4τ)

ν−1
2 λ

ν
2
⊥

2
√
π3λ‖

Γ
(
ν + 2

2

)∫∫
S

∫
r⊥r0

Φ(v)(
1− (rTv)2

/κλ

) ν+2
2
du dv. (5.15)

The computation of the ODF-dependent operands in eqs. (5.14) and (5.15) is detailed in the
next section. Planar moments are only defined for ν > −2, for which the Gamma function
will be defined.
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Fig. 5.1.: Graphical abstract of the proposed pipeline for the computational analysis of dMRI based
on multi-shell acquisitions.

5.3.4 General moments for the composite representation

The linearity of eq. (5.4), together with the simplicity of the isotropic compartment, allow the
trivial extension of the previous expressions to the composite diffusion signal. Hence, each
of the full, axial, or planar moments derived in the above will have a composite counterpart
described as:

cΥν = f ·Υν + (1− f) ·
2Γ
(
ν+3

2
)

πν+2 (4τDiso)
ν+3

2
;

cΥν
a(u0) = f ·Υν

a(u0) + (1− f) ·
Γ
(
ν+1

2
)

πν+1 (4τDiso)
ν+1

2
; (5.16)

cΥν
p(u0) = f ·Υν

p(u0) + (1− f) ·
Γ
(
ν+2

2
)

πν+1 (4τDiso)
ν+2

2
.

Or, for the moments computed over P :

cυ
ν = f · υν + (1− f) ·

2 (4τDiso)
ν
2 Γ
(
ν+3

2
)

π
1
2

;

cυ
ν
a(r0) = f · υνa(r0) + (1− f) ·

(4τDiso)
ν−2

2 Γ
(
ν+1

2
)

π
3
2

; (5.17)

cυ
ν
p (r0) = f · υνp (r0) + (1− f) ·

(4τDiso)
ν−1

2 Γ
(
ν+2

2
)

π
1
2

.

5.4 Methods

MiSFIT is described end-to-end in Fig. 5.1: the composite multi-shell acquisitions, cE(qiu),
are computed dividing the DWI by the measured unweighted baselines. The composite
spherical means, cÊ(qi) in eq. (5.5), are obtained from the 0−th coefficient of the SH
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expansions of cE(qiu) at each shell. These are the Ns samples used to fit the adaptive
convolution sum (f , λ‖, and λ⊥) by solving a non-linear Least Squares (LS) problem as
in Section 5.4.1. In Section 5.4.3 the ODF, Φ(r), is drawn by fitting SH coefficients to
the non-composite signal E(qiu) for all the Ns shells: eq. (5.4) allows to isolate E(qiu)
from cE(qiu) once f is known, so that eq. (5.1) is solved for Φ(r) via linear LS. The ODF
together with the convolution parameters fully describe the EAP, so they are jointly used in
Sections 5.4.4 and 5.4.5 to compute the (non-composite) axial moments as in eqs. (5.12)
and (5.13) or the (non-composite) planar moments as in eqs. (5.14) and (5.15). On the
contrary, full moments depend only on λ‖ and λ⊥, as demonstrated in eqs. (5.9) and (5.11).
Finally, the composite moments are computed as in eqs. (5.16) and (5.17).

5.4.1 Inference of the adaptive convolution kernel

Starting at eq. (5.5), we manipulate the terms and take logarithms, so that three unknowns
(f , λ⊥, and δλ = λ‖ − λ⊥) are inferred from Ns measurements via non-linear LS:

min
f,λ⊥,δλ

1
2

Ns∑
i=1

(
log
(
cÊ(qi)− (1− f) exp(−biDiso)

f

)
+ biλ⊥ + log

(
2
√
biδλ√

π erf
(√
biδλ

)))2

,

(5.18)
where bi = 4π2τq2

i . The three variables to infer have to be constrained to physically
consistent ranges. In particular, f must be greater than a lower threshold f0 defined as:

f0 = max
i=1,...,Ns

max
{

1− cÊ(qi)
exp(−biDiso) , 1− 1−c Ê(qi)

1− exp(−biDiso)

}
, (5.19)

so that the non-free water average Ê(qi) computed from the composite average cÊ(qi) after
eq. (5.5) is still within the range [0, 1]. Besides, the definition of the moments in Section 5.3
as improper integrals requires the signal E(q) to exhibit fast decaying tails. Cropping the
high frequency spectrum is otherwise ubiquitous to EAP imaging, e. g. by using Laplacian
penalties [5.42]. Instead, we penalize infinitely prolate shape factors of the convolution
kernel, defined as λ⊥/δλ, which leads to the definitive form of the LS problem:

min
f,λ⊥,δλ

1
2

Ns∑
i=1

(
log
(
cÊ(qi)− (1− f) exp(−biDiso)

f

)
+ biλ⊥ + log

(
2
√
biδλ√

π erf
(√
biδλ

)))2

+ µ
δλ
λ⊥

,

s. t. : f0 ≤ f ≤ 1; 0 ≤ λ⊥ ≤ Diso − δλ; 0 ≤ δλ ≤ Diso, (5.20)

where µ > 0 is a small constant. The resolution of this LS problem is addressed in ap-
pendix 5.A.

5.4.2 Spherical deconvolution and Funk-Hecke’s theorem

The keystone of our proposal is the spherical convolution in eq. (5.1). Axial moments
as described in eqs. (5.12) and (5.13), or planar moments as described in eqs. (5.14)
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and (5.15), rely on this kind of operands as well, all of them obeying the general form:

Ψ(u) =
∫ ∫
S

Φ(v)Λ(uTv)dv. (5.21)

Assuming that Ψ, Φ, and Λ are developed in the basis of (even) SH, {Y ml (u)}∞,ll=0 (even),m=−l, [5.56]
first suggested using Funk-Hecke’s theorem to solve deconvolution problems within dMRI.
In precise terms, let cml be the SH coefficients of Ψ(u) and let φml be the coefficients of Φ(u):

cml = êl φ
m
l , (5.22)

where the convolution factors êl are computed, for each rotation invariant kernel Λ, as:

êl = 2π
∫ 1

−1
Λ(x)Pl(x)dx, (5.23)

where Pl(x) are the even-degree Legendre polynomials.

5.4.3 Application to the computation of ODFs

From eq. (5.1), it follows that for each shell described by its b-value, bi = 4π2τq2
i :

E(qiu) =
∫ ∫
S

Φ(v) ΛODF
(
uTv; qi

)
dv : ΛODF(x; qi) = exp (−biλ⊥) exp

(
−bi δλ x2) ,

(5.24)
where E(qiu) is obtained from the measured composite signal cE(qiu) as in eq. (5.4).
The convolution factors {êODF

l (qi)}∞l=0 (even) corresponding to this kernel are computed in
appendix 5.B. Once this is done, the SH coefficients of the ODF, φml , can be inferred by
solving:

1
4π ê

ODF
0 (qi) +

L∑
l=2
l even

l∑
m=−l

êODF
l (qi)φml Y ml (ui,j) ' E(qiui,j), i = 1, . . . , Ns, j = 1, . . . , Ngi ,(5.25)

where L is the maximum order considered for the SH expansions and {ui,j}
Ngi
j=1 are the Ngi

sensitizing gradients acquired at the i-th shell. Note the condition φ0
0 Y

0
0 = 1/4π is necessary

so that the ODF integrates to 1. Eq. (5.25) can be rewritten in matrix form and solved via
linear LS:

B1F1

...

BNsFNs


Φ '


E1

...

ENs


⇒ Φ =

(
Ns∑
i=1

FTi BTi BiFi + λL2

)−1 ( Ns∑
i=1

FTi BTi Ei

)
,

(5.26)
where {Bi}Nsi=1 are Ngi ×K matrices whose (r, c) entry is [Bi]r,c = Y

m(c)
l(c) (ui,r). Note we

are stacking the double-indexed functions Y ml , l ≥ 2 in order along one single dimension,
so that K = (L + 1)(L + 2)/2 − 1. Hence, {Fi}Nsi=1 are K × K diagonal matrices with

5.4 Methods 127



[Fi]c,c = êODF
l(c) (qi); Φ is a K × 1 vector with [Φ]c = φ

m(c)
l(c) ; {Ei}Nsi=1 are Ngi × 1 vectors with

[Ei]r = E(qiui,r) − 1
4π ê

ODF
0 (qi); L is a K × K diagonal matrix that represents a Laplace-

Beltrami penalty, i. e. [L]c,c = −l(c)(l(c) + 1), and λ > 0 is the regularization parameter.
Remarkably, all {Fi}Nsi=1 depend on the convolution sum described by λ‖ and λ⊥, meaning
that eq. (5.26) implies inverting a K ×K matrix at each imaged voxel.

5.4.4 Application to the computation of axial moments

The following convolution kernel can be identified in eq. (5.12):

Λa(x) = 1
(1 + x2/ρλ)

ν+1
2
, (5.27)

whose convolution coefficients are calculated after eq. (5.23):

êa,νl = 2π
∫ 1

−1

Pl(x)
(1 + x2/ρλ)

ν+1
2
dx = 2π

l/2∑
n=0

α2n
l

∫ 1

−1

x2n

(1 + x2/ρλ)
ν+1

2
dx = 2π

l/2∑
n=0

α2n
l ιnν+1(ρλ),

(5.28)
where {α2n

l }
l/2
n=0 are the 2n-th degree coefficients of the l-th (even) Legendre polynomial

and ιnν+1(ρλ) is computed for any values of ν and n as described in appendix 5.C. Then:

Υν
a(u0) =

2πΓ
(
ν+1

2
)

(4π2τλ⊥)
ν+1

2

L∑
l=0
l even

 l/2∑
n=0

α2n
l ιnν+1(ρλ)

 l∑
m=−l

φml Y
m
l (u0). (5.29)

An analogous development on eq. (5.13) yields:

υνa(r0) =
2 (4τ)

ν−2
2 λ

ν−1
2
⊥√

πλ‖
Γ
(
ν + 1

2

) L∑
l=0
l even

 l/2∑
n=0

α2n
l ιnν+1(−κλ)

 l∑
m=−l

φml Y
m
l (u0). (5.30)

5.4.5 Application to the computation of planar moments

In this case the convolution kernel reads, after eq. (5.14):

Λp(x) = 1
(1 + x2/ρλ)

ν+2
2
. (5.31)

Noticeably, for the case of planar moments we need to apply the Funk-Radon transform
afterwards, which implies an additional product of the SH coefficients with the eigenvalues
of this integral transform, 2π(l − 1)!!/l!!, like suggested by [5.57]:

êp,νl = 2π 2π(−1)l/2(l − 1)!!
l!!

∫ 1

−1

Pl(x)
(1 + x2/ρλ)

ν+2
2
dx = 4π2(l − 1)!!

l!!

l/2∑
n=0

α2n
l ιnν+2(ρλ),

(5.32)
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Fig. 5.2.: Problem regularization for two slices of the test volume HCP MGH-1007. T1-weighted
images are shown in (a) for anatomical reference. Estimates of the convolution parameters
λ‖ and λ⊥ either without (b) or with (c) regularization. Corresponding histograms of ρλ
are depicted (d) to quantitatively check the effect (‘bad values’ are those with ρλ → 0).
The fraction f of non-free water is represented in (e) for one of the slices. Black arrows
highlight those regions where the regularization has the most noticeable impact. The red
arrow highlights representation problems at the csf.

where once again ιnν+2(ρλ) is computed as described in appendix 5.C. Planar moments then
read:

Υν
p(u0) =

2π2Γ
(
ν+2

2
)

(4π2τλ⊥)
ν+2

2

L∑
l=0
l even

(l − 1)!!
l!!

 l/2∑
n=0

α2n
l ιnν+2(ρλ)

 l∑
m=−l

φml Y
m
l (u0),(5.33)

or, developing on eq. (5.15) instead:

υνp (r0) =
2
√
π (4τ)

ν−1
2 λ

ν
2
⊥√

λ‖
Γ
(
ν + 2

2

) L∑
l=0
l even

(l − 1)!!
l!!

 l/2∑
n=0

α2n
l ιnν+2(−κλ)

 l∑
m=−l

φml Y
m
l (u0).(5.34)
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5.5 Experiments and Results

5.5.1 Materials

The experimental work in this paper is intended as a proof of concept, so we avoid large
clinical data sets to focus on representative examples. In precise terms:

• We have randomly picked up volume HCP MGH-1007 from the Human Connectome
Project (HCP) [5.19, 5.20]. These are high quality data acquired on a Siemens 3T Con-
nectome scanner with 4 different shells at b = {1, 000, 3, 000, 5, 000, 10, 000} s/mm2,
with {64, 64, 128, 256} gradient directions each and 40 interleaved unweighted base-
lines. However, we have removed the outermost shell at 10, 000 s/mm2 in order to
work with more standard (and affordable) acquisitions. The in-plane resolution is 1.5
mm and the slice thickness is 1.5 mm.

• From the HCP WU-Minn database [5.21], we have picked up subject 139839, enrolled
for both a test and a re-test acquisition sessions. These data comprise 3 shells at
b = {1, 000, 2, 000, 3, 000} s/mm2 with 90 gradient directions each and 18 interleaved
unweighted baselines. The in-plane resolution is 1.25 mm and the slice thickness is
1.25 mm.

5.5.2 Experimental set-up

The reported experiments are grouped in two sections: the first set is aimed at qualitatively
checking the consistency of the MiSFIT representation, mainly comprising visual assessments
of the convolution sum parameters, the ODFs fields, and the computed moments for varying
orders. They are related to the expectable outcomes according to the anatomy of the white
matter. The second set focuses on evaluating the accuracy and reliability of MiSFIT compared
to the state of the art, both qualitatively and quantitatively. We have chosen MAPL as a
widely accepted methodology for EAP imaging [5.42], with the implementation provided by
python-dipy v1.1.1 (https://dipy.org/) for Python 3.8. Pursuing an optimal performance,
anisotropic space-shifting with Laplacian penalty and positivity constraints have been used
unless otherwise noticed. The Laplacian weighting parameter was fixed with the built-in
generalized cross validation approach for a maximum radial order 6. Since MAPL does not
explicitly provide free-water estimation, the accuracy of MiSFIT in the computation of f in
eq. (5.4) is tested against a home-made version of the ad-hoc method proposed by [5.58]
with the parameters suggested by the authors.

Unless otherwise noticed, we have used the expression in eq. (5.4) for MiSFIT in all cases:
the parameter µ in eq. (5.20) has been empirically set to a constant value µ = 10−5; the
ODFs deconvolution in eq. (5.26) is solved for L = 8 and λ = 5× 10−4. To palliate the bias
introduced by Rician noise on the computation of spherical means, we use the technique
suggested by [5.28, eq. (10)], based on the inversion of Laguerre’s polynomials. The standard
deviation of noise in the test volume was estimated using the method proposed by [5.59,
eq. (25)].
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5.5.3 Consistency of the computational diffusion representation

Estimation of the convolution kernel

Though the spherical means have been thoroughly discussed by [5.29, 5.28] within the
scope of micro-structure probing, their application to EAP imaging requires ρλ > 0 (and,
consequently, κλ > 1). The fulfillment of this condition, together with the impact of
the regularization of the problem in the anatomical description of the images, are tested
in Fig. 5.2. From eq. (5.5), we have solved the problem in eq. (5.20) for either µ = 0
or µ = 10−5. The first scenario generalizes the proposal by [5.28] with a free-water
compartment, so the results, as expected, are visually consistent with those reported therein.
Noticeably, the parallel kernel parameter λ‖ is in the same order of magnitude as Diso,
meanwhile the transverse parameter λ⊥ is one order of magnitude below λ‖, pointing
out to a clearly prolate convolution kernel (this statement holds for the white matter, but
not for the cerebro-spinal fluid, csf, or the cortex). For the non-regularized problem, the
histogram computed over ρλ demonstrates there are a large number of voxels with singular
configurations (λ⊥ → 0), mostly at the corpus callosum (cc) or the cortico-spinal tract (cst),
see black arrows. According to eq. (5.1), such configurations will lead to asymptotically
constant tails of E(q) at the transverse direction, which will propagate to all the spatial
directions through the spherical convolution. As a consequence, both E(q) and cE(q) will
have infinite bandwidth, which is not consistent with the usual premises on EAP imaging.
The regularized problem removes such singularities providing a light tails representation of
the spectrum of E(q), so that any moment computation will remain well defined. Finally, the
estimation of the non-free water fraction f seems mostly coherent across the white matter
(close-to-one values) and the csf (close-to-zero values). However, certain csf regions seem
corrupted (red arrows), probably due to the ambiguity of the convolution representation in
eqs. (5.1) and (5.4) for pure free water, where it should hold λ⊥ ' λ‖.

Computation of ODFs fields

After the convolution kernel is computed, the second stage in the pipeline is the computation
of the ODFs, illustrated in Fig. 5.3 for a white matter region where several tracts of interest
can be identified. As can seen, the computed glyphs are consistent with our prior anatomical
knowledge:

• The cc and the cingulum (cg) cross within the ROI highlighted in red, with the cc glyphs
spreading upwards with a dominant component along the sagittal-axial direction (‘x’-‘z’
axes), and the cg glyphs piercing the cc along the coronal direction (‘y’ axis). Besides,
fiber crossings are properly described by MiSFIT: within the outermost part of the cc
(yellow arrow), the partial volume fraction of the cg is larger than that of the cc, so
that the ‘green arm’ of the glyph becomes more prominent than the ‘red arm’. On the
contrary, as we move into the cc (blue arrow), its partial volume fraction increases and
the ‘red arm’ becomes larger as compared to the ‘green arm’.

• The cst is the most prominent structure inside the ROI highlighted in blue, mostly
aligned with the ‘z’ axis. Nevertheless, MiSFIT is able to properly resolve the fiber
crossings with the ‘x’-aligned fiber tracts deviating to the cortex across the centrum
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Fig. 5.3.: Detail of the ODFs reconstruction in an axial slice from the test subject HCP MGH-1007.
A FA map and a color-by-orientation map extracted from the ODFs field are shown for
reference, where we highlight in orange the ROI where the glyphs are shown. Missing
glyphs correspond to voxels with an FA below 0.4. Colored arrows point at two-fold fiber
crossings (yellow, blue), three-fold fiber crossings (magenta), and small angle fiber crossings
(orange).

Fig. 5.4.: Moments of different kinds for different orders ν computed over the composite attenuation
signal. Each moment has been normalized to its own range, and the csf has been thresholded
at f < 0.5 for visualization purposes. Top: full moments; middle: axial moments for the
maximum diffusion direction; bottom: planar moments for the maximum diffusion direction.
This kind of indices include RTOP, qMSD, RTPP, and RTAP.

semiovale, and even the three-bundles crossings involving the superior longitudinal
fasciculus (slf) are visible (magenta arrow).

• As we move outwards, the region highlighted in green mostly comprises the slf and
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Fig. 5.5.: Moments of different kinds for different orders ν computed over the composite EAP. Each
moment has been normalized to its own range, and the csf has been thresholded at f < 0.5
for visualization purposes. Top: full moments; middle: axial moments for the maximum
diffusion direction; bottom: planar moments for the maximum diffusion direction. This
kind of indices include MSD, RTPP, and RTAP.

the fibers directly connecting to the cortex, which explains the fiber crossings in this
region. Note that MiSFIT is able to resolve crossings in small angles (orange arrow)
corresponding to the curvature of the slf.

For the rest of the white matter regions shown in the axial slice, the color-coded hemisphere
(directly computed from the ODFs field) suggests the anatomical consistency of the computed
glyphs.

Behavior of each kind of moment for varying orders

The central point in our developments is the characterization of dMRI through scalar
measurements. Figs. 5.4 and 5.5 provide a first qualitative insight in the behavior of
moments computed respectively from either the composite attenuation signal (Υ-type) or
the composite EAP (υ-type). As explained before, each kind of moment (full, axial, or
planar) admits a different range of variation for its order ν depending on the convergence of
the corresponding integral. Accordingly, we have probed a symmetric range including both
negative and positive orders in all cases. Since the units of these moments are millimeters
raised to some power depending on ν (see Table 5.1), their ranges of variation are very
different from each other, so that all the slices shown in Figs. 5.4 and 5.5 have been min-max
normalized. Besides, those voxels with f < 0.5 according to eq. (5.4) have been removed
for visualization convenience.

First of all, we point out the consistency of the results: the popular RTPP and RTAP can be
computed as moments on both the q domain and the R domain (RTPP = Υ0

a(u‖) = υ0
p(u‖),

RTAP = Υ0
p(u‖) = υ0

a(u‖)), and accordingly their slices in Figs. 5.4 and 5.5 draw the same

5.5 Experiments and Results 133



Fig. 5.6.: Comparison of scalar measurements computed with either MAPL (left) or MiSFIT (right):
RTOP, RTPP, and RTAP. The same scale is used for both two approaches in all cases, and
the csf has been thresholded for visualization comfort. A joint 2-D histogram is shown in
each case, together with the respective Pearson’s correlation coefficient, for quantitative
assessment. Red arrows highlight prominent differences between MAPL and MiSFIT, mostly
at the cc.

maps. Of course, υ0 must evaluate to 1 for any voxel because it is the integral of the EAP,
which represents a PDF, over the whole R3.

As can be seen, different values of ν provide different contrasts for the anatomical details,
which is clearly noticeable for full and planar moments but not really evident for axial. This
property can be exploited in computational dMRI, since different intra- and inter-tissue
contrast levels should lead to different classification patterns. Interestingly, Υ-type moments
computed over the attenuation signal seem to provide a higher white matter to gray matter
contrast at positive values of ν, meanwhile υ-type moments computed over the EAP do the
opposite. Since q and R are dual Fourier transform variables, it makes sense their behavior
with respect to the sign of ν is somehow complementary.

Axial moments deserve a special attention. As can be seen in Fig. 5.4, the Υa-type results
in very noisy maps with a reduced anatomical coherence, as it is the case with RTPP. This
is probably due to the integration of the q-space along directions for which the diffusivity
(thus, the attenuation) is maximal, so that the SNR becomes dramatically worse. This issue
does not reproduce for the υνa -type, for which the axial moments indeed attain consistent
descriptions of the white matter.

5.5.4 Comparison to the state of the art in EAP imaging

MiSFIT vs. MAPL: visual assessment

Fig. 5.6 shows respective slices of RTOP, RTPP, and RTAP for both MAPL and MiSFIT with
identical scaling, so that they can be directly compared. While the structure of the anatomical
maps look quite similar with the two approaches, and their ends of scale are also coherent,
MiSFIT seem to estimate larger values than MAPL for RTOP and RTAP, but smaller values
for RTPP.
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Fig. 5.7.: Setting-up of the numerical comparison of MiSFIT vs. MAPL. An ROI is manually segmented
at the centrum semiovale and clustered depending on the principal orientations at each
voxel. The NODDI model is used to infer micro-structure parameters, mainly the free-water
fraction, the orientation dispersion, and the intra-dendrite vs. extra-dendrite fraction, which
are used to stochastically generate synthetic voxels.

Paying attention to the voxel-wise joint 2-D histograms, RTOP and RTAP remain strongly
correlated for the low-to-middle range of each parameter, and the discrepancies arise at a
higher range. In this latter scenario, MiSFIT consistently over-estimates both RTOP and RTAP
with respect to the values computed by MAPL. Even so, the overall Pearson’s correlation
coefficient is still high enough for the entire range of variation (% = 0.88 for RTOP and
% = 0.94 for RTAP).

On the other hand, RTPP is far noisier than the other measurements, so the resemblance
between the two slices is not as evident. Histogram counts show that MiSFIT provides a
consistent negative bias with respect to MAPL, and the correlation coefficient is reduced to
% = 0.65.

A quick look to Fig. 5.6 suggests that the most relevant differences appear at the cc (red
arrows), for which both RTOP and RTAP exhibit the highest values. Note the cc comprises
highly coherently oriented fiber bundles with small transverse diffusivity, meaning the
attenuation signal will slowly decay in the q-space. Since RTOP can de defined as the
integral of the attenuation signal in the entire q-space, this issue might be pointing out that
MAPL provides a ‘lower-pass’ estimate than MiSFIT.

MiSFIT vs. MAPL: quantitative evaluation of accuracy

The previous experiment is complemented with a quantitative assessment based on numerical
simulations. We aim at designing ground-truth data using a micro-structural model that
differs from eq. (5.4) in a substantial manner, at the same time it accounts for the most
relevant micro-structural diffusion phenomena. To that end, we have used the python-dmipy
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Fig. 5.8.: Errors in the reconstruction of the EAP (or the attenuation signal) with either MAPL or
MiSFIT as a function of the ground truth RTOP, for different peak SNRs and for 1, 2, or 3
crossing fiber bundles (1b, 2b, 3b). Missing bars correspond to RTOP values that could not
be obtained with the respective configuration. Mean values (stars), standard deviations
(solid bars), and 90% confidence intervals (empty bars) are depicted.

package1 [5.32] to infer realistic parameters for the NODDI approach [5.25] as shown in
Fig. 5.7: two ellipsoidal ROIs were symmetrically placed at the centrum semiovale of our
test volume, and those voxels with a FA higher than 0.7 were clustered via 3-fold c-means
depending on their orientations to obtain the segmentations in Fig. 5.7, top, corresponding
to the cc (red), the slf (green) and the corticopontine tract/corona radiata (cpt/cr, blue).
NODDI describes a bi-compartmental model with a free-water fraction, analogous to the
first term in our eq. (5.4), and a cellular water fraction. For the latter, intra- and extra-
dendrite diffusion are respectively described with a singular (zero transverse diffusion) or
a non-singular tensor, both aligned with the same direction. This ensemble is convolved
with a spherical Watson distribution to account for fiber dispersion parameterized through
the Orientation Dispersion Index (ODI). In our case, we have substituted the singular intra-
dendrite model with a ‘close to singular’ tensor, for which the transverse diffusion is set to
1 over 40 times the longitudinal diffusion. Note this fix is mandatory to compute ground
truths, since otherwise all the measurements of interest (RTOP, RTPP, RTAP, and the energy
of E(q)) will be infinite in all cases. Our modified NODDI scheme is used to generate
synthetic samples with different configurations:

• The specific NODDI parameters (those in Fig. 5.7, bottom) are randomly generated
following the estimated distributions by means of the inverse function method.

• Varying levels of RTOP, RTPP, and RTAP are obtained by uniformly sampling the
longitudinal diffusivity within the range [1.4, 2.8]× 10−3 mm2/s, which both the intra-

1https://dmipy.readthedocs.io.
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Fig. 5.9.: Estimated RTOP, RTPP, and RTAP vs. ground truth values, for both MAPL and MiSFIT, for a
typical peak SNR=16, and for 1, 2, or 3 crossing fiber bundles (1b, 2b, 3b). Missing bars
correspond to those ground truth values that could not be obtained with the respective
configuration. Mean values (stars), standard deviations (solid bars), and 90% confidence
intervals (empty bars) are depicted.

and the extra-dendrite component are set to. The transverse diffusivity for the extra-
dendrite component is fixed with the same ‘minimum tortuosity’ approach used by
python-dmipy for parameters estimation.

• The orientation of each simulated bundle (cc, slf, or cpt/cr) is randomly chosen within
a cone with aperture 15o and respective axis [

√
3/2, 0, 1/2]T , [0, 1, 0]T , or [0, 0, 1]T .

They are further combined in three different configurations: 1 bundle (respective
volume fractions {1, 0, 0}), 2 bundles ({0.5, 0, 0.5}), or 3 bundles ({0.35, 0.35, 0.3}).
Note the longitudinal and transverse diffusivities of these bundles are not linked to
each other at all, so we are directly testing the capability of MiSFIT to deal with
heterogeneous micro-structural features.

• The resulting signal is sampled in the q-space according to the same scheme found at
the HCP MGH-1007 volume, and corrupted afterwards with Rician noise with a peak
SNR (defined as the value of the baseline over the standard deviation of noise in the
complex domain, σ) of either 8, 16, 32, or 64. Among them, PSNR=16 is the most
typical value found in our test volume.

Fig. 5.8 shows the relative Mean Squared Error (rMSE) in the reconstruction of the EAP
with either MAPL or MiSFIT as a function of the ground truth RTOP. We choose such

5.5 Experiments and Results 137



parameterization because RTOP, being the integral of the attenuation signal in the whole
q-space, is directly related to the bandwidth of the EAP. According to Parseval’s theorem:

rMSE =

∫∫∫
R3

(
P̃ (R)− P (R)

)2
dR∫∫∫

R3 P (R)2 dR
=

∫∫∫
R3

(
Ẽ(q)− E(q)

)2
dq∫∫∫

R3 E(q)2 dq
, (5.35)

where P̃ (R) (or Ẽ(q)) stands for the reconstructed signal in each case. As expected, the
errors become smaller as the PSNR gets improved, from values of nearly 50% for PSNR=8
and small RTOP to values well below 5% for PSNR=64 at any RTOP. It is worth noticing that
MiSFIT consistently outperforms MAPL for almost all the range of PSNR and for any signal
bandwidth, with the exception of PSNR=8. In this latter scenario, MiSFIT still provides
better estimates on the average, but it shows a greater variability depending on the input
RTOP. Noticeably, the behavior of MAPL seems to worsen as the number of crossing fiber
bundles increases, but MiSFIT behaves just the opposite. Note that, in the presence of
several crossing fibers, each of them may have very different diffusion characteristics, which
in principle could compromise the accuracy of eq. (5.4). At the sight of this experiment,
however, it does not seem a critical issue. In any case, both MAPL and MiSFIT exhibit
quite an estable behavior regardless of the PSNR (with the aforementioned exception for
PSNR=8), the input RTOP, and the number of crossing fiber bundles with MiSFIT getting
the best rMSE values, in the range of 2.5%.

To check how these errors translate to the scalar measurements of interest in EAP imaging,
Fig. 5.9 shows respective results for RTOP, RTPP, and RTAP at PSNR=16, which should
be compared to those in Fig. 5.6: while RTAP estimates are virtually identical for both
MAPL and MiSFIT, MiSFIT provides higher estimates for RTOP and lower for RTPP than
MAPL, which is completely consistent with the joint histograms in Fig. 5.6. Besides, the most
prominent discrepancies for RTOP appear in the large range of ground truth RTOP, while for
RTPP they appear in the middle range, which is also in good agreement with the histogram
shifts in Fig. 5.6. Nonetheless, MiSFIT gets closer than MAPL to the ground truth for both
RTOP and RTPP, though both estimates are clearly biased (the bias in RTAP is not equally
evident). The likely explanation for the latter is that NODDI yields large bandwidth synthetic
signals (due to the close-to-zero transverse diffusion of the intra-dendrite component) that
cannot be accurately represented by EAP imaging [5.33]. Finally, the MiSFIT estimates for
RTOP and RTAP worsen as the number of crossing fibers increase, but they improve for
RTPP. This peculiarity suggests that the deviations of the actual signal from eq. (5.4) have a
deeper impact at those directions with weaker diffusivities (note RTPP is the integral along
the maximum diffusion direction).

MiSFIT vs. MAPL: test-retest evaluation of reliability

The importance of assessing the reliability of a given measurement aimed at describing
individual differences has been recently stressed by [5.60]. Reliability can be defined as
the portion of variance comprising both actual inter-subject differences and unwanted con-
taminants, and its theoretical interest relies on the fact that it states an upper bound for
the validity, i. e. the fraction of variance corresponding to actual inter-subject differences.
We have devised a simple experiment, using subject HCP WU-Minn-139839, to assess the
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Fig. 5.10.: Reliability of MAPL vs. MiSFIT when computing RTOP (a), RTPP (b), and RTAP (c). The
curves represent the relative discrepancies of the scalar indices across the test-retest at
voxel clusters defined in terms of each averaged MiSFIT-derived scalar. The anomalous
behavior of RTOP and RTAP inside the highlighted windows corresponds to the cortical
regions segmented in d).

reliability of MAPL and MiSFIT in terms of the relative discrepancies between test and retest
measurements defined as:

δX,method = 2 |Xmethod(test)−Xmethod(retest)|
Xmethod(test) +Xmethod(retest) , (5.36)

where X is one of RTOP, RTPP, or RTAP and ‘method’ stands for either MAPL or MiS-
FIT. For each X, the imaged voxels throughout the entire volume are grouped into 100
evenly distributed clusters depending on the average test-retest value obtained with MiSFIT,
(XMiSFIT(test) +XMiSFIT(retest))/2. Fig. 5.10 (a–c) shows the 50%, 70%, 80%, 90%, and 95%
percentiles of the corresponding δX,MAPL and δX,MiSFIT as a function of the centroid of each
aforementioned cluster (the relative deviations are plotted symmetrically since only two
test-retest samples are available).

The first thing to notice is the apparent higher reliability of RTPP (b) as compared to RTOP
(a) and RTAP (c) despite of its noisier look (see Fig. 5.6). Note the test and retest volumes
were not acquired during the same session, so that a potential miss-registration of both
volumes is one of the unwanted contaminants that may be present in the experiment. Since
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Fig. 5.11.: Inference of the non-free water partial volume fraction with MiSFIT (right-most slices)
compared to the ad hoc method by [5.58] (left-most slices). The joint histogram refers to
the segmented white matter of the whole brain.

RTPP exhibits a much lower local contrast (voxels nearby each other have more similar RTPP
than RTOP and RTAP), it is likely that it may better recover from subtle miss-alignments.
Next, MAPL and MiSFIT seem to perform approximately the same for all measurements,
though MiSFIT consistently beats MAPL for either very large RTOP/RTAP or very small RTPP.
According to Fig. 5.6, these are regions corresponding to the most prominent fiber bundles
within the white matter. Finally, note that both RTOP and RTAP show an atypical behavior
for certain centroids (2 · 105 – 4 · 105 mm−3 and 3, 500 – 5, 000 mm−2, respectively), for
which their reliability notably improves compared to their surrounding values. Fig. 5.10 (d)
shows a segmentation of the whole brain based on a raw thresholding of RTOP and RTAP
inside these intervals, demonstrating it accurately describes the cortex of the brain: despite
EAP imaging mainly focuses on the white matter, its reliability seems to improve inside the
gray matter. However, a better reliability does not mean a better validity, since the former is
just an upper bound for the latter: once again, the poor local contrast of EAP imaging at the
gray matter could likely explain the more predictable behavior at this tissue.

Inference of the non-free water fraction: quantitative evaluation

The inference of the amount of free water at each voxel is an additional capability of our
proposal. Fig. 5.11 complements the result in Fig. 5.2 d) with a comparison to the ad hoc
technique by [5.58]. While the overall structure of the non-free water maps (i. e., f in
eq. (5.4)) is comparable for both methods in most of the white matter, MiSFIT strongly differs
from the DT-MRI-based method at the gray matter, which we blame on a mismatch of the
spherical convolution representation for this tissue. As we have pointed out before, MiSFIT
produces corrupted estimates also at the csf due to the ambiguity in the representation. These
are the reasons why the joint histograms used for quantitative comparison are restricted to a
mask that segments the white matter in each case.
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Fig. 5.12.: Quantitative performance of free water estimation in MiSFIT (b) compared to the ad hoc
method by [5.58] (a). The same sampling scheme and typical peak SNR found at the HCP
MGH-1007 volume (16) have been used for the simulations.

These histograms highlight that, while most of the range of f values is similarly estimated by
MiSFIT and the DT-MRI method, MiSFIT systematically provides larger estimates for values
of f near 1. For a better understanding of this behavior, Fig. 5.12 depicts a simple experiment
where we have simulated synthetic voxels as a mixture of either 1, 2, or 3 Gaussian bundles2

with eigenvalues: λ1 uniformly distributed within the range [1.5× 10−3, 2× 10−3] mm2/s,
λ2, λ3 uniformly distributed within the range [0.25× 10−3, 0.5× 10−3] mm2/s. The whole
ensemble is combined with a free-water isotropic compartment as in eq. (5.4) to generate
1000 realizations for each known value of f . Finally, the signal generated is contaminated
with Rician noise for a peak SNR equal to 16. As can be seen, the synthetic experiment is
coherent with the visual results in Fig. 5.11 for typical white matter configurations. The
DT-MRI-based method systematically under-estimates the amount of confined (non-free)
water, f , for almost all the range of inputs. Moreover, its behavior heavily depends on
the number of compartments in the voxel, so that in the presence of fiber crossings it
becomes less reliable. Conversely, MiSFIT shows the exact same behavior regardless of the
number of compartments, probably due to the fact that the spherical averaging removes
any dependency with the ODF. For small actual values of f (like those at the csf), however,
MiSFIT presents large drifts. Besides, MiSFIT seems to bias the estimate of f towards 1
for high values of the input f , which might explain the saturation of the histograms in
Fig. 5.11.

Computational issues

A major strength of MiSFIT relies on its computational efficiency, owing to the fact that
the required non-linear optimization involves at most three parameters (f , λ‖, and λ⊥).
Fig. 5.13 depicts a summary of the computation times spent on the analysis of subject HCP
MGH-1007 (the background of the image, including the skull, was removed with a mask).
All the experiments were run in a laptop equipped with a quad-core Intel© CoreTM i7-6500U
processor and 8GB RAM. MiSFIT was completely written for Matlab® R2019b3 running on
Kubuntu Linux 19.10, with parallel implementations for the slowest parts. For comparison
purposes, MAPL was run in the same machine using the python-dipy package for Python
3.8, which is also mostly parallel.

2We choose a simpler model in this experiment because the method by [5.58] is intended for DT-MRI, hence it
cannot cope with slow decaying tails of the attenuation signal.

3Code available at: https://www.lpi.tel.uva.es/node/848
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Fig. 5.13.: Computation times required to process the (masked) volume HCP MGH-1007 either (left)
or not (right) estimating the non-free water compartment f . Overall execution times refer
to a Matlab® coded parallel implementation.

MiSFIT takes tens of seconds to process an entire (masked) volume including kernel estima-
tion, ODFs reconstruction, and computing several moments. Computing the ODFs field is
the slowest part, and it takes 50% to 80% of the time. Note the additional estimation of the
non-free water compartment for the composite representation in eq. (5.4), compared to the
simpler one in eq. (5.1), increases the computation time in roughly 30 seconds. It is worth
noticing that the computation of different kinds of moments takes very different amounts
of time: planar moments, compared to full moments, require the additional computation
of the maximum diffusion direction and additional operations on the SH coefficients; non-
integer (including inverse) moments, compared to integer moments, require the explicit
computation of Gaussian hypergeometric functions, see Appendix 5.C.

Comparing to MAPL, an analogous analysis takes 80 minutes in case anisotropic weighting is
used or 45 minutes otherwise for a fixed value of the Laplacian penalty (i. e. without using
generalized cross-validation). In case positivity constraints are enforced, the computation
time grows up to nearly 9 hours. Additionally, the more accurate anisotropic weighting
technique does not provide ODFs estimates, so that both methods (isotropic and anisotropic)
should be run in parallel to simultaneously obtain optimum estimates of moments and ODFs
fields.

5.6 Discussion and conclusions

Multi-shell acquisitions are breaking up as a new standard for advanced computational dMRI,
far more popular than DSI-like protocols. With this in mind, we have devised a specific
approach for EAP imaging of the white matter based on multi-shells. The first noticeable
advantage of MiSFIT is its time efficiency: processing a typical volume end-to-end may
take in the order of one minute (instead of few hours) in a regular laptop, which makes
it appealing for the processing of large clinical databases or even for its implementation
in scanner consoles. The keystone of MiSFIT is the decoupling of the radial (variable q)
and the angular (variable u) behaviors owing to the SM technique [5.28]: the non-linear
estimation of the adaptive convolution kernel involves at most 3 parameters (f , λ‖, and λ⊥),
which can even reduce to 2 (λ‖ and λ⊥) in case the simplified representation in eq. (5.1) is
used. The inference of the ODF at each voxel reduces to a linear LS problem. Compared to
methods like MAPL by [5.42], the latter must fit a whole 3-D basis, which is computationally
intensive even with parallel computing.
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Moreover, since MiSFIT is specifically devised for multi-shell acquisitions (typically compris-
ing 2-4 shells), this is somehow optimal: the radial behavior of the signal is characterized by
the convolution kernel (elemental tensor), so that 2-4 radial samples are used to fit 3 param-
eters (2 for the simplified representation). On the other hand, the orientations space, which
is densely sampled in multi-shell acquisitions, is still non-parametric. As opposed, regular
EAP imaging techniques are fully non-parametric, implying that 2-4 radial samples must be
used to fit a larger number of DOF with the help of regularization or sparsity constraints. Its
specific design for multi-shell acquisitions has the additional advantage of making MiSFIT
well suited for already existing protocols and public databases [5.20, 5.21].

Although the computation of the EAP based on a convolution sum inferred from spherical
means has been suggested by [5.29, 5.28, 5.54], the main novelty of our work relies on its
formalization to an efficient framework for the description of the diffusion process based on
analytical generalized moments. Nonetheless, the computation of moments of high orders is
often problematic with noisy signals: a ν-th order moment over P is related to the ν-th order
derivative of E (and vice-versa), which makes it impractical to compute moments with ν > 2
(related to derivatives of higher orders than the Laplacian). MiSFIT grants a compromise
solution by describing non-integer (including inverse) moments that correspond to fractional
derivatives in the dual domain, either as a 3-D average, along a given direction, or over
a plane perpendicular to such direction. This framework provides the means to enhance
different diffusion properties (i. e. to reveal different tissue contrasts) at will meanwhile
using low order moments to avoid noise amplification: inverse (i. e. negative) moments
over P will overweight the values of P near R = 0, thus enhancing proximal diffusion
features. On the contrary, direct (i. e. positive) moments over P will assign heavier weights
to those values of P farther from the origin, hence enhancing distal diffusion features. As a
consequence, the kind of contrast achieved with either ν ≤ 0 or ν ≥ 0 is completely different.
An analogous reasoning applies to those moments computed over E: while ν ≤ 0 seems
to provide better white matter contrast for P -moments, ν ≥ 0 seems more appropriate for
E-moments.

The so-called full moments collapse to a function of just the three kernel parameters f ,
λ‖, and λ⊥, which makes it questionable if the computation of full moments of arbitrary
orders, under our convolution representation, is useful at all beyond a contrast enhancement
of these three features. Axial and planar moments, on the contrary, involve the entire
representation including the ODF, so that moments of different orders will actually encode
different pieces of information. We have considered the maximum diffusion direction for
axial and planar moments in all cases, but MiSFIT can equally compute generic moments for
any other direction or set of directions. This idea has been already suggested by [5.42]: with
the notation used in the present paper, υ2

a(r), ∀r ∈ S represents an Orientation Probability
Density Function (OPDF) as introduced by [5.61, 5.62]. For any other ν 6= 2, υνa(r) can be
seen as a contrast-enhanced OPDF that can be used to better resolver fiber crossings.

Among the set of generic moments that can be computed, the RTOP, the RTPP, and the
RTAP deserve a special attention due to their widespread use in clinical dMRI studies.
The quantitative evaluation of MiSFIT as compared to MAPL might suggest the better
performance of the former for a wide range of scenarios. However, we have to be careful
with the interpretation of such results. First, MAPL is not specifically intended for multi-shell
samplings. Since it is non-parametric, we should expect its performance to notably improve
with more appropriate sampling schemes (i. e. acquiring more samples at more shells),
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which is not necessarily the case for MiSFIT, whose theoretical limit will arise from the
deviations of the convolution representation from the true signal.

On the other hand, EAP imaging represents low-pass versions of the diffusion process due
to the bandwidth limitation imposed by the maximum b-value acquired. Actual diffusion
models, on the contrary, produce infinite-bandwidth signals with heavy tails for E(q) at
any direction u = ‖q‖, coming from the contributions of the intra-axonal responses of all
the fiber-bundles within the plane orthogonal to u. As a result, the outcomes of both two
methodologies cannot be directly compared, since the scalar moments defined as improper
integrals over the whole 3-D domain will always become infinite for any true model of
diffusion [5.33]. In order to design ground-truth signals, we have overcome this pitfall by
modifying the NODDI model to obtain responses with far larger bandwidths than those
provided by EAP imaging approaches but still light-tailed. Accordingly, the numerical results
reported above do not necessarily mean that MiSFIT is more accurate than MAPL compared
to reality, but instead they suggest MiSFIT provides descriptions of the white matter with
a broader bandwidth than MAPL for a comparable robustness to noise and with a slightly
better reliability.

Regarding the estimation of free water, 1−f , MiSFIT seems accurate at the white matter, but
its behavior is not consistent at the gray matter or the csf. As long as we pursue obtaining
and/or generalizing scalar indices most usually employed to analyze the white matter, this is
generally acceptable. Otherwise, the simpler eq. (5.1) should be used to avoid the ambiguity
of eq. (5.4) when λ⊥ ' λ‖.

With respect to the limitations of MiSFIT, the use of Funk-Hecke’s theorem is a central point
to our developments, meaning that representing orientation functions in a basis related to
SH is a must. In our experimental set-up, the maximum order of the expansions has been
cropped to L = 8 in all cases, which entails a well-known issue with high-frequency pruning
and ringing artifacts. On the other hand, we have not enforced positivity constraints on
the EAP, whose convenience has been recently stressed by [5.63]. Both two issues could
be simultaneously addressed with a similar idea as in [5.64], where SH are substituted
with Spherical Wavelets (SW) on a non-negative LS problem. Since SW are infinite linear
superpositions of SH they are not prone to the ringing artifact, at the same time they allow
for similar mathematical developments based on Funk-Hecke’s theorem.

The definition of the convolution kernel as a tensor adapted to the micro-structure of the
voxel is a key point in MiSFIT as well. Any deviation of actual white matter data from
this representation (e. g. two crossing fiber tracts with very different pore characteristics)
might turn into a source of inaccuracies. However, the quantitative evaluation with synthetic
data has demonstrated this is not an issue in practice, at least in what respects to the
computation of moments. Given the limited amount of radial information, a Gaussian
convolution is indeed a reasonable ‘universal approximator’ to fit eq. (5.26). In this scenario,
Φ(r) represents the linear coefficients of the approximator, so that the deviations from the
MiSFIT convolution sum will likely translate to miss-representations of the ODF. In what
concerns the gray matter, the spherical convolution is not necessarily a good approximator,
so the applicability of MiSFIT to such tissues is at stake.

To conclude the comparison with other EAP imaging techniques (MAP-MRI, MAPL, RBFs, mq-
DPI, BFOR, etcetera), it is fair to say that MiSFIT is only applicable to multi-shell samplings,
while the former are sampling-independent and therefore they can work as well with DSI
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or CS-oriented data. The experiments reported evidence that MiSFIT is useful in the same
range of b-values most usually acquired for EAP imaging, i. e. up to 5,000 s/mm2, though
we have not tested it for special data sets with stronger diffusion gradients (e. g. 10,000
s/mm2). The range of diffusion times for which the parameters suggested apply should be
further investigated as well.

Finally, testing the usefulness of the proposed moments as potential biomarkers for the
description of illnesses like Alzheimer’s or Parkinson’s disease [5.65, 5.66] through white
matter analysis is an open field for research. Additionally, the possibility of generalizing
standard RTPP or RTAP to moments computed over arbitrary directions offers a wide range
of new ways to combine computational dMRI with fiber tracking approaches.
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Appendices

5.A Fitting the adaptive convolution kernel

The minimization problem in eq. (5.20) is solved with a modified gradient-projection
algorithm [5.67] that ensures the proposed solution belongs to the 3-D feasible region Ω
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Inputs: {Ê(qi), bi}Nsi=1, Diso, µ, τ0,
∆, M
Outputs: f, λ⊥, λ‖

1 Find x0 = [f0, λ⊥,0, δλ,0]T ∈ Ω
2 for n = 0, . . . ,M − 1
3 Compute: d, JC, JP , HP at xn
4 Compute τ as in eq. (5.40)
5 Compute xn+1 as in eq. (5.39)
6 if xn ∈ ∂Ω and xn+1 6∈ Ω
7 Compute τ as in eq. (5.42)
8 Compute P as in eq. (5.43)
9 Compute xn+1 as in eq. (5.41)
10 end if
11 if xn+1 6∈ Ω
12 xn+1 = closest x′n+1 ∈ ∂Ω
13 end if
14 if C(xn+1) < C(xn)
15 if ‖xn+1 − xn‖ < ∆
16 BREAK and go to line 24
17 end if
18 τ0 = τ0/10
19 else
20 Revert: xn+1 = xn
21 τ0 = 10 τ0
22 end if
23 end for
24 f = fn+1, λ⊥ = λ⊥,n+1, λ‖ = λ⊥ + δλ,n+1

Tab. 5.2.: Optimization algorithm used to estimate the parameters of the convolution kernel.

whose frontier ∂Ω is defined by the linear constraints. In precise terms, we rewrite the cost
function as:

C(f, λ⊥, δλ) = 1
2

Ns∑
i=1

(
Êl,i(f) + bi λ⊥ + F (bi δλ)

)2
+ µP (λ⊥, δλ)

= 1
2

Ns∑
i=1

d2
i (f, λ⊥, δλ) + µP (λ⊥, δλ), (5.37)

where Êl,i(f) = log
((
Êc(qi)− (1− f) exp(−biDiso)

)
/f
)

, F (z) = log (2
√
z/
√
πerf(

√
z)),

and P (λ⊥, δλ) = λ⊥/δλ. The 3× 1 gradient of this cost function reads:

∇C =


Ê ′l,1 . . . Ê ′l,Ns
b1 . . . bNs

b1 F
′ . . . bNs F

′




d1
...

dNs

+ µ


0

∂P/∂λ⊥

∂P/∂δλ

 = JC d + µJP . (5.38)
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We aim at finding configurations for which the gradient becomes null. Far from the frontier
∂Ω, we use Newton’s-like iterations:

xn+1 − xn = −
(
JCJTC + µHP + τI3

)−1 (JCd + µJP ) , (5.39)

where x = [f, λ⊥, δλ]T ,HP is the 3×3 Hessian of the penalty P (λ⊥, δλ), and τ is an adaptive
parameter used to fix convergence issues (Id stands for the d× d identity matrix):

τ = τ0 trace
(
JCJTC + µHP

)
. (5.40)

When the current iteration xn belongs to the frontier ∂Ω, it is likely that the update in
eq. (5.39) will point outside the feasible region Ω, so that it has to be projected [5.67]:

xn+1 − xn = −PT
(
PJCJTCPT + µPHPPT + τI2

)−1 P (JCd + µJP ) ; (5.41)

τ = τ0 trace
(
PJCJTCPT + µPHPPT

)
, (5.42)

where P is a 2× 3 projection matrix that can be derived from the constraints in eq. (5.20):

f = f0 or f = 1 : λ⊥ = 0 : δλ = 0 : λ⊥ + δλ = Diso :

P =
[
0 1 0
0 0 1

]
; P =

[
1 0 0
0 0 1

]
; P =

[
1 0 0
0 1 0

]
; P =

[
1 0 0
0 1 -1

]
.

(5.43)

The final algorithm is sketched in Table 5.2.

5.B Computing the convolution weights to estimate the ODFs

From eqs. (5.23) and (5.24), we aim at computing, for any b = 4π2τq2:

êODF
l (q) = 2π exp (−bλ⊥)

∫ 1

−1
exp

(
−b δλ x2)Pl(x) dx. (5.44)

Obviating the constant 2π exp (−bλ⊥), a well-known property of Legendre polynomials
allows us to compute:∫ 1

−1
exp

(
−b δλ x2)Pl(x)dx =

∫ 1

−1
exp

(
−b δλ x2) (2l − 1)xPl−1(x)− (l − 1)Pl−2(x)

l
dx

= 2l − 1
l

∫ 1

−1
exp

(
−b δλ x2)xPl−1(x)dx− l − 1

l

∫ 1

−1
exp

(
−b δλ x2)Pl−2(x)dx, (5.45)

where the second term is proportional to the integral for the previous even degree, l − 2.
For the first term, we can use the differentiation property of Legendre polynomials; for each
odd l ≥ 3:∫ 1

−1
exp

(
−b δλ x2)Pl−1(x)dx =

∫ 1

−1
exp

(
−b δλ x2) d

dx

Pl(x)− Pl−2(x)
2l − 1 dx

=
((((((((((((((((

exp
(
−b δλ x2) Pl(x)− Pl−2(x)

2l − 1

]1

−1
+ 2b δλ

2l − 1

∫ 1

−1
exp

(
−b δλ x2) (xPl(x)− xPl−2(x)) dx,(5.46)
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since all even Legendre polynomials have value 1 at x = ±1. Developing on the previous
result, we can obtain the first term in eq. (5.45) as:∫ 1

−1
exp

(
−b δλ x2)xPl(x)dx = 2l − 1

2b δλ

∫ 1

−1
exp

(
−b δλ x2)Pl−1(x)dx+

∫ 1

−1
exp

(
−b δλ x2)xPl−2(x)dx.(5.47)

Combining the previous results, Table 5.3 shows a recursive rule to compute the desired
integrals for any degree (the results for 0 and 1 were explicitly computed with symbolic
calculus software).

l êODF
l (q) (l even) rl(q) (l odd)

0 / 1
2π3/2
√
b δλ

exp(−bλ⊥)erf
(√

b δλ

)
2π exp (−bλ⊥)

(√
π erf

(√
b δλ
)

2
√

(b δλ)3
− exp (−b δλ)

b δλ

)
≥ 2 / ≥ 3 êODF

l (q) = 2l − 1
l

rl−1(q)− l − 1
l

êODF
l−2(q) rl(q) = l − 1/2

b δλ
êODF
l−1(q) + rl−2(q)

Tab. 5.3.: Recursive rule to compute the convolution factors for the ODFs, êODF
l (q).

5.C Efficiently computing ιnγ(z)

We aim at calculating:

ιnγ (z) =
∫ 1

−1

x2n(
1 + x2/z

) γ
2
dx = 1

n+ 1/2 2F1

(
n+ 1

2 ,
γ

2 ;n+ 3
2; −1

z

)
. (5.48)

This result can be checked with any software for symbolic calculus. Though eq. (5.48)
provides a closed form in terms of hypergeometric Gaussian functions, its general calculation
is computationally intensive and often inaccurate. Instead, we use the recursive rules
described by [5.68] to reckon the integrals for any n ≥ 1 up from n = 0:

ιnγ (z) = z

n+ 1
2 −

γ
2

((
z

z + 1

) γ
2−1
−
(
n− 1

2

)
ιn−1
γ (z)

)
. (5.49)

For the special case n = γ
2 −

1
2 (γ ∈ Z, γ > 1), an alternative expression must be used:

ι
γ
2−

1
2

γ (z) = −2z
γ − 2

(
z

z + 1

) γ
2−1

+ z ι
γ
2−

3
2

γ−2 (z). (5.50)

The algorithm completes with the computation of the initial terms for n = 0. In this case, a
recursion for γ ∈ Z is used [5.68]:

ι0γ+2(z) = 2
γ

(
z

1 + z

) γ
2

− 1− γ
γ

ι0γ(z). (5.51)
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Inputs: γ ∈ R+\{0},
0 < λ⊥ ≤ λ‖ ≤ Diso

Outputs: {ιnγ (z)}L/2n=0, L ∈ Z, even,
L ≥ 0

1 Compute z = ρλ = λ⊥
λ‖−λ⊥

or z = −κλ = − λ‖
λ‖−λ⊥

2 if γ ∈ Z

3 ι00(z) = 2
4 ι01(z) = 2

√
z acsch (

√
z) or 2

√
−z acsc

(√
−z
)

5 ι02(z) = 2
√
z acot (

√
z) or 2

√
−z acoth

(√
−z
)

6 for g from (1 or 2) until g = γ, 2 by 2:

7 ι0g(z) = 2
g−2

(
z

1+z

) g−2
2 − 3−g

g−2 ι
0
g−2(z)

8 end for
9 else
10 ι0γ(z) = 2 2F1

( 1
2 ,

γ
2 ; 3

2 ; −1
z

)
11 end if
12 for n = 1, 2, . . . , L/2
13 if γ ∈ Z is odd, γ ≥ 3, and n = γ

2 −
1
2

14 Compute ι01(z) as in line 4
15 for g from 3 until g = γ, 2 by 2

16 ι
g
2−

1
2

g (z) = −2z
g−2

(
z

1+z

) g
2−1

+ z ι
g
2−

3
2

g−2 (z)
17 end for
18 else

19 ιnγ (z) = z
n+ 1

2−
γ
2

((
z
z+1

) γ
2−1
−
(
n− 1

2
)
ιn−1
γ (z)

)
20 end if
21 end for

Tab. 5.4.: Recursive algorithm to efficiently compute ιnγ (z).

Finally, the values for the first γ ∈ Z and n = 0 may be analytically computed:

γ = 0 : ι00(z) = 2;
γ = 1 : ι01(z) = 2

√
z acsch (

√
z) = 2

√
−z acsc

(√
−z
)

;
γ = 2 : ι02(z) = 2

√
z acot (

√
z) = 2

√
−z acoth

(√
−z
)
. (5.52)

For γ 6∈ Z, we have to explicitly evaluate 2F1
( 1

2 ,
γ
2 ; 3

2 ; 1
z

)
. However, since this expression

is just the term for n = 0, it remains well-behaved and can be efficiently reckoned with
accuracy. A summary of the algorithm used to compute ιnγ (z) is outlined in Table 5.4.
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Abstract:
Purpose: We seek to reformulate the so-called Propagator Anisotropy (PA) and Non-Gaussianity
(NG), originally conceived for the Mean Apparent Propagator diffusion MRI (MAP-MRI), to the
Micro-Structure adaptive convolution kernels and dual Fourier Integral Transforms (MiSFIT).
These measures describe relevant normalized features of the Ensemble Average Propagator
(EAP).
Theory and Methods: First, the indices, which are defined as the EAP’s dissimilarity from
an isotropic (PA) or a Gaussian (NG) one, are analytically reformulated within the MiSFIT
framework. Then a comparison between the resulting maps is drawn by means of a visual
analysis, a quantitative assessment via numerical simulations, a test-retest study across the
MICRA data set (6 subjects scanned 5 times) and, finally, a computational time evaluation.
Results: Findings illustrate the visual similarity between the indices computed with either
technique. Evaluation against synthetic ground truth data, however, demonstrates MiSFIT’s
improved accuracy. In addition, the test-retest study reveals MiSFIT’s higher degree of reliability
in most of white matter regions. Finally, the computational time evaluation shows MiSFIT’s
time reduction up to 2 orders of magnitude.
Conclusions: Despite being a direct development on the MAP-MRI representation, the PA and
the NG can be reliably and efficiently computed within MiSFIT’s framework. This, together
with the previous findings in [6.1], could mean the difference that definitely qualifies diffusion
MRI to be incorporated into regular clinical settings.

6.1 Introduction

Diffusion MRI (dMRI) has become an irreplaceable tool for the non-invasive study of
the micro- and meso-structure of the white matter (WM) of the brain. While the micro-
structure is usually characterized through suitable diffusion models, the description of the
meso-structure entails the reconstruction and analysis of the Ensemble Average Propagator
(EAP) [6.2], defined as the Probability Density Function of water molecules moving a
distance R within a diffusion time τ [6.3]. The topic covered in this paper focuses on the
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latter. Specifically, we address the characterization of the 3-D EAP computed from multi-shell
samplings (MSS), i. e. dMRI acquisitions comprising a small set of b-values (shells) with a
large number of diffusion gradients each [6.4].

Reconstructing the 3-D EAP allows to compute several scalar indices that embed useful
descriptors of WM. Among them, return-to-origin, return-to-plane or return-to-axis prob-
abilities (respectively, RTOP, RTPP and RTAP), as well as propagator anisotropy (PA) or
non-Gaussianity (NG) are the most often used [6.5, 6.6, 6.7]. In the present paper we
focus on PA and NG, which come to generalize the popular Fractional Anisotropy (FA) and
diffusion Kurtosis.

PA is defined in [6.7] as the distance from the propagator P (R) to its isotropic equivalent.
By means of Parseval’s theorem, it can also be defined as the distance from the attenuation
signal E(q) (the diffusion signal characterized by wave vector q over the unweighted T2
baseline) to its closest isotropic counterpart, O(q):

PA = γ (sin(∠(E(q), O(q))), ε) ∈ [0, 1], (6.1)

where:

cos(∠(E(q), O(q))) = 〈E(q), O(q)〉
‖ E(q) ‖‖ O(q) ‖ , (6.2)

and:

γ(t, ε) = t3ε

1− 3tε + 3t2ε , (6.3)

for ε = 0.4, which stands for a contrast enhancement of PA within the normalized range [0, 1].
PA has shown the ability to characterize morphological and cytoarchitectural attributes,
even in Gray Matter (GM) regions where the FA is non-informative [6.8]. Yet, PA offers
a more accurate assessment of the anisotropic behavior in crossing fibers regions. Within
clinical setups, PA has shown a great potential in the analysis of longitudinal changes within
subjects [6.9], the characterization of cognitive impairment after traumatic brain injury
(TBI) [6.10], impaired social cognition in autism [6.11], or age-dependent neuronal demise
in transgenic Alzheimer rats [6.12].

In turn, NG is defined as the distance from E(q) to its closest Gaussian representation,
G(q) [6.7]:

NG = sin (∠(E(q), G(q))) ∈ [0, 1]. (6.4)

Though the clinical applicability of NG has not been as thoroughly tested as that of PA, it has
been lately proven useful at distinguishing grade II from grade III and IV gliomas [6.13],
relevant for the noninvasive preoperative evaluation of tumour pathological grading. Some
additional studies on axonal loss and demyelination [6.14], as well as head and neck
cancer [6.15, 6.16] are also available.

Though they can be computed resorting to other estimation techniques [6.6], PA and
NG naturally arise from MAP-MRI [6.5, 6.7]. Therein, the NG can be easily computed
from the energy of the non-DC components, since MAP-MRI develops the diffusion signal
by successively refining a Gaussian model. Conversely, the PA is related to the non-DC
components of the isotropic, non-voxel adaptive version of MAP-MRI, a.k.a. 3D-SHORE.

In this article, we aim at formulating and evaluating both PA and NG for the newly devel-
oped Micro-Structure adaptive convolution kernels and dual Fourier Integral Transforms
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(MiSFIT, [6.1]), both of them from the very same signal representation. By taking advan-
tage of the computational efficiency of MISFIT, we expect the already-demonstrated higher
accuracy in the RTxP computation w.r.t MAPL (the de facto standard, regularized version
of MAP-MRI [6.5]) to also be translated for PA and NG. In addition, we also expect this
accuracy to result in a higher reliability of the measures, which together with the critical
reduction of the computational time, qualify MiSFIT’s PA and NG to be incorporated not
only in research studies, but also in clinical settings.

6.2 Theory

6.2.1 MiSFIT’s signal representation

MiSFIT’s composite representation, as it can be seen in [6.1] eq. (4), comprises the aggregate
of a free-diffusing isotropic component and a semi-parametric component that accounts for
the partial volume fraction f ∈ [0, 1] of constrained diffusion:

cE(q) = (1− f) exp (−bD0) + fE(q), (6.5)

with q = qu (q = ‖q‖ ∈ R+) the wave-vector related to the b-value as b = 4π2τq2 and D0
the diffusivity of free-water at body temperature. The constrained diffusion signal E(q) is
drawn as the spherical convolution of a parametric kernel, defined by the longitudinal λ‖
and transverse λ⊥ diffusivities, with a non-parametric Orientation Distribution Function
(ODF), Φ:

E(q) =
∫∫
S

Φ(v) exp
(
−b
(
(uT v)(λ‖ − λ⊥) + λ‖

))
dv, (6.6)

where S = {u ∈ R3 : ‖u‖ = 1}. By representing the ODF in the basis of Spherical Harmonics
(SH), MiSFIT lastly represents the attenuation signal as:

E(qu) =
L∑
l=0
l even

l∑
m=−l

êODF
l (q)φml Y ml (u), (6.7)

where Y ml (u) are the (even) SH functions, φml stand for the SH coefficients of the ODF, and
êODF
l (q) are λ‖ and λ⊥-dependent convolution multipliers (see [6.1] for further details). A

central part to our developments, as can be easily deduced from eqs. (6.1) and (6.4), is the
computation of scalar products between SH-spanned functions like in eq. (6.7). We prove in
Appendix A (located in the “Supporting Information”) that their calculation relies on the
evaluation of the following integral, Il(ρλ), involving the Legendre Polynomials Pl(xi):

Il(ρλ) =
∫∫ 1

−1

Pl(x1)Pl(x2)
(2ρλ + x2

1 + x2
2)3/2 dx1dx2, (6.8)

for ρλ = λ⊥/(λ‖ − λ⊥). These integrals do not admit a closed form. However, since only the
first few even orders of l are needed, they can be pre-computed for a wide range of ρλ and
with an accuracy up to the numerical precision of the machine. Fig. 6.1 shows their values
for the first few l.
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Fig. 6.1.: Numerical values of the integrals Il(ρλ) as described in eq. (6.8).

6.2.2 PA for MiSFIT’s composite signal

From the definition in eq. (6.1), we develop into:

sin (∠(cE(q), cO(q))) =
√

1− cos2 (∠(cE(q), cO(q))) (6.9)

We demonstrate in Appendix B (in “Supporting Information”) that the squared cosine in the
last equation leads to:

cos2 (∠(cE(q), cO(q))) = ‖cO(q)‖2

‖cE(qu)‖2 = (1− f)2Oiso + f2Oani + f(1− f)Omix

(1− f)2Eiso + f2Eani + f(1− f)Emix
, (6.10)

where the isotropic terms (Eiso, Oiso), the anisotropic terms (Eani, Oani), and the mixed
terms (Emix, Omix) come from the composite representation (i.e. isotropic plus anisotropic
parts) in eq. (6.5):

Oani = (φ0
0)2πδ

−3/2
λ I0(ρλ);

Eani =
∑
l,m

(φml )2πδ
−3/2
λ Il(ρλ);

Eiso = Oiso = (2D0)−3/2;

Emix = Omix = 4
√
πφ0

0

(
(D0 + λ⊥)

√
D0 + λ‖

)−1
,

(6.11)

for δλ = λ‖ − λ⊥. Therefore, the PA finally reads:

PA = γ


√√√√√√1−

(1−f)2

(2D0)3/2 + 4
√
πf(1−f)

(D0+λ⊥)
√
D0+λ‖

φ0
0 + f2(φ0

0)2πδ
−3/2
λ I0(ρλ)

(1−f)2

(2D0)3/2 + 4
√
πf(1−f)

(D0+λ⊥)
√
D0+λ‖

φ0
0 + f2∑

l,m(φml )2πδ
−3/2
λ Il(ρλ)

, ε

 . (6.12)
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Noticeably, removing the isotropic compartment (i.e. taking f = 1) results in a much simpler
expression:

PA = γ

(√
1− Oani

Eani
, ε

)
= γ


√√√√√1−

(φ0
0)2πδ

−3/2
λ I0(ρλ)∑

l,m

(φml )2πδ
−3/2
λ Il(ρλ)

, ε

 . (6.13)

Conversely, fitting a voxel with f = 0 (i.e. a free-water voxel), results in both ‖cO(q)‖2 and
‖cE(qu)‖2 being equal. Hence, the PA as defined in eq. (6.9), will be 0 as expected.

6.2.3 NG for MiSFIT’s composite signal

Now, from the definition in eq. (6.4):

sin(∠(cE(q), cG(q, D̂))) =

√√√√1−
(
〈cE(q), cG(q, D̂)〉
‖cE(q)‖‖cG(q, D̂)‖

)2

, (6.14)

where cG(q, D̂) is the closest Gaussian propagator. In the MiSFIT approach, the equivalent
Gaussian propagator is estimated by fitting a tensor to the EAP-based reconstruction of the
attenuation signal (for b-values < 2000 s/mm2). The reason behind this is that computing
the actual closest Gaussian propagator (i.e. that which results in the smallest possible Mean
Squared Difference, MSD) is not trivial and would require solving a calculus of variations
problem that could easily maim the computational efficiency nature upon which MiSFIT is
build. Hence, the problem is solved in the logarithmic domain of E(q), to make it convex
and permit a closed-form solution, while keeping the computationally-efficient feature that
makes MiSFIT desirable for specific settings. Thus, from now on, our implementation of the
closest Gaussian propagator will be referred to as “DTI-like propagator”. More information
about the Gaussian propagator and the method chosen to compute it is included in the
appendix E.2. (in “Supporting Information”). We demonstrate in Appendix C that the
quotient in eq. (6.14) equals:

(
〈cE(q), cG(q, D̂)〉
‖cE(q)‖‖cG(q, D̂)‖

)2

=

(
1−f√
|D̂+D0|

+ f
∑
l,m φ

m
l ξ

m
l

)2√
8|D̂|

(1− f)2Eiso + f2Eani + f(1− f)Emix
, (6.15)

where D̂ is the DTI-like propagator; D0 = D0I3 is D0 times the identity matrix; | · | stands
for the determinant; ξml are the SH coefficients of a spherical function defined in Appendix
C (in “Supporting Information”) that depends on D̂, λ‖ and λ⊥. Finally, the NG reads:

NG =

√√√√√√√1−

(
1−f√
|D0+D̂|

+ f
∑
l,m φ

m
l ξ

m
l

)2√
8|D̂|

(1−f)2

(2D0)3/2 + f2∑
l,m(φml )2πδ

−3/2
λ Il(ρλ) + 4

√
πf(1−f)

(D0+λ⊥)
√
D0+λ‖

φ0
0

. (6.16)
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Again, evaluating the NG for f = 1 yields to a simpler expression:

NG =

√√√√√1−
(

8δ3
λ|D̂|

)1/2

(∑
l,m φ

m
l ξ

m
l

)2

π
∑
l,m(φml )2Il(ρλ) . (6.17)

For values of f other than 0, finding the Gaussian counterpart to the MiSFIT-estimated EAP
is not equally easy. This is not an issue within the (anisotropic) MAP-MRI framework, since it
represents the diffusion signal as a series of orthogonal cumulants, being the DTI estimation
the first one, i.e.:

EMAP(q) = EDTI(q) + EMAP\DTI(q), (6.18)

so that the closest Gaussian is just the first addend. As already explained in the beginning
of the section, MiSFIT can only compute a “DTI-like” propagator in order not to maim its
computational efficiency.

6.3 Methods

6.3.1 Materials

In vivo validation has been carried out using only publicly-available databases:

• The HCP (Human Connectome Project)1 MGH-USC data set (subject 1007) comprises
high-quality DWI volumes acquired on a Siemens 3T Connectome Scanner (Siemens,
Erlangen, Germany) with maximum gradient strength 300 mT/m. The data were
acquired with a spin-echo echo planar imaging (EPI) with TR/TE = 8000/57 ms,
four different shells at b = [1000, 3000, 5000, 10000] s/mm2 with [64, 64, 128, 256]
diffusion gradients each, and 40 interleaved non-weighted baselines, in-plane resolu-
tion 1.5 × 1.5 mm2 and slice thickness 1.5 mm, and pulse separation time/diffusion
gradients length ∆/δ = 21.8/12.9 ms. The outermost shell has been removed in order
to validate our proposal with more standard acquisitions.

• The MICRA (Micro-structural Image Compilation with Repeated Acquisitions) database [6.17]
contains five repeated sets of MSS DWI for each of six healthy volunteers. The
images were acquired within a two-week period, approximately at the same time
for each participant —avoiding potential diurnal effects— on an ultra-strong gradi-
ent 3T Connectome MRI scanner using a single-shot spin echo EPI with TR/TE =
3000/59 ms, six different shells at b = [200, 500, 1200, 2400, 4000, 6000] s/mm2,
with [20, 20, 30, 61, 61, 61] gradient directions respectively, in-plane resolution
2 × 2 mm2, slice thickness 2 mm and ∆/δ = 24/7 ms. The data were preprocessed
by removing Gibbs ringing artifacts [6.18] (with MRtrix3 [6.19]) and correcting
susceptibility-induced distortions (with FSL’s topup; Analysis Group, FMRIB, Oxford,

1Data obtained from the Human Connectome Project (HCP) database (https://ida.loni.usc.edu/login.jsp). The
HCP project (Principal Investigators: Bruce Rosen, M.D., Ph.D., Martinos Center at Massachusetts General Hospital;
Arthur W. Toga, Ph.D., University of Southern California, Van J. Weeden, MD, Martinos Center at Massachusetts
General Hospital) is supported by the National Institute of Dental and Craniofacial Research (NIDCR), the National
Institute of Mental Health (NIMH) and the National Institute of Neurological Disorders and Stroke (NINDS). HCP is
the result of efforts of co-investigators from the University of Southern California, Martinos Center for Biomedical
Imaging at Massachusetts General Hospital (MGH), Washington University, and the University of Minnesota.
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UK.; https://fsl.fmrib.ox.ac.uk/fsl/fslwiki [6.20, 6.21]) and B1 field inhomo-
geneity [6.22] (with MRtrix3).

6.3.2 Implementation details

The fitting procedure for parameters f , λ‖ and λ⊥ in eqs. (6.5) and (6.6), and the com-
putation of the ODF’s SH coefficients, is detailed in [6.1]. We have used L = 8 as the
maximum order for SH expansions, and empirically set µ = 1.2 · 10−4 as the regularization
parameter described therein to avoid singular convolution kernels. To compute Il(ρλ), we
have resorted to linear interpolation in the logarithmic domain from the values depicted in
Fig. 6.1. The whole MiSFIT framework, including the newly introduced PA and NG, was
coded in Matlab® R2019b (The MathWorks, Inc., Natick, MA) and is available for download
2.

The computation of PA and NG with MiSFIT is validated by comparing them with the de facto
standard in the related literature, i.e. the MAPL as described in [6.5]. We have used the
implementation in the DIPY package 3 under Python 3, though the actual code allowing the
computation of the PA within the anisotropic MAP-MRI reconstruction was kindly provided
by the authors on demand. We use MAPL with positivity constraints and cross-validation for
setting the Laplacian penalty term. The maximum order for the basis functions was set to
6.

In both cases, and unless otherwise noticed, both PA and NG have been set up using the
entirety of the acquisition’s shells.

6.3.3 Ground-truth based evaluation

Numeric comparisons over ground-truth data are based on the methodology originally
proposed in [6.1]. A micro-structure model is estimated at representative regions of the
WM using NODDI [6.23]. Afterwards, a statistical model is built upon the estimated
parameters, and further used to draw random samples that are fed to the forward NODDI
model to generate synthetic samples simulating 1, 2, or 3 crossing fibers at will with a
known Peak Signal to Noise Ratio (PSNR). As long as the generative model can be sampled
for any gradient direction and b-value, ground-truth values are easily obtained for any
dMRI measure with arbitrary precision by numerical integration. See [6.1] for further
details on this methodology. While the ground truth for the PA is somehow trivial via
the SH representation, determining the ground truth of NG implies solving a problem of
calculus of variations. So this is transformed into a Least Squares (LS) optimization one by
minimizing the squared residuals of a preset number of q-space samples and then solved in
the logarithmic domain of E(q), as explained in Section 6.2.3.

2http://www.lpi.tel.uva.es/dmrilab
3https://dipy.org/
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Fig. 6.2.: 3D visualization of the 11 JHU DTI-based labels in standard space. Note that some of the
regions are not shown in either subfigure, in order to ease the visualization.

6.3.4 Reliability Study

The repeated acquisitions within MICRA dataset have been used to assess the repeatability
of the computed measures (i.e. inter-session variability) and the separability they provide
(i.e. inter-subject differences). These complementary properties together characterize the
reliability of each method (MiSFIT/MAPL) and measure (PA/NG) [6.24]. Note that DTI’s FA
and DKI’s mean Kurtosis have been included in the table for a wider comparison.

The design of the corresponding experiment is as follows: First, ROIs were back-projected
by registering the JHU atlas’ labels [6.25] (in MNI152 space) into each subjects’ space by
means of linear plus nonlinear registration (FSL’s [6.26] FLIRT and FNIRT [6.27, 6.28],
respectively) of the subject’s FA to the JHU atlas, followed by the application of the inverse
warping to the JHU labels. An eroded mask of the regions with a kernel of size 2× 2× 2 was
then computed to palliate the effects of a possible misalignment in the registration, removing
tissue regions potentially affected by a partial volume effect, followed by the removal of
those values for which the FA in the region yielded outliers (defined as those values falling
1.5 times outside the interquartile range). More information about the outlier rejection
procedure is included in the Appendix E.1. within the supporting document. Finally, for each
ROI in the subject space, one single-valued representative of each measure was computed
as the median value. Fig. 6.2 shows a 3D brain render of the 12 WM regions included
in the study (i.e. those in the JHU DTI-based atlas). Note that ROIs in both right and
left hemisphere have been merged together into a single region. Repeatability was then
computed as the mean across subjects of the variances across sessions, while separability
was computed as the variance across subjects of the means across sessions. A Figure of Merit
(FoM) was lastly defined as the separability over repeatability ratio. Owing to the limited
size of the database, a 200-runs bootstrap analysis over population’s subsets was carried out
to assess the confidence we can put on such FoM, expressed as its coefficient of variation
(CV):

CVFoM =
(

1 + 1
4n

) s
x̄
, (6.19)
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Fig. 6.3.: Comparison of the PA maps obtained with either MiSFIT and MAPL for the third session of
the fourth MICRA’s subject. Left: visual assessment within the whole range of variation [0, 1].
Right: joint 2-D histograms (logarithmic) of MAPL’s values vs. MiSFIT’s. The high-valued
islands within MiSFIT (tag numbered ‘1’) correspond to ambiguous configurations of the
convolutional representation of MiSFIT.

with x̄/s the mean/standard deviation over bootstrapped samples, and n the number of
bootstrap samples, used in the first term to attain unbiased estimates of the CV.

6.3.5 Computational Time Evaluation

One main advantage of MiSFIT, as compared to MAP-MRI/MAPL, is its computational
efficiency, which allows to estimate the EAP two orders of magnitude faster. Nonetheless,
the computation of scalar measures from the reconstructed EAP can result in non-negligible
computational overloads: while the computation of NG is straightforward after the non-
isotropic MAP-MRI signal representation, this is not the case for PA, which requires non-trivial
extra calculations.

For this reason, it makes sense to compare how long MiSFIT and MAPL take to compute (1)
the signal representation, (2) the PA and (3) the NG. The experiment is carried out with
the aforementioned Matlab’s (for MiSFIT) and Python DIPY’s (for MAPL) implementations
running in a quad-core Intel© CoreTM i7-6500U processor with 8GB RAM.

6.4 Results

6.4.1 Visual assessment

Figs. 6.3 and 6.4 compare the computations of PA and NG by MiSFIT and MAPL for the
randomly chosen third session of the fourth MICRA’s subject. With regard to PA, MAPL
presents a noisier behavior (Fig. 6.3, left), specially in those areas with lower anisotropy
values —except the ventricles, which MiSFIT clearly fails to delineate. This can also be ob-
served in areas with higher anisotropy, resulting, for example, in some visible discontinuities
in the external capsule (EC). In comparison, MiSFIT produces a more saturated map, clearly
defining the major WM fiber tracts and their limits, making even more distinguishable the
anisotropy of diffusion processes in some brain regions. Nonetheless, this contrast saturation
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Fig. 6.4.: Comparison of the NG maps obtained with either MiSFIT and MAPL for the third session
of the fourth MICRA’s subject. Left: visual assessment within the cropped range [0.1, 0.7].
Right: joint 2-D histograms (logarithmic) of MAPL’s values vs. MiSFIT’s. The outliers tagged
with ‘2’ correspond to ambiguous configurations of the convolutional representation of
MiSFIT.

does not imply, per se, a more accurate result. The comparison can also be analysed in terms
of the 2D joint histogram (Fig. 6.3, right), which shows a linear correlation between both
metrics, only disturbed for lower PA values, where the histogram broadens. As explained in
[6.1], MiSFIT’s estimation produces artifacts (tagged with number 1) due to ambiguities in
highly-isotropic zones (such as the ventricles or the GM), where the optimizer has to decide,
in eqs. (6.5) and (6.6), whether f = 1 or λ⊥ ' λ‖.

For NG, both MiSFIT and MAPL provide outcomes as similar as those found with PA (Fig. 6.4,
left), with the exception of the overall negative bias MAPL introduces w.r.t MiSFIT. This
shift is more clearly visible in Fig. 6.4, right: MAPL’s values are strongly linearly correlated
with MiSFIT’s, but placed along a line with slope less than 1 and negative bias. Once again,
MiSFIT fails to delineate the ventricles due to the ambiguity in the representation, yielding
to the outlier tagged as 2 in the histogram.

6.4.2 Quantitative analysis based on ground-truth

The numerical assessment of the accuracy of each method is based on the ground-truth
data described in Section 6.3.3: Figs. 6.5 and 6.6 show the similarity of PA and NG, as
computed with each of MAPL and MiSFIT, with true values of PA and NG, respectively. Joint
2-D histograms have been computed for different PSNR values (16, 32 and 64). Fig. 6.7
shows the rMSE for PA and NG estimates from both MAPL and MiSFIT as a function of the
ground-truth RTOP value, as in [6.1]. This choice is based on the definition of RTOP as the
integral of the attenuation signal in the whole q-space:

RTOP =
∫
R3
|E(q)|2dq, (6.20)

which directly relates RTOP to the bandwidth of the EAP.

For PSNR=64, MiSFIT results in more accurate PA maps than MAPL from every possible
point of view: Not only depicting smaller variability across the dynamic range, but also
resulting in mean values closer to the ground truth. When conditions worsen, e.g. PSNR=16,
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Fig. 6.5.: 2D Joint histogram of the estimated PA (y-axis) against synthetic ground truth values
(x-axis) for different PSNR (16 left, 32 middle, 64 right). There exists a significant linear
correlation between the estimated and real values, with MiSFIT being clearly more accurate
and less variable than MAPL for PSNR > 32.

MiSFIT obtains poorer results, overestimating the anisotropy in highly-isotropic regions.
These PA estimates, however, get more accurate the more anisotropic the region is.

Regarding the relative MSE (top of Fig. 6.7), MiSFIT yields to smaller errors, constantly
outperforming MAPL values for any given bandwidth, PSNR or fiber bundle configuration.
This latter variable is responsible of the poorer behavior of MiSFIT in Fig. 6.5 with PSNR=16.
Arguably, both PA estimates worsen as the number of crossing fibers increases, which may
be caused by the representation’s difficulties when computing the isotropic EAP counterpart
from bundles that may have different diffusion properties. Notice that, despite the results
being worse for the third bundle configuration, they still outperform MAPL’s.

The discussion for the NG is not equally good to MiSFIT. First of all, the two left-most
columns of Fig. 6.6 (PSNR 16 and 32, respectively) show bigger variability across the
measure’s dynamic range, even for those values with means closer to the ground truth than
those reported by MAPL. With respect to MiSFIT, there are multiple sources of error that end
up stacking one to each other, the main one is driven by the noise —which causes the metric
to be underestimated, specially in regions with high-Gaussianity behavior— but also by the
estimated EAP —which affects the non-Gaussian regions estimates— and the DTI-estimated
equivalent Gaussian EAP —which is greatly palliated as the fiber crossings increases.

On the other hand, the rMSE depicted from MiSFIT’s NG (bottom of Fig. 6.7) seems to be
dominated by the EAP reconstruction error, which results in MiSFIT underestimating the NG.
This behavior is consistent with the one explained in [6.1] (Fig. 8). Interestingly, the rMSE
increases when dealing with single-fiber configurations. This may be caused by MiSFIT’s
construction: The convolution of the Gaussian kernel with a very prolate but not-completely-
sampled ODF (i.e. possibly non-Gaussian) results in Gaussian-like distributions, which yields
to underestimated NG results. Alternatively, when adding fibers onto the configuration, the
reconstructed EAP function gets smoother over the surface of the sphere, thus getting more
accurately defined by the sampling scheme, which in turn leads to more precise estimations
of the original EAP. This can also be appreciated in the bottom of Fig. 6.7.

6.4 Results 165



PSNR = 16

0.2

0.25

0.3

0.35

0.4

0.45

0.5

E
s

ti
m

a
te

d
 N

G
 (

M
A

P
L

)

0.2 0.25 0.3 0.35 0.4 0.45 0.5

0.2

0.25

0.3

0.35

0.4

0.45

0.5

E
s

ti
m

a
te

d
 N

G
 (

M
iS

F
IT

)

PSNR = 32

0.2 0.25 0.3 0.35 0.4 0.45 0.5

Real NG

PSNR = 64

0.2 0.25 0.3 0.35 0.4 0.45 0.5

Fig. 6.6.: 2D Joint histogram of the estimated NG (y-axis) against synthetic ground truth values
(x-axis) for different PSNR (16 left, 32 middle, 64 right). A linear correlation can be
appreciated in both PSNR = 64 maps. MiSFIT tends to be more accurate in the high values,
while MAPL estimation gets unbiased for lower ones, as well as for PSNR = 16.

In order to relate the numerically-obtained results with in-vivo images, the PSNR has been
computed for a subject of the MICRA dataset by dividing the filtered (denoised) image by
the estimated noise level. Both filtered image and noise level have been computed by using
dwidenoise (MRtrix3, Tournier et al., NeuroImage, 2019) on the raw images. Finally, a
white matter mask has been crafted by merging all the (previously-eroded) JHU WM labels.
The resulting PSNR is 28.12, a usual result for good-quality acquisitions such as MICRA. This
result indicates that the in-vivo images in Fig. 2 and 3 (from MICRA dataset) can be related
to the middle column in Fig. 4, 5 and 6. In this PSNR range, the MiSFIT’s PA portrays a
much less variable estimation than MAPL’s. MiSFIT tends to overestimate the mid-low PA
values, while MAPL tends to subestimate them. MiSFIT’s RMSE depicts a better accuracy in
either bundle configuration and throughout the entire bandwidth range. Regarding the NG,
the variance of the estimation increases significantly, yielding to subestimated results for
both MiSFIT and MAPL. Concerning the RMSE, for the lower bandwidth ranges the MiSFIT’s
NG results in slightly less accurate estimations, which are improved in the mid-to-high
bandwidth ranges.

6.4.3 Reliability Study

The results corresponding to the experiment described in Section 6.3.4 are summarized in
Tables 6.1 and 6.2. Table 6.1 reports the FoM —the reliability measurement— together with
the CV of the repeatability values. Table 6.2 shows the FOM’s bootstrapped CV.

The first thing to notice from Table 6.1 is that all FoM values are greater than one, meaning
that, for any given ROI, the inter-subject variability of the metrics is greater than the intra-
subject variability. Regarding the PA, both MiSFIT and MAPL exhibit the same tendency,
yielding to reliability values in the same order of magnitude, with the exception of the GCC
where MAPL depicts much greater results than MiSFIT, and the EC where MiSFIT depicts
greater results than MAPL. The reliability of the MiSFIT’s NG, on the other hand, outperforms
MAPL in most regions, for example in the 3 subregions of the corpus callosum (CC) —genu,
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Fig. 6.7.: Estimated relative mean squared error (rMSE) of PA (top) and NG (bottom) as a function
of signal’s bandwidth (i.e. RTOP), for different PSNR (16 left, 32 middle and 64 right)
and 1, 2 or 3 fiber crossing configuration. Missing bars correspond to those fiber bundle
configurations for which PA, NG or RTOP values could not be computed. Statistical prop-
erties displayed: mean (star-shaped symbol), standard deviation (full-colored box), 90%
confidence interval (empty box).

body and splenium— which together form one of the biggest connective pathways in the
brain.

In terms of repeatability, both measures result in stable outputs throughout the various
sessions of a given subject, yielding low CV values. MAPL’s PA results in more repeatable
values in 6 out of 11 regions while giving virtually equal values for 2 of the rest (BCC and
PLIC, with less than 10% difference between both frameworks); whereas MAPL’s NG depicts
higher repeatability in 5 out of the 11 regions. To widen the comparison with existing and
previously-validated measures, the table also includes the reliability and repeatability values
for FA (Fractional Anisotropy) and MK (mean Kurtosis) from DTI and DKI frameworks,
respectively. As it can be seen, the FA shows the same tendency to that of MAPL and MiSFIT,
with the only exceptions being ACR and SCR. Concerning the MK, which outperforms both
MAPL and MiSFIT’s reliability values in 6 of the regions, it is worth noticing that this measure
is not as similar to the NG as the FA is to the PA. That is simply because, by definition, the
mean Kurtosis is computed as the mean of individual kurtoses calculated along all gradient
directions, whereas NG requires the 3-D EAP and its 3-D Gaussian counterpart to compute
the dissimilarity of the projection onto a multidimensional vector; thus being affected by
moments with order higher than kurtosis.

The results shown in the previous table are supplemented by the bootstrap-derived coeffi-
cients of variation of the reliability values in Table 6.2, which gives us insights about the
reliability of the FoM values. For example, we can conclude that repeated acquisitions of the
FoM value for the MAPL’s PA in the middle cerebellar peduncle (MCP, 2.09) yield to variations
0.658 times its mean, thereby making us aware of the variation of such value, and able to
question its trustworthiness.
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PA FA NG MK

Region MAPL MiSFIT DTI MAPL MiSFIT DKI

MCP 0.113 / 3.54 0.064 / 2.09 0.184 / 2.64 0.035 / 2.66 0.136 / 3.82 0.039 / 1.44
GCC 0.067 / 13.49 0.151 / 4.59 0.192 / 13.20 0.120 / 3.59 0.070 / 19.74 0.072 / 8.58
BCC 0.057 / 4.66 0.061 / 4.31 0.077 / 7.42 0.087 / 1.98 0.016 / 4.37 0.010 / 11.83
SCC 0.006 / 14.7 0.026 / 10.86 0.018 / 33.42 0.049 / 5.77 0.003 / 40.94 0.025 / 17.46
ALIC 0.078 / 3.04 0.148 / 5.25 0.149 / 2.57 0.056 / 4.00 0.045 / 1.40 0.035 / 13.01
PLIC 0.045 / 6.55 0.049 / 3.72 0.059 / 7.07 0.030 / 3.31 0.015 / 8.43 0.021 / 9.43
ACR 0.152 / 3.42 0.024 / 3.39 0.033 / 11.33 0.026 / 4.55 0.036 / 14.30 0.024 / 14.37
SCR 0.232 / 3.38 0.019 / 3.21 0.067 / 24.30 0.023 / 2.26 0.040 / 35.15 0.017 / 5.32
PCR 0.157 / 3.14 0.034 / 2.00 0.349 / 1.20 0.021 / 2.34 0.152 / 2.12 0.037 / 6.70
PTR 0.192 / 5.05 0.023 / 5.98 0.252 / 2.06 0.036 / 3.42 0.083 / 2.03 0.016 / 18.82
EC 0.729 / 3.39 0.035 / 17.30 0.352 / 5.35 0.075 / 7.1 0.491 / 5.47 0.022 / 18.84

Tab. 6.1.: Repeatability coefficient of variation (‰) over reliability (FoM) values for each of the
regions, measures (PA, NG) and methods (MiSFIT, MAPL). DTI’s FA and DKI’s MK have
been added for a wider comparison. Results indicate a good ratio between inter-subject
and the intra-subject variability for both measures. On average, MiSFIT’s NG obtain slightly
better results than MAPL’s, e.g. in the corpus callosum, while resulting in less reliable PA
maps than those obtained with MAPL or DTI’s FA.

PA FA NG MK

Region MAPL MiSFIT DTI MAPL MiSFIT DKI

MCP 0.596 0.658 0.613 0.494 0.225 0.325
GCC 0.385 0.230 0.243 0.318 0.303 0.199
BCC 0.524 0.557 0.588 0.310 0.408 0.437
SCC 0.488 0.431 0.516 0.324 0.293 0.486
ALIC 0.331 0.368 0.332 0.351 0.322 0.322
PLIC 0.719 0.399 0.553 0.409 0.342 0.203
ACR 0.359 0.275 0.416 0.488 0.649 0.323
SCR 0.679 0.522 0.491 0.502 0.488 0.430
PCR 0.256 0.559 0.334 0.378 0.382 0.326
PTR 0.170 0.304 0.333 0.388 0.513 0.586
EC 0.659 0.328 0.276 0.305 0.326 0.201

Tab. 6.2.: Bootstrap-derived CV of the FoM values for each of the regions, measures (PA, NG) and
methods (MiSFIT, MAPL), together with the DTI’s FA and the DKI’s MK, for a wider
comparison. The bootstrap was computed by doing 200 runs.

6.4.4 Computational Time Evaluation

Arguably, one notorious factor that conditions the actual clinical applicability of EAP imaging
resides in the computational time requirements. Table 6.3 shows the time needed by MiSFIT
and MAPL to (1) fit the signal, (2) compute the PA, and (3) compute the NG. As it can be
seen, fitting the signal to MAPL requires almost 9 hours for a single DWI MICRA volume
with size (110, 110, 66, 266). MiSFIT does so in less than 20 seconds.

As expected, the PA computation is time-consuming for the MAPL approach, which has to
recalculate the MAP-MRI isotropic coefficients from those of the anisotropic representation.
MiSFIT, on the contrary, only has to take the first SH coefficient to estimate the isotropic
counterpart. This process ends up taking MAPL 2 hours 20 minutes in comparison with
MiSFIT’s 0.345 seconds.

Finally, the NG is easily computed by MAPL, which only has to take the first coefficient
(Gaussian) from its series expansion and compute the angular divergence. In this case, MAPL
computes the measure in 3.6 seconds while MiSFIT takes 5.8 seconds.
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Phases MAPL MiSFIT
Fit Model 8h 36m 17s

PA Computation 2h 19m 1s
NG Computation 3s 6s

Total time 10h 56m 23s
Tab. 6.3.: Time consumption on the different phases of the metric’s computation. Fitting the MAPL

model is three-orders of magnitude more time-expensive than MiSFIT. MAPL requires
almost 11 hours for a single DWI volume, in comparison with MiSFIT’s 23 seconds, which
makes the former unfeasible for clinical applicability.

To sum up, the total time required by either framework to actually produce a meaningful
map is no less than 8 hours 30 minutes for MAPL (fit the model and compute the NG)
compared with MiSFIT’s maximum of 22 seconds (fit the model and compute the NG).
Needless to say, this time-consuming difference is of main importance not only in clinical
settings, but also in the processing of large data sets that are becoming more common in the
dMRI community.

6.5 Discussion

In this paper we have shown how two descriptors of the white matter anatomy, PA and NG,
can be computed within MiSFIT with very little computational effort. This way, we have
generalized the analysis described in the original work [6.1], based on raw moments, to
normalized indices that can be easier to interpret.

Regarding the PA, we have shown that MiSFIT yields to maps comparable to those obtained
with MAPL. Yet, according to the numerical simulations, MiSFIT results are more accurate.
This remains true in regions with diverse anisotropic behavior, and becomes compromised
only when dealing with attenuation signals highly contaminated by noise. The reliability
evaluation depicts comparable outcomes for both frameworks; meaning that, in general,
none is far superior than the other and result, on average, in estimates almost identical (5.85
for MAPL, 5.70 for MiSFIT). In some particular regions, however, substantial differences can
be found. The repeatability assessment, on the other hand, yields to MiSFIT estimates more
repeatable than MAPL’s (on average, 0.06 and 0.17‰, respectively). Thus, we conclude not
only that MiSFIT’s PA leads to a desirable stability of measurements throughout the sessions
(in its maximum, the average subject’s measures of the GCC varies 0.151‰ its mean), but
also that its reliability is comparable to that of MAPL.

Concerning the NG, we have shown the high correlation between MiSFIT’s and MAPL’s
estimates, disturbed only by MiSFIT’s noisier behavior in Gaussian regions. Overall, MiSFIT
exhibits a positive bias compared to MAPL for all the range of NG. According to the numerical
simulations in Fig. 6.6, however, both frameworks clearly underestimate the actual value of
the NG. Paradoxically, the negative bias in MAPL increases with the PSNR. Yet, the (negative)
bias introduced by MiSFIT is less severe than MAPL’s, which is consistent with the experiment
in Fig. 6.4 with real data. Therefore, the large relative errors reported in Fig. 6.7 for the NG
(far larger than those for the PA) are likely explained by the bias in the estimation. Similar
to PA, both frameworks depict highly repeatable results across intra-subject sessions (0.05‰
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for MAPL, 0.10‰ for MiSFIT, averaging across regions). In terms of reliability, MiSFIT’s
estimates are, on average, far more reliable (12.52 against MAPL’s 3.73).

Note the evaluation of the NG based on ground-truth is far more difficult than it is for the PA,
since the definition of the NG is tightly related to the MAP-MRI representation: with MAP-
MRI, the closest Gaussian is trivially computed as the first addend of the expansion, so that
the non-Gaussian part of the EAP is orthogonal to its Gaussian part. This property is unique
to MAP-MRI, and does not hold neither for MiSFIT nor for the designed ground-truth signal.
Consequently, it remains unclear if our ground truth is actually the desirable target. Given
this situation, the reliability analysis grants a valuable quantitative information without the
need of a ground-truth. In this sense, MiSFIT outperforms MAPL’s estimation of the NG in 7
out of the 11 regions studied, including the CC. Taking also into account that MiSFIT offers
a higher dynamic range for the NG, see Fig. 6.4 (left), we postulate that MiSFIT can be an
attractive alternative to compute this index.

The numerical validation based on reliability, not just repeatability, is indeed a novel
contribution of the present paper, as separability is a desirable property for any anatomical
index. We claim that assessing the reliability is mandatory when comparing different dMRI
techniques since EAP imaging approaches crop the otherwise infinite bandwidth of the
diffusion signal in different ways (see [6.1]), depending on the representation used. The
main limitation of the reliability assessment is the need for a robust inter-subject registration,
so that the registration error does not become a critical confounding factor. In this sense, the
repeatability values added to the analysis together with the computation of bootstrapped
FoMs in Table 6.2 gives an idea of the confidence we can put on the results in Table 6.1. As
long as the coefficients of variation are relatively large in all cases, we may conclude that
more work is needed to pose the assessment of reliability as a state of the art procedure.

A critical issue with previous implementations of both the PA and the NG is their time-
consuming nature, unsuited for clinical practice. According to Table 6.3, the time required
for processing an entire volume of the MICRA database with MAPL is well over 8 hours
when Generalized Cross-Validation and Positivity Constraints are used. For a subject in
the HCP database, this time can grow up to 52 hours. Provided that for a clinical study a
whole database needs to be processed, researchers will be compelled to use sub-optimal
configurations, without positivity constraints, with fixed Laplacian penalty terms, or cropping
the maximum order of the basis functions, which will compromise the accuracy of the
measures and, in turn, the quality of the study. MiSFIT, on the other hand, is two orders of
magnitude faster for any configuration.

To sum up, in this work the PA and NG measures have been introduced, their equations
derived for MiSFIT’s full composite attenuation signal and their performance within such
framework validated. Both measures, with several proven clinical applications, result in
consistent and reliable maps. All of this, together with MiSFIT’s proven efficiency —capable
of modeling the signal and computing both maps in less than a minute compared to MAPL’s
11 hours— make the MiSFIT framework qualified for the new standardized dMRI protocol
within clinical settings.
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Appendices

6.A Legendre Polynomials Integration

This section shows the resolution of scalar products between SH-spanned functions, since
both PA and NG rely on it. First, take into account that the scalar product of two such
functions f and g can be expressed in spherical coordinates as:

〈f(q), g(q)〉 =
∫∫∫

R3
f(q)g(q)dq =

∫∫
S

∫ ∞
0

q2f(qu)g(qu)dqdu. (6.21)

The squared modulus of f results in ‖f(q)‖2 =
∫∞

0 q2 ∫∫
S (f(qu))2

dudq. Casting the
attenuation signal E(q), as in eq.(7), into the previous result, we get:

‖E(qu)‖2 =
∫ ∞

0
q2
∫∫
S

∑
l,m

êODF
l (q)φml Y ml (u)

2

dudq (6.22)

=
∫ ∞

0
q2
∑
l,m

(
êODF
l (q)

)2 (φml )2dq =
∑
l,m

(φml )2
∫ ∞

0
q2 (êODF

l (q)
)2
dq. (6.23)
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To simplify, the integral in the variable q will be done separately by first replacing the con-
volution factors êODF

l (q) = 2π
∫ 1
−1 ΛODF(x, q)Pl(x)dx, where ΛODF stands for the convolution

kernel in a given shell, see [1]:

E(qiu) =
∫∫
S

Φ(v)ΛODF(uTv; qi)dv : ΛODF(x, qi) = exp(−biλ⊥) exp(−biδλx2),
(6.24)

where δλ = λ‖ − λ⊥. Hence, we can continue with the computation in eq. (6.23)

∫ ∞
0

q2(êODF
l (q))2dq =

∫ ∞
0

q2
(

2π
∫ 1

−1
ΛODF(x, q)Pl(x)dx

)2

dq, (6.25)

which results in:∫ ∞
0

q2(êODF
l (q))2dq = 4π2

∫∫ 1

−1

(
q2ΛODF(x1, q)ΛODF(x2, q)dq

)
Pl(x1)Pl(x2)dx1dx2 (6.26)

= π

(4πτδ⊥)3/2

∫∫ 1

−1

Pl(x1)Pl(x2)
(2ρλ + x2

1 + x2
2)3/2 dx1dx2 (6.27)

= π

(4πτδ⊥)3/2 Il(ρλ), (6.28)

with ρλ = λ⊥/δλ. Although the previous equation does not provide a closed form expression,
it shows that the computation of the norm of a function represented as the convolution with
an SH-spanned ODF reduces to the numerical pre-calculation of the integral Il(ρλ) for a
sufficiently large range of ρl and for l = 0, 2, . . . up to the desired order.

6.B Propagator Anisotropy for EAP composite signal

In this section, the formulation of the Propagator Anisotropy, as defined in [5], will be
developed for MiSFIT’s composite signal. First, let us define PA = γ (sin(∠(cE(q),cO(q))), ε),
where sin(x) will be computed as

√
1− cos2(x). The isotropic equivalent cO(q) is defined

as the directional average of cE(q):

cO(q) = 1
4π

∫
S
cE(qu)du. (6.29)

The attenuation signal, in turn, is expressed in terms of SH basis functions as [1]:

cE(qu) = (1− f) · exp
(
−4π2τq2D0

)
+ f ·

∑
l,m

êODF
l (q)φml Y ml (u), (6.30)

so that cO(q) is trivially computed from the DC component of the expansion:

cO(q) = (1− f) · exp
(
−4π2τq2D0

)
+ f

1
(4π)3/2 ê

ODF
0 (q)φml . (6.31)
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To begin with, the squared module of the composite signal is obtained by integrating, in
spherical coordinates (unit sphere S and radial coordinate q), the squared cE(qu):

‖cE(qu)‖2 =
∫ ∞

0
q2
∫∫
S

(
(1− f) · exp

(
−4π2τq2D0

)
+ f ·

∑
l,m

êODF
l (q)φml Y ml (u)

)2
dudq.

(6.32)
Applying a binomial expansion to eq. (6.32), we get three terms, namely: isotropic,
anisotropic and mixed. To ease the readability, the squared composite EAP will be ex-
pressed as (cE(qu))2 =c E

2
iso(qu) +c E

2
ani(qu) + 2cEmix(qu), so that we have:

cE
2
iso(qu) = (1− f)2 exp

(
−8π2τq2D0

)
dq; (6.33)

cE
2
ani(qu) = f2

∑
l,m

(êODF
l (q))2(φml )2(Y ml (u))2; (6.34)

2cEmix(qu) = 2f(1− f) exp
(
−4π2τq2D0

)∑
l,m

êODF
l (q)φml Y ml (u). (6.35)

For each of these operands, respectively:∫ ∞
0

q2
∫∫
S
cE

2
iso(qu)dudq = (1− f)24π

∫ ∞
0

q2 exp
(
−4π2τq2D0

)
dq = (1− f)2 1

(8πτD0)3/2 ;(6.36)∫ ∞
0

q2
∫∫
S
cE

2
ani(qu)dudq = f2

∑
l,m

(φml )2 π

(4πτδλ)3/2 Il(ρλ); (6.37)

∫ ∞
0

q2
∫∫
S

2cEmix(qu)dudq = 2f(1− f)
∫ ∞

0
q2 exp

(
−4π2τq2D0

) 1√
4π
êODF

0 (q)φ0
0dq, (6.38)

where the resolution of the second integral, referring to the purely-anisotropic term ‖cEani‖2,
addresses to Appendix 6.A. The last integral, referring to the integral of the mixed signal
cEmix(qu), is trivially solved since all SH basis, except for Y 0

0 , have zero mean. Now,
expanding the ODF 0-th SH coefficients in eq. (6.38):

êODF
0 = 2π

∫ 1

−1
ΛODF(x, q)P0(x)dx, (6.39)

where Λ = exp(−bλ⊥) exp(−bδλx2) results in:∫ ∞
0

q2
∫∫
S

2Emix(qu)dudq = 8π
√
πf(1− f)φ0

0

∫ 1

−1

(∫ ∞
0

q2 exp
(
−b(D0 + λ⊥ + δλx

2)
)
dq

)
dx(6.40)

= 2π2f(1− f)
(4π2τ)3/2 φ0

0

∫ 1

−1

1
(D0 + λ⊥ + δλx2)3/2 dx (6.41)

= 2π2f(1− f)
(4π2τδλ)3/2 φ

0
0

2
(D0/δλ + ρλ)

√
D0/δλ + ρλ + 1

(6.42)

= 4
√
πf(1− f)

(4πτ)3/2
1

(D0 + λ⊥)
√
D0 + λ‖

φ0
0. (6.43)
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Finally, adding all the terms and simplifying the expression, we obtain the following result:

‖cE(qu)‖2 = 1
(4πτ)3/2

 (1− f)2

(2D0)3/2 + f2
∑
l,m

(φml )2πδ
−3/2
λ Il(ρλ) + 4

√
πf(1− f)

(D0 + λ⊥)
√
D0 + λ‖

φ0
0

 .

(6.44)
To compute the norm of cO(q), we use the same reasoning as in eq. (6.31), and simply keep
the term for l = 0 in eq. (6.44):

‖cO(q)‖2 = 1
(4πτ)3/2

(
(1− f)2

(2D0)3/2 + f2(φ0
0)2πδ

−3/2
λ I0(ρλ) + 4

√
πf(1− f)

(D0 + λ⊥)
√
D0 + λ‖

φ0
0

)
.

(6.45)
Finally, note that:

〈cE(qu), cO(q)〉=
∫ ∞

0
q2
∫∫
S
cE(qu)cO(q)dudq =

∫ ∞
0

q2
∫∫
S
cE(qu) 1

4π

∫∫
S
cE(qv)dvdudq

= 1
4π

∫ ∞
0

q2
(∫∫

S
cE(qu)du

)(∫∫
S
cE(qv)dv

)
dq = 4π

∫ ∞
0

q2
cO

2(q)dq = ‖cO(q)‖2 ,(6.46)

hence the squared cosine between both two functions reads:

cos2(∠(cE(q),cO(q))) = 〈cE(qu), cO(q)〉2

‖cE(qu)‖2 ‖cO(q)‖2
= ‖cO(q)‖2

‖cE(qu)‖2

=

(1−f)2

(2D0)3/2 + 4
√
πf(1−f)

(D0+λ⊥)
√
D0+λ‖

φ0
0 + f2(φ0

0)2πδ
−3/2
λ I0(ρλ)

(1−f)2

(2D0)3/2 + 4
√
πf(1−f)

(D0+λ⊥)
√
D0+λ‖

φ0
0 + f2∑

l,m(φml )2πδ
−3/2
λ Il(ρλ)

.(6.47)

6.C Non-Gaussianity for EAP composite signal

As in the previous Section, we define the NG in terms of the sine between two signals, which
is computed from the cosine:

NG = sin(∠(cE(q), cG(q, D̂))) =
√

1− cos2(∠(cE(q), cG(q, D̂))), (6.48)

where cG is the DTI-like (Gaussian) propagator. The cosine between the signals, in turn, is
computed as:

cos(∠(cE(q), cG(q, D̂))) = 〈cE(q), cG(q, D̂)〉
‖cE(q)‖‖cG(q, D̂)‖

. (6.49)

First, we compute the numerator of eq. (6.49) as follows:

〈cE(q), cG(q, D̂)〉 =
∫∫∫

R3

(
(1− f) exp

(
−4π2τq2D0

)
+ fE(q)

)
exp

(
−4π2τq2uT D̂u

)
du,

(6.50)
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where D̂ is the tensor associated to the DTI-like Gaussian propagator. Developing the
multiplication of exponential functions, we obtain:

〈cE(q), cG(q, D̂)〉 = (1−f)
∫∫∫

R3
e−4π2τq2uT (D0+D̂)udu+f

∫∫
S

Φ(v)
∫∫∫

R3
e−4π2τq2uT (D̂+D̂λ

v)udqdudv,

(6.51)
where D0 = D0I3, I3 is the 3× 3 identity matrix and D̂λ

v is an elemental diffusion tensor
with eigenvectors λ‖, λ⊥, aligned with direction v ∈ S. Since the integral of the exponential
over R3 is trivial, we can obtain a simpler solution:

〈cE(q), cG(q, D̂)〉 = 1− f√
(4πτ)3|D0 + D̂|

+ f

∫∫
S

Φ(v)√
(4πτ)3|D̂ + D̂λ

v|
dv, (6.52)

where | · | stands for the determinant of a matrix. Now, expanding the ODF in the SH basis,
as Φ(v) =

∑
l,m φ

m
l Y

m
l (v), we obtain the following expression:

〈cE(q), cG(q, D̂))〉 = 1− f√
(4πτ)3|D0 + D̂|

+ f
∑
l,m

φml

∫∫
S

1√
(4πτ)3|D̂ + D̂λ

v|
Y ml (v)dv

︸ ︷︷ ︸
Projection onto SH basis

.

(6.53)
The latter integral represents the projection of the corresponding function in the SH basis,
hence, it can be accurately computed by LS fitting, for all l and m simultaneously, whenever
it is properly sampled over the unit sphere. Such sampling strategy is described in depth in
Appendix 6.D and results in:

〈cE(q), cG(q, D̂)〉 = 1− f√
(4πτ)3|D0 + D̂|

+ f

(4πτ)3/2

∑
l,m

φml ξ
m
l , (6.54)

where |D̂ + D̂λ
v|−1/2 =

∑
l,m ξ

m
l Y

m
l (v). Finally:

〈cE(q), cG(q, D̂)〉 = 1
(4πτ)3/2

 1− f√
|D0 + D̂|

+ f
∑
l,m

φml ξ
m
l

 . (6.55)

The EAP module was computed in eq. (6.45), and the module of the DTI-like Gaussian
propagator admits the closed form ‖ cG‖ = (4πτ)−3/2(|2D̂|)−1/2. Hence:

cos2(cE(q), cG(q, D̂) =

(
1−f√
|D0+D̂|

+ f
∑
l,m φ

m
l ξ

m
l

)2√
8|D̂|

(1−f)2

(2D0)3/2 + f2∑
l,m(φml )2πδ

−3/2
λ Il(ρλ) + 4

√
πf(1−f)

(D0+λ⊥)
√
D0+λ‖

φ0
0

.

(6.56)

6.D Efficient Sampling of Spherical Function

Eq. (6.53) can be seen as a projection onto the SH basis, and can be solved efficiently by
properly sampling |D̂ + D̂λ

v|−1/2 in the variable v. This is done by means of a spectral
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analysis at each voxel, by making use of the matrix determinant lemma [6.29]:

|A + uvT | = (1 + vTA−1u)|A|. (6.57)

It can be applied by noticing that the elemental tensor D̂λ
v can be written as:

D̂λ
v =

√
δλv
√
δλvT + λ⊥I3, (6.58)

The proof is straightforward by noticing that both sides of the previous equation have the
same eigenvalues and eigenvectors. Applying then the lemma in eq. (6.57):

|D̂ + D̂λ
v| =

(
1 + δλvT (λ⊥I3 + D̂)v

)
|λ⊥I3 + D̂|, (6.59)

which reduces the problem to compute the determinant of λ⊥I3 + D̂ at each voxel, inde-
pendent on the variable v. Note that D̂ is positive (semi)definite and the MiSFIT approach
ensures λ⊥ is greater than 0, so that eq. (6.59) is always well defined and may be used
to draw an arbitrary number of samples for v ∈ S. This means the coefficients ξml can be
computed with arbitrary numerical precision up to any desired degree L, with the unique
limit being that imposed by computational load constraints.

6.E Other results

This section shows some intermediate results that were not included in the document.
Contrarily to the already seen appendices, these are not central to the development of the
experiments but show some interesting results that support the steps finally taken.

6.E.1 Outlier Rejection Procedure

The main goal of the outlier rejection is to remove those voxels placed in the edges of the
WM regions; thus palliating the effect of misregistration. Fig. S1 shows different methods
for outlier removal. As it can be observed, some methods offer a more conservative approach
and reject fewer outliers (i.e. standard rejection and mean-based rejection) than others
(percentile-based one). The mean-based rejection is too conservative and there is almost no
rejection. The two percentile approaches are probably too loose and reject many outliers
that are placed in the middle of the WM labels. Therefore, the standard outlier rejection
was chosen since it is the one more aligned with our needs: It successfully removes outliers
placed on the edges of WM labels to palliate any possible misregistration. Fig. S2 shows the
placement of such outliers in several slices of the first session of the subject 1 of the MICRA
dataset.

6.E.2 DTI-like Gaussian Approximation

The current way of computing the DTI-like Gaussian propagator is motivated by the com-
putational efficiency that MiSFIT offers. By the way it is formalized, MAPL is built upon
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Percentils [10 - 90]Percentils [20 - 80]Mean-based RejectionStandard Rejection

Fig. 6.8.: Outliers (red) overlayed onto several slices of the FA map (Subject 1, session 1), using
4 different outlier rejection methodologies: Standard Rejection, Mean-based Rejection,
Percentils [20-80] and Percentils [10-90].

Fig. 6.9.: Outliers (red) overlayed onto several slices of the FA map (Subject 1, session 1), using the
standard outlier rejection approach. Note how the outliers are correctly placed in the edges
of the WM regions.
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Fig. 6.10.: 2D joint histograms of both DTI representations (M ×N × P × 6).

successive refinements of the DTI approximation so that the Gaussian equivalent is the
diffusion tensor that both (1) best describes the low b-value (b < 2000s/mm2) regime and
(2) mathematically minimizes the cost:

min
G(q)

∫∫∫
R3
||E(q)−G(q)||2dq (6.60)

In MiSFIT, however, we can only aim at obtaining one of both representations. We could
proceed by mimicking Eq. 6.60 via a discretization in a Cartesian lattice, so that the integral
might be approximated with arbitrary precision, and the mathematically optimal Gaussian
computed by means of (possibly constrained) numerical optimization. Nevertheless, this
solution not only would compromise the anatomical interpretation of the NG, since we are
no longer measuring deviations from the standard, low b-value DTI approach; but would also
involve solving a non-linear non-convex optimization problem, where no optimal solution is
assured. Therefore, MiSFIT currently aims at obtaining the Gaussian counterpart that best
describes the low b-value regime, by minimizing:

min
D

K∑
k=0
||bgTk Dgk − ln(Sk

S0
)||2 (6.61)

Notice the problem is reformulated in its logarithmic domain, where convexity —and thus,
optimality— is assured. Fig. S3 shows the 2D joint histogram of the tensorial signals
(M ×N × P × 6) for both implementations. Also, Fig. S4 show the 2D joint histogram of
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Fig. 6.11.: 2D joint histograms of the NG maps obtained with the two implementations (current
implementation, low b-value description, in the left; mathematically optimal, right) against
the MAPL’s NG. Pearson correlation coefficient is included.

the NG computed with both implementations against the MAPL’s map together with both
Pearson coefficients. As it can be seen, there is more similarity between MAPL’s NG and the
current implementation of the NG than the mathematically optimal one.
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HYDI-DSI revisited:
constrained non-parametric
EAP imaging without q-space
re-gridding

7

Antonio Tristán-Vega, Tomasz Pieciak, Guillem París, Justino R. Rodríguez-Galván, Santiago Aja-
Fernández

LPI, ETSI Telecomunicación, Universidad de Valladolid, Spain

Abstract: Hybrid Diffusion Imaging (HYDI) was one of the first attempts to use multi-shell
samplings of the q-space to infer diffusion properties beyond Diffusion Tensor Imaging (DTI) or
High Angular Resolution Diffusion Imaging (HARDI). HYDI was intended as a flexible protocol
embedding both DTI (for lower b-values) and HARDI (for higher b-values) processing, as well
as Diffusion Spectrum Imaging (DSI) when the entire data set was exploited. In the latter
case, the spherical sampling of the q-space is re-gridded by interpolation to a Cartesian lattice
whose extent covers the range of acquired b-values, hence being acquisition-dependent. The
Discrete Fourier Transform (DFT) is afterwards used to compute the corresponding Cartesian
sampling of the Ensemble Average Propagator (EAP) in an entirely non-parametric way. From
this lattice, diffusion markers such as the Return To Origin Probability (RTOP) or the Mean
Squared Displacement (MSD) can be numerically estimated.
We aim at re-formulating this scheme by means of a Fourier Transform encoding matrix that
eliminates the need for q-space re-gridding at the same time it preserves the non-parametric
nature of HYDI-DSI. The encoding matrix is adaptively designed at each voxel according to
the underlying DTI approximation, so that an optimal sampling of the EAP can be pursued
without being conditioned by the particular acquisition protocol. The estimation of the EAP is
afterwards carried out as a regularized Quadratic Programming (QP) problem, which allows
to impose positivity constraints that cannot be trivially embedded within the conventional
HYDI-DSI. We demonstrate that the definition of the encoding matrix in the adaptive space
allows to analytically (as opposed to numerically) compute several popular descriptors of
diffusion with the unique source of error being the cropping of high frequency harmonics in
the Fourier analysis of the attenuation signal. They include not only RTOP and MSD, but also
Return to Axis/Plane Probabilities (RTAP/RTPP), which are defined in terms of specific spatial
directions and are not available with the former HYDI-DSI. We report extensive experiments
that suggest the benefits of our proposal in terms of accuracy, robustness and computational
efficiency, especially when only standard, non-dedicated q-space samplings are available.

Originally published as: Antonio Tristán-Vega, Tomasz Pieciak, Guillem París, Justino R. Rodríguez-
Galván, Santiago Aja-Fernández, HYDI-DSI revisited: Constrained non-parametric EAP imaging without
q-space re-gridding, Medical Image Analysis, Vol. 84, 102728, 2023.
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7.1 Introduction

Diffusion Magnetic Resonance Imaging (dMRI) allows probing the random movement of
water molecules inside human tissues, especially the white matter of the brain, in vivo. The
basic dMRI sequence comprises two pulsed gradients with duration δ taken apart an idle
time ∆, with a re-focusing 180o RF pulse in between [7.51]. This way, water molecules
moving along the applied gradient will experiment a net de-phasing that translates in the
attenuation of the acquired T2 signal with respect to the unweighted one (the so-called
baseline). The strength of this effect, characterized by the so-called b-value, increases linearly
with ∆, and quadratically with δ and the magnitude ‖G‖ of the gradient applied.

This kind of contrast has been thoroughly used in clinical research to characterize a number
of pathologies such as Alzheimer’s disease [7.18, 7.24], Parkinson’s disease [7.1], Traumatic
Brain Injury (TBI) [7.65, 7.40], stroke [7.14, 7.15], multiple sclerosis [7.28], migraine [7.48,
7.47], and many others. Though a minimum of six gradient directions with a constant b-
value suffices to probe the meso-structural anisotropy of the white matter, the advent of more
sophisticated MRI machinery and acquisition protocols has led into the routine acquisition
of advanced data sets with several hundreds of diffusion gradients with varying directions
but also varying b-values. Among them, multi-shell data sets, i.e. acquisitions where the
acquired gradients are arranged in a regular spherical lattice, have rapidly become the
standard. Indeed, several databases with both healthy and diseased subjects have been
publicly issued in the last few years [7.29, 7.58, 7.69, 7.23, 7.26, 7.52, 7.34].

Two complementary approaches have focused the recent research on advanced dMRI [7.42]:
the first one aims at modeling the diffusion signal as a mixture of micro-structural compart-
ments whose responses can be individually modeled, so that their partial volume fractions
and individual features can be disentangled from the diffusion measurements. This group
includes, to name but a few, the Composite Hindered and Restricted Model for Diffusion [7.4,
CHARMED], the Neurite Orientation Dispersion and Density Imaging [7.68, NODDI], or
the Multi-tissue Constrained Spherical Deconvolution [7.32, CSD]. These methods have the
advantage of providing directly interpretable micro-structural features, and also explaining
both the low and the high b-value regimen of the diffusion signal and, in particular, its slow
decaying tails. On the other hand, they give rise to ill-posed optimization problems that are
often simplified resorting to modeling assumptions such as minimum tortuosity [7.68, 7.33].
These suppositions, however, have been empirically evidenced to largely deviate from
reality [7.35].

The second group of techniques generalize the classical Diffusion Tensor Imaging (DTI)
approach [7.8, 7.9] by drawing signal representations, as opposed to geometrical models,
such as mono-exponentials [7.3, 7.2], multi-exponentials [7.46, 7.10], or DTI distribu-
tions [7.54]. In particular, Ensemble Average Propagator (EAP) imaging is a very active
research field within this second trend: the EAP, P (R), is a positive, unit-mass, antipodal-
symmetric probability density function related to the positive, antipodal-symmetric attenu-
ation signal E(q) = S(q)/S0 (with S(q) the signal acquired when a gradient wave-vector
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q, ‖q‖ ∝ δ ‖G‖, is applied, and S0 the unweighted T2 baseline image), as a pair of Fourier
transforms [7.16]:

P (R) =
∫∫∫

R3
E(q) exp

(
−j2πqTR

)
dq τ←→ E(q) =

∫∫∫
R3
P (R) exp

(
j2πqTR

)
dR,

(7.1)
where τ = ∆− δ/3 is the effective diffusion time. For the previous equation to be fulfilled in
terms of classical functions, E(q) must rapidly vanish as ‖q‖ → ∞, so that it remains square-
integrable and P (R) does not comprise Dirac’s delta-like singularities [7.43]. As pointed
out by [7.42], this issue makes EAP imaging inherently incompatible with actual models
for intra-axonal diffusion, as long as the signal produced by confined water compartments
is heavy-tailed. Within DTI, the EAP is represented as a zero-mean Gaussian process with
covariance matrix D, which is a 3× 3 rank-2 tensor, symmetric, positive (semi)-definite, and
independent on the effective diffusion time τ [7.8, 7.9]:

PG(R) = 1√
det(D) (4πτ)3

exp
(
−RTD−1R

4τ

)
←→ EG(q) = exp

(
−4π2τqTDq

)
, (7.2)

where the b-value is defined as b = 4π2τ‖q‖2. Diffusion Spectrum Imaging (DSI) was
aimed at avoiding the limitations of the model in eq. (7.2) by attaining a non-parametric
sampling of P (R) at a regular Cartesian lattice [7.61]. The straightforward approach is
sampling E(q) itself in a regular lattice and using the Discrete Fourier Transform (DFT)
to find estimates of P (R), which implies acquiring a huge amount of q-space samples to
avoid aliasing artifacts. Alternatively, Compressed Sensing (CS) techniques can be used
to vastly reduce this demand [7.12, 7.37, 7.67] as long as a non-coherent sampling of the
whole q-space is available and the EAP can be sparsely represented in a certain function
basis [7.22]. Since we are mostly interested in multi-shell samplings with a relatively small
maximum b-value, the former requirement is hardly met.

Many EAP imaging techniques circumvent the lack of a detailed q-space sampling by as-
suming the EAP and the attenuation signal can be faithfully represented as a superposition
of pre-designed basis functions (dictionary atoms) whose 3-D Fourier transforms may be
easily characterized. This approach includes multiple q-shell Diffusion Propagator Imag-
ing [7.21, mq-DPI], Bessel-Fourier Orientation Reconstruction [7.27, BFOR], Spherical Polar
Fourier reconstruction [7.5, 7.38, SPF], Simple Harmonic Oscillator based Reconstruction
and Estimation [7.44, SHORE], Mean Apparent Propagator MRI [7.45, MAP-MRI] and its
Laplacian-regularized version [7.25, MAPL], or directional Radial Basis Functions [7.41,
RBF]. Patch-based dictionary learning, as opposed to dictionary design, has also been used
to low-rank represent the attenuation signal [7.59].

The general idea behind these techniques is that the attenuation signal E(q) can be written
as the linear superposition of a relatively small number of parametric continuous functions,
whose shape and size parameters can be either pre-defined [7.5, 7.38], learned [7.59],
adaptively fitted depending on the diffusion profile at each voxel [7.45, 7.25], or even
dynamically computed at the same time as the coefficients of the linear combination [7.41].
Afterwards, the linearity of the Fourier transform can be exploited to apply the same linear
combination to the Fourier transforms of the basis functions and conversely represent the
EAP as a linear mixture of parametric continuous functions. Provided the reduced number
of q-space samples, together with the poor Signal-to-Noise Ratio (SNR) commonly found in
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Fig. 7.1.: The original HYDI-DSI vs. our proposal. Red arrows highlight those steps in the original
method resorting to numerical interpolation (those we aim to avoid).

dMRI volumes, it is common to find regularization penalties in the estimation of the linear
coefficients that describe E(q), as well as constraints such as positivity or unit mass of the
EAP [7.19]. More recently, the Micro-Structure adaptive kernels and dual Fourier Integral
Transforms [7.55, MiSFIT] has allowed to dramatically reduce the complexity of EAP imaging
by representing it as the spherical convolution of a fiber Orientation Distribution Function
(fODF) with a Gaussian kernel. Nonetheless, this technique applies only to multi-shell
acquisitions, but not to more general protocols.

All the above methods share the same philosophy of representing the low-pass EAP paramet-
rically, as a mixture of continuous domain functions. As opposed, DSI and Hybrid Diffusion
Imaging-based DSI [7.62, 7.63, HYDI-DSI] tackle the problem in a different, straightforward
way, as it is depicted in Fig. 7.1 (top): the (still low-pass) EAP is no longer represented by
means of a collection of parameters describing a continuous mixture, but instead a discrete
sampling of the EAP at a regular 3-D lattice (typically 9 × 9 × 9) is pursued. To that end,
a corresponding lattice is defined over the attenuation signal domain (ii), whose support
comes determined by the maximum b-value, bmax, acquired in the multi-shell sampling (i),
i.e. E(q) is assumed to live inside Ω = [−qmax, qmax]3 ⊂ R3, where qmax =

√
bmax/4π2τ .

The values of E(q) at these lattice points are obtained by means of grid interpolation: the
convex hull of the sampled data is calculated [7.7], and Delaunay triangulation is used
to parcel it [7.60]. The problem then reduces to the linear interpolation of each lattice
node depending on the parcel it lies within. Finally, the DFT can be computed to retrieve a
9× 9× 9 lattice in the EAP domain (iii) with spatial resolution (1/2qmax)3 [7.43].

Despite its success in describing the anatomy of the white matter in many situations such
as TBI [7.65, 7.40], Alzheimer’s disease [7.18], or gender/age-related changes [7.64], this
scheme is not free of certain problems. The first one is that the bandwidth of the EAP, defined
by Ω, directly depends on the acquisition protocol, and more specifically on the maximum
b-value acquired. Indeed, the original HYDI-DSI imposes a specific acquisition protocol
with evenly spaced shells up to bmax ' 10, 000 s/mm2, so that the lattice interpolation is
rather uniform (meaning that each measured q-space sample will be used equally often
for interpolation). Additionally, though the unit-mass constraint of the EAP is guaranteed
by the DFT operator by simply placing E(0) = 0, positivity constraints cannot be pursued.
Such constraints have been proven especially meaningful within dMRI [7.19]. Finally, the
analytical computations of the popular Return to Origin Probability (RTOP) or Mean Squared
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Displacement (MSD) are straightforward with HYDI-DSI, but the Return to Axis/Plane
Probabilities (RTAP/RTPP) need to be computed as line/plane integrals in the EAP domain,
leading to the need for interpolation of the computed lattice values (iv).

In the present paper, we explore an alternative approach to get rid of q-space interpolation
while maintaining the non-parametric nature of HYDI-DSI, see Fig. 7.1 (bottom). Following
the same idea by [7.45], the DTI representation is used to describe the low b-value regime of
the attenuation signal (v): the eigenvectors and eigenvalues at each voxel are used to rotate
and stretch the 3-D space so that the EAP is estimated in an adaptive grid determined by the
diffusion properties of the voxel instead of the gradients table (vii). The aim is palliating
the dependency of the estimated EAP with the acquisition protocol. To avoid the need for
q-space interpolation, the sparsely sampled q-space (i) is analytically related to the adaptive
EAP lattice (vii) by means of the so-called encoding matrix (vi). This way, the nodal values of
the EAP can be directly solved from the q-space samples by solving a Quadratic Programming
(QP) problem. The advantage of doing so is two-fold: first, not only unit mass, but also
positivity constraints, can be imposed to the EAP. Additionally, by avoiding the computation
of the convex hull and Delaunay’s triangulation we attain a vast improvement of the overall
computational efficiency. Besides, we derive a regularization term based on the energy of
the Laplacian of the EAP to deal with low SNR and/or poor sampling density of the q-space.
Finally, we demonstrate that the adaptive grid strategy allows the analytical computation of
all the RTxP and MSD indices without any further interpolation (viii).

The remainder of the paper is organized as follows. Section 7.2 details steps v–vii in
Fig. 7.1 (bottom), namely: the arrangement of the adaptive 3-D lattice based on the
DTI approximation (Section 7.2.1), the definition of the encoding matrix (Sections 7.2.2
and 7.2.3), and the QP problem statement (Section 7.2.4). Section 7.3 details step viii, i. e.
the computation of the RTxP and MSD. Section 7.4 describes the numerical implementation
of the proposed method and the parameters involved. The qualitative and quantitative
evaluation of the proposal is addressed in Section 7.5. Finally, in Section 7.6 we provide
some additional insights into the potential and the limitations of our proposal, as well as its
differences and similarities with the related state of the art.

7.2 EAP reconstruction from scattered multi-shell data

7.2.1 Adapting the Cartesian grid to the voxel properties

The DTI model provides a good approximation of the diffusion process for b-values under
2, 000 s/mm2. We will assume our q-space sampling includes at least one shell suitable for
DTI, so that a diffusion tensor D can be estimated at each voxel to accurately describe the
low b-values regime:

D = ΘΛΘT ; Θ = [u1,u2,u3] ; Λ =

 λ1 0 0
0 λ2 0
0 0 λ3

 , (7.3)

where 0 ≤ λ1 ≤ λ2 ≤ λ3 are the three real, non-negative eigenvalues of D and u1, u2, and
u3 are their respective 3× 1, unit-norm, mutually orthogonal eigenvectors. Besides, we will
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force u3 to have the proper orientation so that u3 = u1 × u2 and Θ is a rotation matrix
(hence det(Θ) = 1). We can use this rotation afterwards to align the Cartesian lattice where
the EAP will be sampled with the principal directions of D: with the change of variable:
R′ = ΘTR ⇔ R = ΘR′, the maximum diffusion direction will become aligned with the ‘z’
axis, while the secondary diffusion directions will align with ‘x’ and ‘y’:

PΘ(R′) = P (ΘR′)⇔ P (R) = PΘ(ΘTR);

EΘ(q′) =
∫∫∫

R3
PΘ(R′) exp

(
j2πq′TR′

)
dR′

R′=ΘTR=
∫∫∫

R3
P (R) exp

(
j2πq′TΘTR

)
dR = E(Θq′). (7.4)

The meaning of the previous equation is that, without any loss of generality, we can assume
the Gaussian approximation of the EAP is aligned with the Cartesian axes (‘z’ being the
maximum diffusion direction). It suffices to apply a voxel-dependent rotation ΘT to the
‘gradients table’ of the multi-shell sampling, u′ = ΘTu, so that:

PG,Θ(R′) = 1√
det(Λ) (4πτ)3

exp
(
−R′TΛ−1R′

4τ

)

= 1√
λ1λ2λ3 (4πτ)3

exp
(
−x2

4τλ1

)
exp

(
−y2

4τλ2

)
exp

(
−z2

4τλ3

)
;

EG,Θ(q′) = exp
(
−4π2τq′TΛq′

)
= exp

(
−4π2τλ1q

2
x

)
exp

(
−4π2τλ2q

2
y

)
exp

(
−4π2τλ3q

2
z

)
,(7.5)

for R′ = [x, y, z]T and q′ = [qx, qy, qz]T .

7.2.2 Relating the (rotated) q-space to the (rotated) EAP domain

We will assume the attenuation signal is compact supported, i. e. the value of EΘ(q′)
vanishes to zero outside the 3-D domain Ω = (−Qx2 ,

Qx
2 ) × (−Qy2 ,

Qy
2 ) × (−Qz2 ,

Qz
2 ) ⊂ R3.

This allows to arrange a 3-D tiling with shifted versions of EΘ(q′) to build a periodic signal
in the three coordinates {qx, qy, qz}:

q̃u = qu −Qu
⌈
qu −Qu/2

Qu

⌉
for u ∈ {x, y, z} ⇒ ẼΘ(q′) = EΘ(q̃′), for q̃′ = [q̃x, q̃y, q̃z]T .(7.6)

Assuming ẼΘ has finite power, it can be written in terms of its 3-D Fourier series expan-
sion [7.43]:

ẼΘ(q′) =
∞∑

k=−∞

∞∑
l=−∞

∞∑
m=−∞

ck,l,m exp
(
j2π

(
k

Qx
qx + l

Qy
qy + m

Qz
qz

))
, (7.7)
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where the coefficients cklm are computed by projecting ẼΘ onto each normalized basis
function:

ck,l,m = 1
Q

∫∫∫
Ω
ẼΘ(q′) exp

(
−j2π

(
k

Qx
qx + l

Qy
qy + m

Qz
qz

))
dq′

= 1
Q

∫∫∫
R3
EΘ(q′) exp

(
−j2πq′TR′k,l,m

)
dq′ = 1

Q
PΘ(R′k,l,m), (7.8)

where Q = QxQyQz and R′k,l,m = [k/Qx, l/Qy,m/Qz]T draws a regular lattice in the space
of the EAP. Eqs. (7.7) and (7.8) can now be combined to establish the linear relation between
the measurements in the q-space and the values of the EAP to estimate. Since ẼΘ is real and
antipodal symmetric, a cosine series expansion may be used:

ẼΘ(q′) = 1
Q

∞∑
k=−∞

∞∑
l=−∞

∞∑
m=−∞

PΘ(R′k,l,m) cos
(

2πq′TR′k,l,m
)
. (7.9)

7.2.3 Building the encoding matrix

Eq. (7.9) will be used to estimate a Cartesian sampling of the EAP from a spherical multi-
shell q-space sampling, {q′i ∈ Ω}Nii=1. Since the available number of q-samples is limited, so
it is the number of lattice nodes we can actually estimate for the EAP, and in practice the
Fourier series expansion will be cropped to its first few coefficients assuming ẼΘ is smooth
enough:

ẼΘ(q′) ' 1
Q

Nx∑
k=−Nx

Ny∑
l=−Ny

Nz∑
m=−Nz

PΘ(R′k,l,m) cos
(

2πq′TR′k,l,m
)
, (7.10)

so that 2Nx + 1 samples evenly spaced 1/Qx should cover the entire ‘x’ axis of the EAP
domain; 2Ny+1 samples, one each 1/Qy should cover the ‘y’ axis; 2Nz+1 samples, one each
1/Qz should cover the ‘z’ axis. This means that the compact support of EΘ is constrained by
the number of lattice nodes along each dimension, which in turn is related to the available
number of q-space samples, Ni. In precise terms:

• If the EAP is roughly compact supported at (i. e. it has negligible values outside of) the
3-D domain [−X2 ,

X
2 ]× [−Y2 ,

Y
2 ]× [−Z2 ,

Z
2 ], sampling its entire support will demand:

Nx
Qx

= X

2 ⇒ Qx = 2Nx
X

; Ny
Qy

= Y

2 ⇒ Qy = 2Ny
Y

; Nz
Qz

= Z

2 ⇒ Qz = 2Nz
Z

,

(7.11)
so that any q-samples with either |qx| > Qx

2 , |qy| > Qy
2 , or |qz| > Qz

2 will be discarded
since they must be assumed to be 0. Obviously, the larger Nx, Ny, and Nz, the fewer
q-samples will need to be discarded. However:

• Nl = (2Nx + 1) (2Ny + 1) (2Nz + 1) should be in the same order asNi so that the num-
ber of parameters to estimate is not vastly greater than the number of measurements
(in the absence of regularization, Nl ≤ Ni indeed).

7.2 EAP reconstruction from scattered multi-shell data 189



Fortunately, the antipodal symmetry of the EAP (PΘ(R′) = PΘ(−R′)) allows to nearly halve
the number of Degrees of Freedom (DoF) to estimate. From eq. (7.10), a simple reordering
of the addends yields:

EΘ(q′) ' 1
Q

(
PΘ(0) + 2

Nx∑
k=1

PΘ(R′k,0,0) cos
(

2πq′TR′k,0,0
)

+2
Nx∑

k=−Nx

Ny∑
l=1

PΘ(R′k,l,0) cos
(

2πq′TR′k,l,0
)

+ 2
Nx∑

k=−Nx

Ny∑
l=−Ny

Nz∑
m=1

PΘ(R′k,l,m) cos
(

2πq′TR′k,l,m
) . (7.12)

Hence, the actual number of DoF to estimate is n = 1+Nx+(2Nx+1)Ny +(2Nx+1)(2Ny +
1)Nz = (Nl + 1)/2. Now, let us substitute the triple indexing {k, l,m} of the lattice with a
unique index j by simply stacking its nodes in order:{

R′j
}n
j=1 = {R′1,R′2, . . . ,R′n}

≡
{

R′0,0,0, . . . ,R′Nx,0,0,R
′
0,1,0, . . . ,R′Nx,1,0, . . . ,R

′
Nx,Ny,0,

R′−Nx,−Ny,1, . . . ,R
′
Nx,−Ny,1, . . . ,R

′
Nx,Ny,1, . . . ,R

′
Nx,Ny,Nz

}
.(7.13)

TheNi×n encoding matrixF relates theNi×1 vector of measurements, E = [EΘ(q′1), . . . , EΘ(q′Ni)]
T ,

with the n× 1 vector of unknowns, P = [PΘ(R′1), . . . , PΘ(R′n)]T . After eq. (7.12):

E ' F P : [F ]i,j = κj
Q

cos
(

2πq′i
TR′j

)
, (7.14)

where κj = 1 if j = 0 or κj = 2 otherwise. Finally, it is worth noticing the actual number of
samples Ni may be voxel-dependent in case certain q-space samples lay outside the allowed
bandwidth defined by Qx, Qy, and Qz at each voxel.

7.2.4 Estimating the EAP from the encoding matrix

Eq. (7.14) establishes a linear relation between the vector of measurements E and the vector
of unknowns P that allows solving for the latter with linear Least Squares (LS) techniques.
However, two additional requirements must be fulfilled for the solution to be physically
meaningful: positivity and unit mass. For the former, we will constrain all the entries of
P to be non-negative. For the latter, we note that the unit mass property of the EAP is
equivalent to the attenuation signal evaluating to 1 at the origin q′0 = 0. Thus, the following
QP problem arises:

min
P

1
2 ‖E−FP‖2 s. t. P ≥ 0 and fT0 P = 1, (7.15)

where the Nl × 1 vector f0 = 1
Q [1, 2, . . . , 2]T stands for an additional row of the encoding

matrix at q′0 = 0. Nonetheless, these reconstruction problems often require some sort of
regularization: first, the measurements vector E is highly contaminated with noise. This is
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addressed by [7.62, 7.63] by just dropping down to 0 those values of the diffusion weighted
images below a certain threshold (usually, twice the free-air average signal). In our case,
we cannot forget that the actual number of samples, Ni, is voxel-dependent since out-of-
bandwidth samples are removed, so that the QP in eq. (7.15) might even become ill-posed.
For these reasons, the QP problem will be reformulated as follows:

min
P

1
2 ‖E−FP‖2 + λ

2 ‖LP‖2 s. t. P ≥ 0 and fT0 P = 1, (7.16)

where λ > 0 is a small positive constant and L is some linear operator. We will resort to a
Laplacian penalty, described in Appendix 7.A, as a popular choice to promote the smoothness
of the solution [7.20, 7.17, 7.25]. Note eq. (7.16) describes a convex problem, so that a
unique optimum exists [7.36].

7.3 Computation of diffusion markers from the Cartesian EAP

Once the EAP is fully sampled in its whole domain, any numerical feature at will can be
estimated from it. In this section we derive expressions for several commonly used diffusion
markers: the RTOP and MSD, like [7.63] do, but also the RTAP and the RTPP.

7.3.1 RTOP

Since the RTOP (or Po) is defined as the value of the EAP at the origin, it may be trivially
computed as:

RTOP = P (0) = PΘ(0) = [P]1, (7.17)

i.e. as the first component of vector P.

7.3.2 RTAP

The RTAP represents the probability of water molecules moving back to the axis following
the maximum diffusion direction within a time τ . In our model, such axis reduces to ‘z’. The
RTAP can be defined either on the EAP domain or the q-space:

RTAP =
∫ ∞
−∞

PΘ(R′) dz =
∫ ∞
−∞

∫ ∞
−∞

EΘ(q′) dqx dqy =
∫ Qx/2

−Qx/2

∫ Qy/2

−Qy/2
ẼΘ(q′) dqx dqy.

(7.18)
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The latter expression can be used to derive the RTAP from eq. (7.12):

RTAP ' 1
Q

(∫ Qx
2

−Qx
2

∫ Qy
2

−Qy
2

PΘ(0) dqx dqy + 2
Nx∑
k=1

PΘ(R′k,0,0)
∫ Qx

2

−Qx
2

∫ Qy
2

−Qy
2

cos
(

2πq′i
TR′k,0,0

)
dqx dqy

+ 2
Nx∑

k=−Nx

Ny∑
l=1

PΘ(R′k,l,0)
∫ Qx

2

−Qx
2

∫ Qy
2

−Qy
2

cos
(

2πq′i
TR′k,l,0

)
dqx dqy

+ 2
Nx∑

k=−Nx

Ny∑
l=−Ny

Nz∑
m=1

PΘ(R′k,l,m)
∫ Qx

2

−Qx
2

∫ Qy
2

−Qy
2

cos
(

2πq′i
TR′k,l,m

)
dqx dqy


= 1

Qz

(
PΘ(0) + 2

Nz∑
m=1

PΘ(R′0,0,m)
)
. (7.19)

Remarkably, eq. (7.19) equals the first order quadrature for the first integral form in
eq. (7.18), but it is exact up to the necessary cropping of the Fourier series coefficients.

7.3.3 RTPP

The RTPP represents the probability of water molecules moving back to the plane perpendic-
ular to the maximum diffusion direction within a time τ . Since we assimilate the maximum
diffusion direction to the ‘z’ axis, such domain is trivially described as the ‘x’-‘y’ plane. The
RTPP can be defined either on the EAP domain or the q-space:

RTPP =
∫ ∞
−∞

∫ ∞
−∞

PΘ(R′) dx dy =
∫ ∞
−∞

EΘ(q′) dqz =
∫ Qz/2

−Qz/2
ẼΘ(q′) dqz. (7.20)

The latter expression can be used to derive the RTPP from eq. (7.12):

RTPP ' 1
Q

(∫ Qz
2

−Qz
2

PΘ(0) dqz + 2
Nx∑
k=1

PΘ(R′k,0,0)
∫ Qz

2

−Qz
2

cos
(

2πq′i
TR′k,0,0

)
dqz

+ 2
Nx∑

k=−Nx

Ny∑
l=1

PΘ(R′k,l,0)
∫ Qz

2

−Qz
2

cos
(

2πq′i
TR′k,l,0

)
dqz

+ 2
Nx∑

k=−Nx

Ny∑
l=−Ny

Nz∑
m=1

PΘ(R′k,l,m)
∫ Qz

2

−Qz
2

cos
(

2πq′i
TR′k,l,m

)
dqz


= 1

QxQy

PΘ(0) + 2
Nx∑
k=1

PΘ(R′k,0,0) + 2
Nx∑

k=−Nx

Ny∑
l=1

PΘ(R′k,l,0)

 , (7.21)

which again equals the first order quadrature approximation to the first integral form in
eq. (7.20).
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7.3.4 MSD

The MSD is the second order, non-central moment of the EAP. Since it will remain invariant
to rotations, it can be equally computed from the rotated EAP PΘ(R′):

MSD =
∫∫∫

R3
‖R′‖2 PΘ(R′) dR′ =

∫∫∫
R3

(
x2 + y2 + z2)PΘ(R′) dx dy dz. (7.22)

From the theory on Fourier analysis, this quantity may be equally computed in the q-space
by evaluating the (scaled) Laplacian of EΘ(q′) at q′ = 0 [7.43], as it has been thoroughly
exploited in the literature [7.56, 7.57]:

MSD = −1
4π2 ∆q′EΘ(0) = −1

4π2 ∆q′ẼΘ(0). (7.23)

This expression allows a straightforward computation from eq. (7.12):

MSD ' −1
4π2Q

(
2
Nx∑
k=1

PΘ(R′k,0,0) ∆q′ cos
(

2πq′TR′k,0,0
)

+ 2
Nx∑

k=−Nx

Ny∑
l=1

PΘ(R′k,l,0) ∆q′ cos
(

2πq′TR′k,l,0
)

+ 2
Nx∑

k=−Nx

Ny∑
l=−Ny

Nz∑
m=1

PΘ(R′k,l,m) ∆q′ cos
(

2πq′TR′k,l,m
)∣∣∣∣∣∣

q′=0

= 2
Q

Nx∑
k=1

PΘ(R′k,0,0)
∥∥R′k,0,0∥∥2 +

Nx∑
k=−Nx

Ny∑
l=1

PΘ(R′k,l,0)
∥∥R′k,l,0∥∥2

+
Nx∑

k=−Nx

Ny∑
l=−Ny

Nz∑
m=1

PΘ(R′k,l,m)
∥∥R′k,l,m∥∥2

 . (7.24)

Again, the first-order quadrature approximation to the integral in eq. (7.22).

7.4 Numerical methods and algorithm parameters

7.4.1 Bandwidth selection

A key limitation of the original HYDI-DSI is the direct dependence of the bandwidth of the
EAP with the particular q-space sampling scheme, which we address here. The lattice where
the EAP will be defined will cover a domain that directly depends on the number of lattice
points and its bandwidth (i.e. the support Ω ⊂ R3 of the attenuation signal E(q)). For
example, for the ‘x’ axis, the EAP will be sampled from −Nx/Qx to Nx/Qx. The extent of
the EAP domain actually covered can be increased by decreasing Qx: this implies reducing
the bandwidth of the signal, i.e. smoothing the EAP itself. Accordingly, the value of derived
indices like RTOP will be artificially reduced due to the convolution of the EAP with a
low-pass kernel. Conversely, we can keep a large bandwidth of the EAP by increasing Qx, but
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Fig. 7.2.: The effect of wrongly choosing the bandwidth of the EAP for Nx = 4: if Qx is too small
(red), the EAP support is fully covered but it becomes low-pass filtered; if Qx is too large
(green), the EAP is kept sharp but its support is not properly sampled.

in this case the maximum value sampled, Nx/Qx, is likely not to cover a proper extent of the
EAP. Fig. 7.2 illustrates these two issues. Of course, we can think of increasing Nx together
with Qx to get full EAP coverage while preserving and adequate bandwidth. But the number
of lattice nodes, in the order of O(Nx · Ny · Nz), cannot be arbitrarily large, but instead
it should roughly match the number of available q-space samples even if regularization
constraints are imposed.

Since the lattice axes are aligned with the eigenvectors of the low b-value regimen, DTI
approximation, it makes sense to scale them according to the respective eigenvalues. For the
‘x’ axis, the farthest sampled value can be chosen such that the Gaussian tail has decayed to
a pre-defined small value µ > 0:

PΘ (0, 0, 0) =
exp

(
− 1

4τλ1

(
0
Qx

)2
)

√
det(Λ) (4πτ)3

PΘ

(
Nx
Qx

, 0, 0
)

=
exp

(
− 1

4τλ1

(
Nx
Qx

)2
)

√
det(Λ) (4πτ)3

= µPΘ(0, 0, 0)


⇒ Qx

2 = Nx

4
√
−τλ1 log(µ)

.

(7.25)
Note this expression can be otherwise written in terms of maximum b-values to get rid of
the diffusion time τ , so that:

bcut-off,x = 4π2τ

(
Qx
2

)2
= −π2N2

x

4λ1 log(µ) ; bcut-off,y =
−π2N2

y

4λ2 log(µ) ; bcut-off,z = −π2N2
z

4λ3 log(µ) .

(7.26)
It becomes inherent to our approach that q-space samples measured beyond these limits have
to be dropped down to avoid aliasing. Consequently, the parameter µ must be appropriately
tuned. As a final remark, there is no reason why this same bandwidth tuning cannot
be used with the original re-gridding/interpolation approach to define the domain Ω: it
suffices to input zeros to the interpolation algorithm at boundary points {−Qx/2, 0, Qx/2}×
{−Qy/2, 0, Qy/2}×{−Qz/2, 0, Qz/2}−0, and then operate as described by [7.62, 7.63] for
an input lattice defined over Ω = [−Qx/2, Qx/2]×[−Qy/2, Qy/2]×[−Qz/2, Qz/2] computed
after eq. (7.25). We will put this strategy to the test as described in Section 7.5.2.
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7.4.2 Practical implementation

The computation of the Gaussian approximation in eq. (7.5) is accomplished with linearized
LS techniques from the q-space samples with b ≤ 2, 000 s/mm2 [7.49]. The bandwidth
of the signal, described by bcut-off,ej , will be determined according to eq. (7.26) for an
empirically fixed µ. The number of samples along each dimension is a design parameter,
but we will use the same sampling as in the original HYDI-DSI approach, i. e. a 9× 9× 9
lattice (Nx = Ny = Nz = 4) with Nl = 729, so that n = (Nl + 1)/2 = 365 DoF have to be
estimated.

The form of matrix L in eq. (7.16), describing the Laplacian energy penalty, is described in
Appendix 7.A, and the parameter λ will be fixed according to empirical considerations.

Finally, the QP in eq. (7.16) is solved with an ad hoc replacement of Matlab’s quadprog
function, based on gradient projection [7.36]. The iterations are initialized with the uncon-
strained solution of eq. (7.16), which reduces to the computation of (FTF +λLTL)−1FTE,
where the matrix to invert is symmetric and positive definite. Such solution is corrected
for negative values and normalized to fulfill the unit-mass constraint before feeding the
iterations until convergence. Note the QP is convex, so it is always guaranteed to con-
verge to the global optimum. Matlab code can be downloaded as a part of the dMRI-Lab
toolbox (http://www.lpi.tel.uva.es/dmrilab).

7.5 Experiments and results

7.5.1 Materials

The evaluation of the proposal will be based on publicly available databases. Concretely:

• The Human Connectome Project (HCP), MGH database [7.23]: these are high qual-
ity data acquired on a Siemens 3T Connectome scanner with 4 different shells at
b = {1, 000, 3, 000, 5, 000, 10, 000} s/mm2, with {64, 64, 128, 256} gradient directions
each and 40 interleaved unweighted baselines. The in-plane resolution is 1.5 mm
and the slice thickness is 1.5 mm. Other acquisition parameters are: pulse separation
time/diffusion gradients length ∆/δ = 21.8/12.9 ms, repetition time TR = 8800 ms,
time echo TE = 57 ms. We have randomly chosen subject HCP MGH-1007 for proofs
of concept.

• The HCP WU-Minn database [7.58]: these data were acquired with a Siemens 3T
Connectome Skyra scanner with a maximum gradient strength at 100 mT/m, 3
shells at b = {1, 000, 2, 000, 3, 000} s/mm2 with 90 gradient directions each and
18 interleaved unweighted baselines. The in-plane resolution is 1.25 mm and the
slice thickness is 1.25 mm. Other acquisition parameters are: ∆/δ = 43/10.6 ms,
TR/TE = 5520/89.5 ms. We selected 10 subjects, enrolled for both test and re-test
acquisition sessions: 103818, 105923, 111312, 114823 115320, 122317, 125525,
130518, 139839, 143325.
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7.5.2 Methods compared

The original method as described by [7.62, 7.63] will be simply referred to as HYDI-DSI.
We will use a custom implementation based on Matlab’s griddatan as the authors suggest.
Note, however, that the q-space grid will be rotated at each voxel (but not stretched) before
the interpolation, which allows us to align the maximum diffusion direction with the ‘z’
axis to compute RTAP and RTPP. The proposed method described in this paper will be
dubbed HYDI-DSI-QP attending to its numerical implementation as a QP. Besides, we will
probe a third method, HYDI-DSI-AB, for which q-space re-gridding and interpolation is
used in a lattice defined over an adaptive bandwidth (AB) as described in Section 7.4.1.
This way, HYDI-DSI-AB is an intermediate approach that inherits from both HYDI-DSI and
HYDI-DSI-QP, and it can indeed be considered as a novel method proposed in the present
paper. Finally, we will include comparisons with MAPL [7.25], which is probably the most
popular approach within the category of continuous domain, parametric representations of
the EAP. We will use Python’s dipy implementation (https://dipy.org/) with anisotropic
scaling, positivity constraints, a maximum radial order 4 for the basis functions, and a fixed
value 0.2 for the Laplacian weighting. While order 6 is advised by the authors in case
isotropic scaling is used, order 4 provides an acceptable trade-off between representation
capabilities and computational load in the anisotropic case.

7.5.3 Bandwidth selection

The bandwidth chosen for the signal at each voxel depends on the parameter µ and the
lattice size, but not on the particular q-space sampling scheme. Indeed, only those b-values
below 2, 000 s/mm2 are actually used to fit the DTI approximation. Accordingly, we have
chosen subject HCP MGH-1007 as a representative example to elaborate Fig. 7.3, where the
cut-off b-values at each (rotated) axis ‘x’, ‘y’, and ‘z’ are represented at a middle-brain axial
slice. We have chosen a typical 9 × 9 × 9 lattice with Nx = Ny = Nz = 4, corresponding
to n = 365 DoF of the EAP. Fig. 7.3 (left) allows to conclude that, unless a extreme value
is chosen for µ, such as 0.01, the only samples rejected at b = 5, 000 s/mm2 and above
correspond to the cerebrospinal fluid (CSF). To corroborate this assertion, Fig. 7.3 (right)
shows a typical voxel at the CSF (4), for which the estimated bandwidth is smaller than the
sampled bandwidth and a large number of samples are dropped out.

On the contrary, even for µ = 0.05, many non-CSF samples at b = 10, 000 s/mm2 will be
discarded for axis ‘z’. As it can be inferred from Fig. 7.3 (right, voxel 3), this situation
corresponds to prominent, well packaged structures (with large Fractional Anisotropy, FA)
within the white matter (WM), like the corpus callosum (CC; voxel 3) and the cortico-spinal
tract (CST), for which the signal along the main diffusion direction rapidly vanishes: even
when the estimated bandwidth is larger than the sampled one at the transverse diffusion
plane, the bandwidth for the main diffusion direction crops the sampled one, so that the
samples at the North and South poles of the rotated space are discarded. Note this artifact is
likely to appear also in the original HYDI-DSI, since the signal at these points will fall below
the threshold set as twice the free air signal.

With the same value µ = 0.05, Fig. 7.3 (right, voxels 1 and 2), shows that no samples will
be discarded, in general, at the gray matter (GM) or low-FA regions of the WM. For the
latter, a low FA value will reflect regions with important partial volume effects due to fiber
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WM (3)

FA=0.86

GM (1)

FA=0.06

WM (2)

FA=0.39

CSF (4)

FA=0.06

Fig. 7.3.: (Left) Cut-off b-values (×103 s/mm2) for the three main diffusion directions (top to bottom,
on ascending order of the eigenvalues) and for several values of parameter µ, all of them
computed over volume HCP MGH-1007 for a fixed lattice size 9 × 9 × 9. Yellow lines
correspond to iso-contours at bcut-off,ej = 10, 000 s/mm2, and red lines to iso-contours
at bcut-off,ej = 5, 000 s/mm2. (Right) A detail of the bandwidth selection (µ = 0.05) at
four representative voxels located as shown in the left figure. The black bounding boxes
represent the original q-space domain given by the maximum b-value 10, 000 s/mm2; blue
ones stand for the estimated bandwidths in the rotated space from the DTI approach. The
dots represent the acquired b-values and gradients (red: discarded; green: used), and the
surfaces depict the actual attenuation signal at each shell.

crossings and/or bending, for which any spatial direction will mix up both restricted and
free diffusion.

Finally, µ = 0.10 practically avoids out-of-bandwidth q-space pruning, but this comes at the
expense of a poor coverage of the tails of the EAP. In the light of this experiment, we can
conclude that applying a threshold µ = 0.05 to the tails of the EAP seems a good trade-off
for most of situations.

7.5.4 Regularization parameter selection

The optimal value of the regularization parameter λ in eq. (7.16) is likely to depend on
several factors, such as the q-space sampling and the SNR of the data set, the lattice size, or
the bandwidth chosen through parameter µ. For this reason, we have explored the same
previous values of µ and two data sets with very different characteristics, concretely HCP
MGH-1007 and HCP WuMinn-139839, to trace the L-curves in the respective Fig. 7.4 (a) and
(b). Besides, in order to keep a reasonable complexity, we have fixed the lattice size once
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a) b)

Fig. 7.4.: Fitting residual ‖E − FP‖2 vs. Laplacian energy penalty ‖LP‖2 as a function of the
regularization parameter λ, for subjects HCP MGH-1007 (a) and HCP WuMinn-139839 (b)
and for several values of µ. The curves represented in dashed, blue lines correspond to
a random sub-sample inside the white matter. The red curve in solid line represents the
average value inside the white matter.

again to the standard 9× 9× 9. The L-curves plot the trade-off between the fitting residual
‖E−FP‖2 and the Laplacian energy penalty ‖LP‖2 as parameter λ varies: for large values
of λ, the Laplacian penalty becomes stronger and smoother solutions are promoted at the
expense of larger residuals. Conversely, for small values of λ the solution will resemble
closer the acquired data, but it will likely become physically little plausible. We have focused
on the white matter, which has been roughly segmented by thresholding the FA of the DTI
approximation at 0.3. First thing to note is that larger bandwidths (i.e. larger µ) translate in
smaller residuals, even when less q-space samples are discarded in the QP of eq. (7.16) and
hence vector E has more components. This is an additional reason to avoid an excessive
cropping of the large b-value regimen. Next, it seems the behavior of the L-curves is very
little dependent on the value of µ, which allows to tune both parameters independently.
Finally, the optimal value of λ can be assured to be in the range [0.1, 2.5] in all cases: the
corner of the L-curves marks the point where a slight improvement in the residual will come
at the expense of an important worsening of the smoothness of the solution (and vice-versa),
so the optimal λ should be chosen close to this point. Accordingly, a fixed value λ = 0.50
seems adequate for both data sets HCP MGH and HCP WuMinn, and it is the fixed value
used throughout the paper.

7.5.5 Negativity of unconstrained methods

One main advantage of the HYDI-DSI-QP is the possibility it grants to enforce sampled EAP
values to be positive, which is unparalleled for the interpolated methods (HYDI-DSI and
HYDI-DSI-AB). Fig. 7.5 is aimed at checking the actual impact of such constraints depending
on the number of acquired shells. Once again, subject HCP MGH-1007 has been considered
as a representative example: both HYDI-DSI and HYDI-DSI-AB (with µ = 0.05, according to
the previous experiment) have been used to compute the EAP at each voxel inside 9× 9× 9
lattices, and the percentage of energy corresponding to negative values of the EAP estimated
by numerical quadrature. As it can be seen, the presence of negative lobes within the EAP is
not a negligible issue. Indeed, it becomes more noticeable as the number of acquired shells
decreases (as expected), but also it is more relevant for those white matter regions with
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Fig. 7.5.: Percentage of energy corresponding to negative values of the EAP within each voxel for
the unconstrained methods: the original HYDI-DSI (top row) and the adaptive bandwidth
method, HYDI-DSI-AB (bottom row).

highest anisotropy: in particular, nearly 10% (or more) of the estimated values of the EAP
can be negative inside the CC and the CST for any number of acquired shells. Comparing
HYDI-DSI with HYDI-DSI-AB, the adaptive bandwidth selection for the latter helps palliating
this artifact to some degree. Finally, note the computed percentage of negative energy with
HYDI-DSI-QP will always be zero by construction.

7.5.6 Accuracy of scalar maps

The quantitative evaluation of dMRI techniques is usually a challenging problem due to
the lack of realistic ground-truth data. In this paper we will reuse the original approach
conceived by [7.55], where an actual micro-structural model is estimated using the NODDI
technique by [7.68] at representative regions of the white matter. The parameters obtained
are statistically characterized to draw random samples that are fed to the forward NODDI
model to generate synthetic samples simulating 1, 2, or 3 crossing fibers at will with known
Peak Signal to Noise Ratio (PSNR). As long as the generative model can be sampled for any
arbitrary gradient direction and b-value, ground-truth values are easily obtained for any
dMRI measure with arbitrary precision by numerical integration. The reader is addressed
to [7.55] for further details on this methodology.

Fig. 7.6 shows Bland & Altman agreement plots [7.13] between the indices (one of RTOP,
RTAP, RTPP or MSD) as computed with either of the methods compared (one of MAPL,
HYDI-DSI, HYDI-DSI-AB, or HYDI-DSI-QP) and the ground truth. Three different PSNR
values were probed, and the plots comprise all possible fiber-crossing configurations in all
cases. The q-space sampling scheme is the one found in the HCP MGH database. Since
each method will potentially introduce a variable scale-shift for these indices depending
on the estimated bandwidth, we use logarithmic plots, i.e.: if the agreement between
M1 and M2 has to be assessed, we plot y vs. x, where x and y are respectively defined
as x = (log(M1) + log(M2))/2 and y = log(M2) − log(M1). For quantitative assessment,
we provide also estimates of the correlation of coefficient and the Normalized Mutual
Information (NMI) between x1 and x2 in all cases.
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Fig. 7.6.: Bland & Altman agreement plots (logarithmic) between the scalar measures obtained with
each of the methods compared (M1) and the synthetic ground truth (M2), as a function of
the PSNR and for mixed fiber configurations. The scalar measures tested are a) RTOP, b)
RTAP, c) RTPP and d) MSD. The ‘x’ axis represents (log(M1) + log(M2))/2, and the ‘y’ axis
log(M2)− log(M1). Dashed lines represent median values, whereas dotted lines represent
the 10% and 90% percentiles; the correlation coefficient ρ and the Normalized Mutual
Information (NMI) are shown for quantitative assessment.

In general terms, all methods attain fairly good results for medium-large PSNR, but their
performance obviously worsens as the PSNR decreases. Comparing the proposed HYDI-DSI-
QP with the original HYDI-DSI, the former is outperformed, both in terms of correlation and
NMI, by the latter for the RTOP and RTAP, but it does overall better with the RTPP and MSD.
HYDI-DSI-AB, in turn, does not seem consistently beneficial for any index. Yet, the original
HYDI-DSI proves itself extraordinarily robust to noise for RTOP and RTAP, with the plots
experiencing very little spreading as the PSNR decreases.

If we compare now with MAPL, its behavior is in general similar to that of HYDI-DSI-QP,
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Fig. 7.7.: RTOP values (in mm−3) for subject HCP MGH-1007 using either the four available shells
(bmax = 10, 000 s/mm2), the three innermost shells (bmax = 5, 000 s/mm2), the two inner-
most shells (bmax = 3, 000 s/mm2), or just the innermost shell (bmax = 1, 000 s/mm2). Left:
an illustrative central axial slice. Right: Bland & Altman agreement plots (logarithmic) be-
tween the computation with all four shells (x-axis) and the computation with the innermost
shells (y-axis) as indicated. The correlation coefficient ρ and the NMI are also shown for
quantitative assessment.

though the former performs slightly better than the latter in some scenarios (above all,
for RTAP and RTPP) in terms of correlations and NMI. Note, however, that the plots for
HYDI-DSI-QP are closer to 0 for all indices and all PSNR values, meaning the scale-shifts
induced by our proposed technique are less important than those with all the other methods
(except, in some situations, for HYDI-DSI). With regard to this issue, note that MAPL is
indeed the worst performer, since it yields to a larger bias than all other methods in all
situations.

7.5.7 Sensitivity of scalar maps to the number of acquired shells

One of the aims of the present proposal is reducing the dependency of quantitative dMRI
parameters on the q-space sampling scheme by designing a sampling-independent bandwidth.
To check this property, we compute the RTOP, RTAP, RTPP and MSD for subject HCP MGH-
1007. At first instance, we will use the four available shells up to b = 10, 000 s/mm2, since
the original HYDI-DSI was designed for this range of maximum b-values. This estimate
will be set as the bronze standard for each method, and then the outermost shells will be
sub-sequentially removed to estimate the same scalar measurements from either three, two,
or even one shell.

Fig. 7.7 shows the results for RTOP, both qualitatively (RTOP maps, left) and quantitatively
(Bland & Altman plots, right). As it can be seen, the benefit of HYDI-DSI-QP over all
other methods compared is now clear: the plots are very well clustered around the median
value in all cases demonstrating an outstanding agreement even if only one shell at bmax =
1, 000 s/mm2 is used, whereas all other methods (especially MAPL) yield widespread cloud
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Fig. 7.8.: RTAP values (in mm−2) for subject HCP MGH-1007 using either the four available shells
(bmax = 10, 000 s/mm2), the three innermost shells (bmax = 5, 000 s/mm2), the two inner-
most shells (bmax = 3, 000 s/mm2), or just the innermost shell (bmax = 1, 000 s/mm2). Left:
an illustrative central axial slice. Right: Bland & Altman agreement plots (logarithmic) be-
tween the computation with all four shells (x-axis) and the computation with the innermost
shells (y-axis) as indicated. The correlation coefficient ρ and the NMI are also shown for
quantitative assessment.
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Fig. 7.9.: RTPP values (in mm−1) for subject HCP MGH-1007 using either the four available shells
(bmax = 10, 000 s/mm2), the three innermost shells (bmax = 5, 000 s/mm2), the two inner-
most shells (bmax = 3, 000 s/mm2), or just the innermost shell (bmax = 1, 000 s/mm2). Left:
an illustrative central axial slice. Right: Bland & Altman agreement plots (logarithmic) be-
tween the computation with all four shells (x-axis) and the computation with the innermost
shells (y-axis) as indicated. The correlation coefficient ρ and the NMI are also shown for
quantitative assessment.

points. This conclusion is supported by the fairly larger NMI value attained by HYDI-DSI-QP
in all cases (the correlation coefficient is not a conclusive performance index since it becomes
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very close to 1 in all cases).

With regard to the scale shifts, HYDI-DSI is extremely sensitive to the removal of the
outermost shells (because the estimated bandwidth directly depends on the the maximum
b-value itself), meanwhile HYDI-DSI-AB and HYDI-DSI-QP are more robust. Though the
estimated bandwidth for these two methods is acquisition protocol-independent, they will
be affected by the lack of samples at large b-values as well: with HYDI-DSI-QP, the Laplacian
penalty promotes smooth solutions; in the absence of high frequency q-samples to fit, the
obvious way in which this condition is fulfilled is producing low-pass responses, which
translates in reduced values of RTOP, see Fig. 7.2; with HYDI-DSI-AB, the missing samples
are just replaced with a zero padding, which leads also to an artificial bandwidth drift. In
this sense, the scales of the parameters estimated with MAPL remain more faithful to those
at bmax = 10, 000 s/mm2 (though, after Fig. 7.6, these scales might be distorted).

Very similar comments arise for the RTAP from Fig. 7.8: HYDI-DSI-QP is able to faithfully
reproduce the original results with all four shells even if the sampling scheme is reduced to
just one shell, which translates in well clustered plots and noticeably larger NMI values. Yet,
HYDI-DSI-QP is able to better preserve the scale of the RTAP across all the experiments as
compared to HYDI-DSI and even MAPL, being slightly outperformed only by HYDI-DSI-AB.

For the RTPP, Fig. 7.9 demonstrates that HYDI-DSI-QP is still the best performer, though
its actual advantage over the other methods is not equally clear in this case. Besides, and
conversely to the RTAP, the scale-shifts induced in the RTPP as the outermost shells are
removed is especially noticeable with HYDI-DSI-QP, and only the original HYDI-DSI remains
more sensitive. It is worth noticing that the Bland & Altman map for HYDI-DSI-AB at
bmax = 5, 000 s/mm2 presents an artifact in the form of a spread cloud over-imposed to a
clearly defined linear cluster. The RTPP can be computed as the integral of E(q) along the
main diffusion direction: for those voxels with a large FA, corresponding to a unique, well
packaged, fiber bundle (e.g. voxel 3 in Fig. 7.3, right), the signal will very quickly decay
for this main direction, so that it will very likely have vanished at b = 5, 000 s/mm2 and
above. Since HYDI-DSI-AB works by zero-padding all the values above bmax, the estimates
for bmax = 5, 000 s/mm2 and bmax = 10, 000 s/mm2 will be exactly the same, which explains
the straight line in the figure. For other voxels with smaller FA, the estimates will largely
differ due to the zero-padding, which explains the spread cloud.

Finally, the MSD is tested in Fig. 7.10 with similar conclusions: HYDI-DSI-QP provides very
well clustered results, demonstrating an outstanding agreement with the whole sampling
even if just one shell is used. The NMI values, once again, corroborate the visual inspection.
With regard to the scale shifts, in this case HYDI-DSI-AB seems particularly robust, whereas
HYDI-DSI-QP and MAPL behave similarly and HYDI-DSI, again, proves itself especially
sensitive.

7.5.8 Repeatability and reliability analyses

The importance of computing quantitative indices in a reliable manner within neurosciences
has been stressed by [7.70]. According to the authors, such indices not only need to
be repeatable for the same subject/anatomy being imaged (i.e. be specific), but they
should also reflect meaningful anatomical changes among subjects (i.e. be sensitive).
The quantitative assessment of repeatability through test-retest acquisitions has become a
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Fig. 7.10.: MSD values (in mm2) for subject HCP MGH-1007 using either the four available shells
(bmax = 10, 000 s/mm2), the three innermost shells (bmax = 5, 000 s/mm2), the two inner-
most shells (bmax = 3, 000 s/mm2), or just the innermost shell (bmax = 1, 000 s/mm2). Left:
an illustrative central axial slice. Right: Bland & Altman agreement plots (logarithmic)
between the computation with all four shells (x-axis) and the computation with the inner-
most shells (y-axis) as indicated. The correlation coefficient ρ and the NMI are also shown
for quantitative assessment.

common topic in dMRI, to the point that several ad hoc databases have been designed with
this aim [7.34, 7.58]. In particular, we will use the test-retest subset of the HCP WuMinn
database in this section.

We calculate the RTOP, RTAP, RTPP and MSD with MAPL, HYDI-DSI, HYDI-DSI-AB and
HYDI-DSI-QP. Each combination involves both the test and the retest acquisitions within
the data set. All three available shells and all 90 gradient directions per each shell were
used. Besides, we estimate the diffusion tensors at b = 1000 s/mm2 using the FSL 6.0.4
dtifit tool [7.50, Analysis Group, FMRIB, Oxford, UK.; https://fsl.fmrib.ox.ac.uk/
fsl/fslwiki], retrieve the FA parameter for all test/retest cases, and non-linearly register
the FA maps using a normalized correlation cost function to the common template FMRIB58
(a high-resolution FA volume aggregated from 58 subjects) with a voxel resolution of
1× 1× 1 mm3 [7.30, 7.31]. Eventually, all the above-mentioned propagator-based measures
are non-linearly warped to the common space with trilinear interpolation. Once the measures
are warped to the standard space, we calculate their reliability as:

Reliability(x) = Separability(x)
Repeatability(x) , (7.27)

with x-dependent Repeatability(x) averaged from the repeatabilities of each of the m out
of M subjects:

Repeatabilitym(x) = std. dev. across sessionss(x)
mean across sessionss(x) for s = {test, retest}. (7.28)
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repeatability (in %) RTOP RTAP RTPP MSD

MAPL 6.31 5.15 1.90 4.38
HYDI-DSI 2.12 1.98 1.67 4.24

HYDI-DSI-AB 8.18 6.85 2.36 3.52
HYDI-DSI-QP 4.78 3.76 1.45 3.04

(a)

reliability RTOP RTAP RTPP MSD

MAPL 2.79 3.12 3.10 2.45
HYDI-DSI 2.73 3.07 2.23 2.49

HYDI-DSI-AB 2.79 3.05 2.47 2.38
HYDI-DSI-QP 2.73 3.05 3.47 2.84

(b)
Tab. 7.1.: Averaged repeatability (a) and reliability (b) inside the white matter from the test-retest

subset of the HCP WuMinn database. The smaller, the better reproducibility, while the
higher, the better reliability.

Separability(x) is conversely given by:

Separability(x) = std. dev. across subjectsm (mean across sessionss(x))
mean across subjectsm (mean across sessionss(x)) form = {1, . . . ,M}.

(7.29)

Table 7.1 presents the results of the repeatability and reliability studies using ten subjects
(M = 10) from the HCP WuMinn test-retest subset. In both cases, the numbers were
averaged from 20 representative slices in the standard space and the WM area extracted from
the John Hopkins University DTI-based atlas [7.39]. Table 7.1 (a) displays the coefficients
of variation of the measures expressed as a percentage (i.e. multiplied by 100). This means
the smaller the repeatability score, the better the reproducibility achieved. Generally, all
measures are characterized by a high level of reproducibility, with the RTPP being the
most reproducible measure (the coefficient of variation is at most 2.36%). The HYDI-DSI-
QP technique achieves improved results over HYDI-DSI-AB including all measures and is
superior to the standard HYDI-DSI technique for RTPP and MSD. However, in the case of
RTOP and RTAP, the HYDI-DSI provides better performance over both HYDI-DSI-AB and
HYDI-DSI-QP. Noticeably, both HYDI-DSI and HYDI-DSI-QP consistently outperform MAPL
for all indices with regard to repeatability. The averaged reliability of the measures, as
defined in eq. (7.27), is presented in Table 7.1 (b). In this experiment, the higher the
value, the better the reliability. The results show comparable (virtually identical) reliability
for RTOP and RTAP among all four methods, despite large discrepancies occur if we pay
attention only to the repeatability. For RTPP and MSD, HYDI-DSI-QP is notably superior to
all the other methods compared.

7.5.9 Execution times

Quantitative dMRI is often computationally very demanding, entailing processing times that
range from several minutes to many hours or even days per subject. Hence, the study of the
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computational complexity is undoubtedly interesting in this context. Table 7.2 summarizes
the average computation times taken by each method compared in this paper to process
one single voxel. We have used subject HCP MGH-1007 for illustration purposes, and tested
several sampling schemes with the same fixed configurations described in Section 7.5.7:
four shells up to b = 10, 000 s/mm2, three shells up to b = 5, 000 s/mm2, two shells up to
b = 3, 000 s/mm2, or one shell at b = 1, 000 s/mm2. Times are reported for Matlab R2020a
implementations (HYDI-DSI-like) or Python 3.6 (MAPL) running on an Intel(R) Xeon(R)
E5-2695 CPU with 54 cores at 2.30GHz and 110GB RAM memory under Ubuntu Linux 20.04,
all of them multi-threaded. As it could be expected beforehand, MAPL and HYDI-DSI-QP
are always faster as the number of q-space samples decreases, since the size of the QP is
obviously smaller. This comment does not hold for HYDI-DSI, for which the bottleneck is
in the computation of the convex hull and Delaunay’s triangulation (linear interpolation
will take a negligible time): the computation time is not always monotonically increasing
with the number of samples, which makes this method less predictable with regard to their
complexity. Though HYDI-DSI-AB takes decreasing times with smaller samplings, it is still
prone to the same issue as HYDI-DSI. HYDI-DSI and HYDI-DSI-AB are comparable in all
cases, each one being faster for certain configurations and slower for others. In any case,
the proposed HYDI-DSI-QP is notably faster than the re-gridding/interpolation methods,
with an acceleration factor ranging 3× to 10×. Finally, MAPL is dramatically slower than
all other methods, nearly 100× to 200× compared to HYDI-DSI-QP: meanwhile a complete
volume from the HCP database can be processed with the latter in roughly half an hour, the
former will take well over two days.

7.6 Discussion and Conclusions

The proposed HYDI-DSI-QP is able to estimate fully non-parametric, positive, unit-mass
constrained EAPs at a regular Cartesian lattice from arbitrary q-space samplings (though we
have focused on multi-shells). As opposed to the original HYDI-DSI, the quantitative indices
derived from these EAPs are relatively robust to the maximum b-value acquired, since the
bandwidth of the signal is estimated from a DTI approximation fitted to the low b-value
regimen instead of from the sampling protocol itself. Of course, smoothness constraints
impose a reduction of the bandwidth of the estimated EAP as the maximum acquired b-value
decreases. The keystone of HYDI-DSI-QP is replacing the re-gridding and linear interpolation
of the q-space with a constrained, Laplacian-regularized optimization problem, which indeed
makes the algorithm more time-efficient.

4 shells 3 shells 2 shells 1 shell

MAPL 368.2 303.1 252.1 203.7
HYDI-DSI 17.6 4.8 10.3 2.8

HYDI-DSI-AB 14.3 9.4 4.9 4.7
HYDI-DSI-QP 3.0 1.8 1.1 0.9

Tab. 7.2.: Average per-voxel execution times (milliseconds) depending on the number of shells
considered.
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Indeed, the computational complexity in the original HYDI-DSI approach becomes unnec-
essarily increased by its straightforward implementation with a voxel-wise call to Matlab’s
griddatan. Note the slowest part of this method is the computation of the convex hull and
Delaunay’s triangulation: if the lattice layout is kept constant with respect to the q-space
samples (i.e. it is non-adaptive with regard to the DTI approximation), these two computa-
tions could be done once for the entire volume, and the only repeated operation would be
the (very fast) linear interpolation. Note, however, this would not apply in case we want to
accurately compute directional indices (e.g. RTAP and RTPP) or design adaptive bandwidths
like in HYDI-DSI-AB. In the former case, the lattice will become rotated with respect to the
q-space samples to align its axes with the principal diffusion directions; in the latter, the
lattice will be both rotated and stretched. In both cases, the proposed HYDI-DSI-QP will be
a faster option.

An additional advantage of the proposed HYDI-DSI-QP is the possibility it grants to impose
positivity constraints, which is not feasible with interpolation-based methods. Fig. 7.5
highlights this is certainly a non-negligible issue, as long as the greatest impact of negative-
valued EAP samples shows up within relevant white matter structures such as the CC or
the CST. Morevoer, this problem worsens for more modest (hence, closer to what may
be found in clinical applications) q-space samplings than the outstanding MGH HCP data
set. Remarkably, it has been shown that non-negativity constraints unleash their highest
potential when the underlying function representing the EAP is enforced to be non-negative
in its entire continuous domain [7.19]. With HYDI-DSI-QP, on the contrary, only a discrete
subset of the EAP (the lattice nodes) is assured to be non-negative. Note this is inherent to
DSI-like, non-parametric approaches, for which the discrete values to be estimated are not
parameters to reconstruct a continuous (non-negative) function, but sparse values of the
function itself.

The problems of q-space re-gridding have been previously recognized in the Generalized
DSI [7.53, GDSI], where the authors work around the problem with a direct discretization of
eq. (7.1) in the form of a quadrature rule for Fourier’s integral. There, each q-space sample
is weighted accounting for the volume it occupies, in a way that there is no need for further
interpolation. It has the obvious advantage of being computationally very efficient, since
it reduces to a (fixed) matrix product at each voxel. Besides, the same scheme easily fits
Cartesian or spherical lattices in both the q-space and the EAP domain. However, it is by no
means free of certain problems: first, the bandwidth of the signal is directly limited by the
maximum b-value acquired, as it is with HYDI-DSI, which in practice means this method will
be well suited only for specific data sets like the HCP MGH. Second, the raw discretization
of eq. (7.1), as opposed to the DFT computed over a q-space signal forced to evaluate to 1
at q = 0, does not guarantee the EAP to have unit mass, which is indeed the case for all
the methods explored in this paper. Of course, the positivity of the EAP is neither assured
per se. Finally, for more general samplings than Cartesian or spherical, it is not clear how
the volume-dependent weights of GDSI would be computed. These samplings would not
represent any particular issue for HYDI-DSI-like approaches.

A different approach dealing with q-space interpolation was proposed by [7.66], where the
authors drew HARDI data from DSI-like or multi-shell samplings by interpolation. This is
based on the linear relation between the so-called Spin Distribution Function (SDF) and the
attenuation signal samples. At the very end, the problem is solved as a Tikhonov-regularized,
non-constrained least squares problem. The authors claim that non-negativity constraints
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become unnecessary resorting to empirical considerations, likely owing to the fact that,
being aimed at reducing DSI-like/multi-shell data to HARDI schemes, the problem they
address is vastly over-determined. In any case, this approach focuses on HARDI analysis
techniques, so that it does not stand a direct comparison with our proposal.

The price to pay when getting rid of q-space interpolation is the introduction of two additional
algorithm parameters (besides the lattice size) that were not present in the original HYDI-
DSI: the bandwidth selection µ and the Laplacian weighting λ. Fortunately, Figs. 7.3 and 7.4
show they can be fixed in a one size fits all fashion, regardless of the actual q-space sampling
used. Indeed, their values remain constant in Figs. 7.7–7.10 as the outermost acquired shells
are progressively removed, and even so HYDI-DSI-QP exhibits a stable behavior. Moreover,
all the results reported throughout the paper used µ = 0.05 and λ = 0.5 after Figs. 7.3
and 7.4, without any further optimization.

Regarding the actual accuracy of HYDI-DSI-like approaches, Fig. 7.6 shows the three of
them provide excellent approximations for the full HCP MGH protocol (with b-values up
to 10, 000 s/mm2), unless very poor PSNR values are considered. Though the estimations
obtained with either of the three methods strongly correlate with ground-truth values, it
remains clear that the proposed HYDI-DSI-QP performs the best at estimating the actual
order of magnitude of the RTxP indices, with logarithmic scale-shifts near 0. The actual
advantage of our proposal, however, is demonstrated in Figs. 7.7–7.10: HYDI-DSI-QP clearly
outperforms the original HYDI-DSI in the estimation of RTxP values as fewer shells are
available, hence proving itself more useful with non-dedicated, more clinically-suitable
diffusion data sets.

Remarkably, the progressive removal of the outermost shells results in two artifacts: first,
since fewer samples are available for the estimation, the variance of the estimation (the
width of the points clouds in the joint histograms) increases, as expected. Second, the
measures are scale-shifted with respect to their values at b = 10, 000 s/mm2. This is evident
with HYDI-DSI, since the calculated bandwidth is directly provided by the maximum b-value
acquired. With HYDI-DSI-QP, the reason may be found in eq. (7.16): since no high-frequency
samples are available, this part of the spectrum is governed by the penalty term, which
promotes lower-pass solutions, hence decreasing the values of the RTxP. With HYDI-DSI-AB,
on the contrary, the non-measured part of the spectrum will be linearly interpolated, so that
the bandwidth can even result artificially increased. Note this is a major difference of our
approach when compared to CS-based proposals [7.12, 7.37, 7.67]: CS will provide faithful,
full-bandwidth approximations to the EAP even if the q-space is sampled below Nyquist’s
rate (but up to a sufficiently large b-value). This is attained through the use of a sparsifying
transform and `1-based optimization procedures. Our HYDI-DSI-QP avoids the need for
such transform by directly computing samples of the function of interest (the discrete EAP),
which at the same time allows to directly impose positivity constraints in a straightforward
manner.

Note the computations of the RTOP (see Fig. 7.7), the RTAP (Fig. 7.8), the RTPP (Fig. 7.9),
and the MSD (Fig. 7.10) are quite robust to the elimination of large b-valued shells with
HYDI-DSI-QP. In other words, HYDI-DSI-QP, as compared to the original HYDI-DSI, grants
the opportunity to accurately estimate non-parametric, DSI-like information from non-
specific samplings. Yet, HYDI-DSI-QP provides pretty decent approximations of the bronze
standard from even a unique shell at b = 1, 000 s/mm2, which could allow our proposal to
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compete with recent model-based/parametric approaches devised for quantitative dMRI
analysis from clinically feasible setups [7.1, 7.3, 7.2].

More interestingly, the experiments presented throughout the paper evidence that our
HYDI-DSI-QP attains, at the very least, comparable results to those obtained with MAPL in
terms of accuracy, robustness, and reliability. Indeed, we are able to clearly and consistently
outperform MAPL in many scenarios (compare top and bottom rows of the Bland and Altman
graphs in Figs. 7.7 through 7.10). Though we cannot claim that MAPL is the state of the art
in EAP imaging (to our knowledge, there are not systematic and exhaustive comparative
studies supporting the better performance of MAPL compared to other techniques), it is
undoubtedly the most popular approach for multi-shells, despite being extremely time
consuming and resource demanding. In this sense, we have designed an EAP imaging
technique that attains a speedup at least 100× over MAPL with a comparable or even better
performance.

Compared to its predecessor (HYDI-DSI by [7.62]), HYDI-DSI-QP no longer requires ad hoc
q-space sampling schemes, but it properly works with those currently available in public
databases. Putting all together, HYDI-DSI-QP might constitute a milestone for bringing up
the potential of advanced EAP imaging to the analysis of medium-large sized databases.

In this work, we have focused on quantitative dMRI, which is also the main topic covered
by [7.62], i.e. we aim at accurately computing certain indices derived from diffusion
measurements that can potentially reflect features and processes taking place in the white
matter at a micro-structure level. As such, we have not paid attention to the computation
of ODF fields or EAP-based tractography, which is in turn an important matter of concern
in the related literature [7.5, 7.27, 7.53, 7.55]. The computation of the EAP in a Cartesian
lattice, especially when it is oriented following the principal diffusion directions, nicely fits
the computation of the usual indices (RTOP, RTAP, RTPP, MSD), but a spherical arrangement
is better suited for ODF or directionality description. [7.63], devising HYDI as a put-all-
together method, were not concerned about this pitfall because ODF/tractography were
supposed to be computed independently with one of the available DTI/HARDI techniques.
If this complementary information has to be extracted from the Cartesian EAP itself, some
sort of re-gridding/interpolation in the EAP domain is required. This might well be a linear
interpolation of the EAP samples themselves, or a more sophisticated approach could be
thought of: proceeding as in Appendix 7.A, we could obtain a set of Fourier coefficients of
the periodically extended EAP, which is equivalent to a re-gridding of the q-space. Then,
the analogous developments as in Section 7.2.3 would allow building a matrix relating
the Cartesian sampling of the q-space to the desired spherical grid in the EAP domain,
from which computing ODFs would now be trivial. Note that both MAP-MRI and MAPL
face similar issues, since they equally rely on functions naturally defined in the Cartesian
domain [7.25, 7.45].

Yet, the RTOP, the RTAP, the RTPP and the MSD are not the unique EAP-derived quantities of
interest within dMRI: the Non-Gaussianity (NG) and the Propagator Anisotropy (PA), which
are naturally derived from the MAP-MRI representation [7.45], have proven themselves
certainly valuable for the description of several pathologies [7.6, 7.11, 7.24]. For example,
the PA is defined as the distance from the EAP to its equivalent isotropic signal, defined as
the spherical average of P (R) at each ‖R‖. Once again, the Cartesian description of the EAP
with HYDI-DSI approaches is a pitfall in the computation of this measurement that needs to
be solved via numeric interpolation. Since HYDI-DSI-QP pursues the analytical computation
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of quantitative dMRI indices (see Section 7.3), the need for numeric interpolation in all
these cases is a clear limitation.

The proposed method is aimed at the non-parametric description of the EAP. The relevance of
this particular feature arguably relies on the expectation that a non-parametric representation
provides extra DoF over parametric ones, meaning that the derived indices will hopefully
exhibit a higher sensitivity to micro-structure changes inside the white matter. Conversely,
more DoF are likely to make the EAP representation more prone to random drifts induced
by noise and imaging artifacts, i.e. reduced specificity. With regard to the latter issue, we
have characterized specificity by means of the inter-session coefficient of variation (hither
defined as the reproducibility), which should remain relatively low for the derived dMRI
measures to be clinically feasible. This criterion has been met for all measures estimated
under HYDI-DSI and HYDI-DSI-QP approaches as stated in Table 7.1 (a), with coefficients of
variation always below 5%.

However, the analysis in terms of raw reproducibility, despite being relatively simple, can be
misleading: Table 7.1 (a) suggests that the original HYDI-DSI might be clearly preferable for
the estimation of RTOP and RTAP, since it is twice as repeatable as HYDI-DSI-QP for these
indices. However, the previous experiments highlight the fact that the indices estimated with
either technique are not directly comparable due to the very different bandwidths estimated
for the EAP in each case. In other words, the heavy scale-shifts HYDI-DSI introduces in RTxP
values as a consequence of abruptly cropping the bandwidth of the EAP can be related to
sensitivity losses: Table 7.1 (b) measures this effect by normalizing inter-session coefficients
of variation with inter-subject differences. With this normalization, it remains clear that all
the methods compared are equally reliable for the estimation of RTOP and RTPP, meanwhile
HYDI-DSI-QP is clearly preferable for RTPP and MSD. In any case, the reproducibility and
reliability studies presented in Table 7.1 demonstrated promising potential of the measures
to be further transferred to the clinical domain or to be used in a neurodevelopment research
scenario, e.g. brain ageing or longitudinal studies.

Finally, the analysis of dMRI measures in terms of reliability (not just reproducibility) is a
novel contribution of this paper, which can pave the way for the selection of an appropriate
sample size to preserve a trade-off between a long acquisition time or group size and a high
significance of statistical tests [7.70]. Such trade-off will be pursued through the choice for
an appropriate EAP reconstruction method, either parametric or non-parametric, and, as we
have illustrated here, an appropriate design of the bandwidth of the EAP. Besides, it seems
likely that it will strongly depend on the particular characteristics of the database to be
analyzed. In this sense, a wider study generalizing the one carried out in Section 7.5.8 would
allow the systematic comparison of parametric and non-parametric EAP imaging techniques
with regard to their reliability in different situations (i.e. for different imaging protocols).
Including HYDI-DSI-like approaches in the pool of compared methods is now possible after
the present paper, since we have demonstrated that HYDI-DSI-QP relies notably less on
dedicated q-space samplings than the original HYDI-DSI does, so that it can be computed
over existing test-retest databases [7.34, 7.58] as-it-is.
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Appendices

7.A Description of the Laplacian penalty

The Laplacian of the EAP, as required in eq. (7.16), could be approximated with finite
differences computed over P itself. Instead, we look for an exact representation based on
the DFT. In order to avoid discontinuities due to the inherent periodic boundary conditions,
we extend the original EAP lattice to a new one with size (2Nx + 2)× (2Ny + 2)× (2Nz + 2)
by zero padding at Nej + 1. By rearranging the antipodal symmetric PΘ(k/Qx, l/Qy,m/Qz)
({k, l,m} = −Nej . . . Nej + 1), we get a column vector Psym that relates to the signal in the
q-space as:

Psym = QWsym Esym, (7.30)

where Esym is rearranged fromEΘ

(
Qxu/2(Nx + 1), Qyv/2(Ny + 1), Qzw/2(Nz + 1)

)
({u, v, w} =

−Nej . . . Nej + 1) as a column vector, and Wsym is the DFT matrix whose entries have the
form [7.43]:

[Wsym]r(u,v,w),c(u,v,w) = exp
(
−iπ

(
k u/Nx + 1 + l v/Ny + 1 +mw/Nz + 1

))
. (7.31)
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Since Wsym has Hermitian symmetry, its inversion becomes trivial. Besides, since both the
EAP and the attenuation signal are necessarily real, we get:

Esym = 1
Q
<{WH

sym}Psym. (7.32)

The computation of the Laplacian can be done by relating this operator to its dual in the
q-space domain, as it has been thoroughly exploited in the literature [7.56, 7.57]. Hence:

Fsym = −4π2diag(ssym) Esym = −4π2

Q
diag(ssym)<{WT

sym}Psym = 1
Q
<{WT

f }Lsym, (7.33)

where Lsym stands for the Laplacian of the EAP, sampled at the same lattice points as the EAP
itself, and rearranged as a column vector. Vector ssym represents the (column-rearranged)
squared modules of the lattice nodes in the q-space, i. e.:

[ssym]r(u,v,w) = Q2
x u

2

4(Nx + 1)2 +
Q2
y v

2

4(Ny + 1)2 + Q2
z w

2

4(Nz + 1)2 . (7.34)

Therefore, Fsym is the DFT of the signal corresponding to the Laplacian of the sampled EAP.
According to Parsevaal’s theorem, the energy of the former equals the energy of the latter.
By identifying terms in eqs. (7.16) and (7.33) we can derive:

Lsym = −4π2

Q
diag(ssym)<{WT

sym}. (7.35)

It only remains to drop off the rows and columns of WT
sym corresponding to antipodal

symmetries (like we did in Section 7.2.3), as well as those columns corresponding to the
original zero-padding of the EAP at extra lattice points, to get WT (and perform analogous
operations with the rows of ssym to get s). Finally:

L = Q
-2/3−4π2

Q
diag(s)<{WT } = −4π2Q

-5/3 diag(s)<{WT }, (7.36)

where the additional normalization factor Q-2/3 obeys to the need for dimensional homo-
geneity between F and L in eq. (7.16).
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Abstract: We propose a method that can provide information about the anisotropy and
orientation of diffusion in the brain from only 3 orthogonal gradient directions without imposing
additional assumptions. The method is based on the Diffusion Anisotropy (DiA) that measures
the distance from a diffusion signal to its isotropic equivalent. The original formulation
based on a Spherical Harmonics basis allows to go down to only 3 orthogonal directions in
order to estimate the measure. In addition, an alternative simplification and a color-coding
representation are also proposed. Acquisitions from a publicly available database are used
to test the viability of the proposal. The DiA succeeded in providing anisotropy information
from the white matter using only 3 diffusion-encoding directions. The price to pay for such
reduced acquisition is an increment in the variability of the data and a subestimation of the
metric on those tracts not aligned with the acquired directions. Nevertheless, the calculation of
anisotropy information from DMRI is feasible using fewer than 6 gradient directions by using
DiA. The method is totally compatible with existing acquisition protocols, and it may provide
complementary information about orientation in fast diffusion acquisitions.

Originally published as: Santiago Aja-Fernández, Guillem París, Carmen Martín-Martín, Derek K.
Jones and Antonio Tristán-Vega, Anisotropy measure from three diffusion-encoding gradient directions,
Magnetic Resonance Imaging 88, 38-43, 2022

8.1 Introduction

The term Diffusion Magnetic Resonance Imaging (DMRI) refers to a set of diverse imaging
techniques that, applied to brain studies, provide useful information about the organization
and connectivity of the white matter. The most relevant feature of DMRI is its ability to
measure orientational variance in the different tissues, i.e., anisotropy, a feature that is
mostly used in research. In the clinical practice, and as a complement to structural studies,
there are protocols that incorporate a fast acquisition to obtain a measure of the amount of
diffusion. A common implementation in commercial scanners, like EPI-DWI, acquires only
3 separate orthogonal diffusion weighted images (DWIs) with diffusion gradients aligned
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with directions (x, y, z). These 3 DWIs are averaged into a final combined image [8.1] that
resembles measures like the Mean Diffusivity (MD) [8.2] or the Average Sample Diffusion
(ASD) [8.3]. Due to the limitation in the number of gradient directions, no extra information
is provided. If a measure of anisotropy and orientation of the diffusion wants to be extracted,
there is a minimum requirement of 6 acquired DWIs in order to estimate the components of
the diffusion tensor (DT) [8.4]. Under the DT approach, it would still be possible to calculate
an anisotropy measure with fewer than 6 gradient directions, but we must impose a restricted
model that reduces the number of values to estimate, like, for instance, assuming that the
diffusion has a cylindrical symmetry. Nevertheless, regardless of the used methodology, it is
well known the intrinsic inability of dMRI measures to properly characterize different spatial
orientation with fewer than 6 gradient directions.

In this paper we propose a new method that can provide additional information about the
anisotropy in the diffusion from only 3 orthogonal gradient directions. This method is totally
compatible with existing fast diffusion acquisitions since it only makes use of the same 3
DWIs already acquired. This way, no extra scanning time is needed: the same sequence that
provides MD images can also provide anisotropy information.

The method is based on a novel anisotropy metric called Diffusion Anisotropy (DiA) proposed
in [8.5]. The metric measures the distance from the actual diffusion signal to its isotropic
equivalent. Its original formulation relies on the fitting on the signal using a basis of
Spherical Harmonics (SH), but an alternative simpler formulation is here proposed to be
exclusively used with 3 orthogonal gradient directions. In addition, we also present a
color-coding method, like the one used for the Fractional Anisotropy (FA) in DT imaging. We
carry out some examples and tests to show that, although the variability of the anisotropy
image is high (compared to the one calculated with more gradient-directions), it succeeds
in providing structural information of the white matter with just 3 acquired directions for
those tracts aligned with the axis.

Due to the limitations of DMRI, when working with fewer than 6 gradient directions, those
tracts not aligned with the axis will be underestimated by the procedure. Thus, we must
recall that this method is not initially intended to carry out clinical studies or to obtain
detailed anisotropy information, but simply to complement existing acquisition methods
with an anisotropy measure. The acquisition remains unchanged, only some extra processing
is needed, and new information is then provided.

8.2 Methods

8.2.1 Diffusion Anisotropy

In [8.5], authors proposed a series of advanced anisotropy measures that could be calculated
from a single shell acquisition. Among them, the Diffusion Anisotropy (DiA) was presented
as a robust alternative to the FA. DiA assumes a mono-exponential diffusion profile for the
normalized magnitude signal provided by the MRI scanner, E(q):

E(q) = E(q,u) = exp
(
−4π2τq2 D(u)

)
= exp (−b ·D(u)) . (8.1)
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D(q) = D(q,u) > 0 is the diffusivity signal, also known as the Apparent Diffusion Coefficient
(ADC), b = 4π2τ‖q‖2 is the b-value, τ is the effective diffusion time, q = ‖q‖ and u ∈ S
is a unit direction in space where ‖u‖ = 1 and q = qu. Note the mono-exponential
constraint translates in the diffusivity D(q,u) being independent on the radial direction:
D(q,u) ≡ D(u)Under this assumption, the DiA is defined as [8.5]:

DiA =

√√√√1−
[∫
S
D(u)du

]2
4π ·

∫
S
D2(u)du

. (8.2)

The integration on the surface of the unit sphere, S = {u ∈ R3 : ‖u‖ = 1}, from a limited
number of samples can be performed by fitting corresponding signals in the basis of Spherical
Harmonics (SH), whose 0-th order coefficient is defined as:

C0,0 {H(u)} = 1√
4π

∫
S

H(u)du. (8.3)

This way, a practical implementation of DiA was originally defined as:

DiA =

√
1−

C2
0,0{D(u)}

√
4π · C0,0{D2(u)}

. (8.4)

This implementation can be seen as a generalization of the Coefficient of Variation of the
Diffusion (CVD), defined in [8.3], and an alternative definition to the Generalized Anisotropy
(GA) proposed in [8.6]. Finally, note that, as mentioned in [8.7, 8.8], FA-like measures
suffer from confounding factors derived from the MRI resolution being bigger than most of
the hydrogen molecules displacement in brain tissues. Therefore, both FA and DiA are the
result of an averaged measure of the diffusion contributions over the voxel being studied.

8.2.2 Simplified DiA and Color-by-orientation

The advantage of the definition of DiA using a SH base, like the one proposed in eq. (8.4), is
that the integral can be roughly estimated from just 3 orthogonal values. Let Dx(x), Dy(x),
and Dz(x) be the diffusion signals acquired for these such directions (that, in principle, we
assume aligned with the corresponding axes ‘x’, ‘y’, and ‘z’). We can calculate the average
diffusivity by simply drawing:

DAV(x) = Dx(x) +Dy(x) +Dz(x)
3 . (8.5)

At the same time, DiA can be calculated using eq. (8.4):

DiA(x) =

√
1−

C2
0,0{Dx(x), Dy(x), Dz(x)}

√
4π · C0,0{D2

x(x), D2
y(x), D2

z(x)}
. (8.6)
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color
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DiA

Fig. 8.1.: Scheme of the calculation of the different metrics derived from 3 DWIs acquired with 3
orthogonal gradient directions.

However, since the three acquired DWIs are orthogonal and aligned with the Cartesian axes,
the DiA can be alternatively calculated using a simplified formulation [8.3]:

DiA(x) =

√
1− (Dx(x) +Dy(x) +Dz(x))2

3 · (D2
x(x) +D2

y(x) +D2
z(x)) . (8.7)

Note that, in this case, since we are assuming three orthogonal vectors, we do not need to
use the gradient directions in order to calculate the DiA.

We can also provide color-coded anisotropy information using DiA. In DT imaging, the
anisotropy is usually coded using a RGB color system [8.9] in which blue is superior-inferior,
red is left-right, and green is anterior-posterior. For visual purposes, the luminance of the
color is weighted by the FA. Analogously, we define the RGB components as a function of
the three orthogonal directions normalized by the average diffusivity, so that:

r(x) = DiA(x)× Dx(x)
DAV(x) ; (8.8)

g(x) = DiA(x)× Dy(x)
DAV(x) ; (8.9)

b(x) = DiA(x)× Dz(x)
DAV(x) . (8.10)

Note that this formulation implicitly assumes that the three acquired gradient directions
are orthogonal and they are aligned with the axis (x, y, z). Thus, the color coding must be
interpreted as orientation of the structures with respect to the axis.

The calculation of the different metrics from the 3 acquired orthogonal measures is surveyed
in Fig. 8.1.
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8.3 Results

8.3.1 Data used for the experiments

An MRI volume (UVa) from a healthy control was acquired using a Philips Achieva 3T
unit (Philips Healthcare, Best, The Netherlands) in the MRI facility at the Universidad de
Valladolid (Valladolid, Spain). The acquisition was obtained with these parameters: TR
= 9000 ms, TE = 86 ms, flip angle = 90o, one baseline volume, b-value = 1000 s/mm2,
128× 128 matrix size, 2× 2× 2 mm3 of spatial resolution and 66 axial slices covering the
whole brain. 3 different sets were considered: 3, 6 and 61 gradient directions. For the
acquisition with 3 directions, the acquired gradients are aligned with the axis. Data were
preprocessed using MRtrix software [8.10] for correction of eddy currents, motion, and field
inhomogeneities.

In addition, the Human Connectome Project (HCP)1 database was also used, specifically
volumes MGH1010 and MGH1016, acquired on a Siemens 3T Connectom scanner with 4
different shells at b =[1000, 3000, 5000, 10000] s/mm2, with [64, 64, 128, 256] gradient
directions each, in-plane resolution 1.5 mm and slice thickness 1.5 mm. We will only make
use of the innermost shell (b = 1000 s/mm2 and 64 gradient directions).

8.3.2 Visual Assessment

First, we calculate the proposed metric over 3 slices (31, 40 and 55) from the UVa volume.
The DAV and DiA were calculated using only 3 DWIs from the shell at b=1000 s/mm2

using the simplified expression in eq. (8.7). For the sake of comparison, we have also
calculated the FA at b=1000 s/mm2 with 61 and 6 gradient directions and DiA with 61
(UVa) directions. In the latter case, DiA was calculated using eq. (8.4); the SH are fitted
with a Laplace-Beltrami penalty λ = 0.006. Results are shown in Fig. 8.2.

Although the visual quality of DiA calculated with 3 directions, Fig. 8.2-(e), is clearly poorer
than FA and DiA with 61 directions (which is obvious), note that DiA succeeds in estimating
information about orientation and anisotropy with just 3 gradient directions. Main structures
are visible within the white matter, even clearer in the colored version, Fig. 8.2-(f). Thus,
the same fast acquisition that can produce information about the amount of diffusion can
also be used to provide rough information about the orientation of such diffusion. Note that
the high quality of the images calculated with only 3 gradients is due to the large voxel size
used (2× 2× 2 mm3), which assures a high SNR in the data.
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Reference Proposal
a

b

c

d

e

f

DiA (61)

FA (61)

FA (6)

D   (3)

DiA (3)

DiA (3)

AV

Fig. 8.2.: Visual assessment of proposed methods (2). Slices (31, 40, 55) from the UVa volume are
shown. For the sake of comparison, we have added (a) DiA (using 61 gradient directions);
(b) FA (using 61 gradient directions; (c) FA (using 6 gradient directions. The proposed
metrics are calculated with 3 gradient directions: (d) Average Diffusivity; (e) DiA; (f) DiA
with orientation color code.

8.3.3 Numerical assessment

Next, we quantified the loss of information in DiA when calculated using only 3 different
orientations. First, we tested the dependency of DiA on the number of diffusion samples
taken in a given shell. To that end, we used a whole volume from the HCP data, MGH1016.
The volume was divided in 6 different regions according to their diffusion features. The DiA
was first calculated at b=1000 s/mm2 using 64 directions and those voxels with DiA< 0.1
removed. The remaining voxels were clustered in 6 different groups using k-means. Each
voxel in the white matter was assigned to one cluster using its DiA value and the minimum
distance. The following test was carried out: we began with the 64 samples (gradient
directions) and uniformly downsampled this set to obtain either 3, 6, 15, 24, 35 and 48
diffusion directions subsets2. The DiA was computed for each considered case, and the
median value inside each of the six clusters is depicted in Fig. 8.3. Although DiA shows it is
a consistent measure when it is calculated using over 20 different orientations, for fewer
gradient directions this measure is underestimated. This effect is much more noticeable
when using only 3 directions. However, note that the separation between clusters remains

1Data obtained from the Human Connectome Project (HCP) database (ida.loni.usc.edu/login.jsp) . The
HCP project (Principal Investigators: Bruce Rosen, M.D., Ph.D., Martinos Center at Massachusetts General Hospital;
Arthur W. Toga, Ph.D., University of Southern California, Van J. Weeden, MD, Martinos Center at Massachusetts
General Hospital) is supported by the National Institute of Dental and Craniofacial Research (NIDCR), the National
Institute of Mental Health (NIMH) and the National Institute of Neurological Disorders and Stroke (NINDS). HCP is
the result of efforts of co-investigators from the University of Southern California, Martinos Center for Biomedical
Imaging at Massachusetts General Hospital (MGH), Washington University, and the University of Minnesota.

2A “uniform” downsampling of n gradients among the original 64 is here defined as those n directions that
minimize the overall electrostatic repulsion energy among all

(64
n

)
combinations. The optimization is carried out

using heuristic rules.
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Fig. 8.3.: Evolution of DiA with the angular resolution (number of gradient directions), using
data from HCP. The volume has been clustered in 6 different sets (for original DiA
with 64 directions) and the median of each set is shown. Centroids of the data
CL = {0.24, 0.32, 0.42, 0.57, 0.82}.

Rotation in Plane (2D) Rotation in Space (3D)

Fig. 8.4.: Directions of the eigenvectors of the synthetic tensor (red) in relation with the axis (black).
Two different rotations are applied. LEFT: rotation on a plane. RIGHT: spatial rotation.

constant. This suggest that the differences in the anisotropy detected by these measures can
still be seen when using 3 orientations (at least in this example).

8.3.4 Variability of DiA with orientation

One of the issues with anisotropy measures in dMRI is the intrinsic inability to properly
characterize fibers in all different spacial orientation when fewer than 6 gradient directions
are considered. Thus, in order to quantify the capability of this method to identify fibers
that are not aligned with the axis, we will carry out a simple simulation: we generate a
synthetic tensor with eigenvalues [1, 0.3, 0.3]× 10−3 mm2/s totally aligned with axis. This
corresponds to FA=0.6444. We rotate the tensor according to two different rotation schemes,
see Fig. 8.4:

1. Rotation in plane, so one of the components of the tensor is aligned with one axis. The
rotation matrix is:

RM =

 cos(θ) 0 sin(θ)
0 1 0

− sin(θ) 0 cos(θ)
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Fig. 8.5.: DiA calculated from 3 acquisitions. The main diffusion direction of the tensor is rotated a
certain angle so that the fiber is not aligned with the axis.
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Fig. 8.6.: DiA calculated with 61 and 3 gradient directions: Comparison of the anisotropy in three
different areas for bundles not aligned with the axis.

2. Spatial rotation, so none of the components are aligned with any axes. The rotation
matrix is:

RM =


1
3 + 2

3 cos(θ) (1− cos(θ)) 1
3 −

1√
3 sin(θ) (1− cos(θ)) 1

3 + 1√
3 sin(θ)

(1− cos(θ)) 1
3 + 1√

3 sin(θ) 1
3 + 2

3 cos(θ) (1− cos(θ)) 1
3 −

1√
3 sin(θ)

(1− cos(θ)) 1
3 −

1√
3 sin(θ) (1− cos(θ)) 1

3 + 1√
3 sin(θ) 1

3 + cos(θ) 2
3

 .

The tensor is sampled using three to six directions. For the case of 3 directions, these
correspond to the Cartesian axes. For the sake of simplicity, no noise or simulated artifacts
are added to the tensor. The diffusivity D(x) is reconstructed and the DiA is calculated for
each case. The values of DiA for the different sampling schemes and for different rotation
angles are shown in Fig. 8.5 (plane rotation in red and spatial rotation in green).

Note that, according to the figure, when the DiA is estimated with only 3 directions, there is
a clear underestimation of the metric when the main diffusion direction is not aligned with
the directions of the acquired gradients. If we focus on the in plane rotation, the maximum
error arises precisely for the 45o angle, when the main direction is diagonal to the axis. This
is also the case for 4 and 5 directions, while with 6 directions the same DiA is provided,
regardless of the orientation of the tensor.
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Fig. 8.7.: Variability of the DiA as a function of the orientation of the acquired direction. HCP data
have been used. In blue, the median along different gradient configurations.

This experiment raises the main weakness of this method, the underestimation of the
anisotropy of those fibers not aligned with the axis. This effect can also be seen on real
data. In Fig. 8.6 we show one axial and one coronal slice from the UVa volume. We have
calculated DiA for 61 and 3 gradient directions in order to compare the loss of information.
We have highlighted some of the fiber bundles that are not aligned with the axis. Let us
first focus on the structures circled in green and red (numbers 1 and 2). These structures
would correspond to the rotation in plane in Fig. 8.5, with an angle of around 45o respect to
the axis. According to the previous experiment, the anisotropy here would experience its
maximum underestimation. This is the case in Fig 8.6: the bundles in DiA with 3 gradient
directions show a reduced value, when compared to the 61 case. However, in both cases (1
and 2), although reduced, the bundles are still present. A similar effect can be found on the
area number 3. A small structure has almost disappeared due to its orientation.

Finally, we numerically quantified this variability over the HCP data (volume MGH1010).
We downsample the 64 acquired directions to sets of 3 directions through an exhaustive
search with all possible orientations. This way, we consider sampling schemes not aligned
with the axis and in all the possible orientations. DiA is calculated for each acquisition
set using eq. (8.4). The median and standard deviation is calculated along the different
configuration. Results as a function of the FA are shown in Fig. 8.7.

Despite its great variability with the orientation of the acquired gradients, DiA also shows a
great correlation (in median) with the FA, revealing that the differences in the anisotropy
detected by FA can still be seen when using DiA 3 orientations, although with a greater
variance.

8.4 Discussion and Conclusions

The calculation of anisotropy measures over diffusion data is usually limited by the 6 gradient
directions needed to estimate the components of the diffusion tensor. Hence, in those fast
acquisitions for which only 3 orientations are acquired, only information about the amount
of diffusion can be inferred. That is the case of fast diffusion sequences in commercial
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scanners (like EPI-DWI) in which the installed software produces an image which is the
average of 3 images acquired with 3 orthogonal gradient directions where no information
about the orientation of the diffusion is present.

In this work we have proposed a method that is able to calculate a rough anisotropy image
that could give complementary information about the anisotropy and orientation of the
diffusion with just those 3 orthogonal directions. In addition, we also provide a color-
coded version that helps in better understanding the orientation of the different structures.
The method is totally compatible with existing fast acquisition sequences, and it does not
require extra data: the anisotropy metric is calculated from the same DWIs used for the MD
estimation.

On the other hand, the use of 6 gradient directions to better characterize diffusion is not
only related with the 6 degrees of freedom of the diffusion tensor. It is well-known that
there is an intrinsic limitation in dMRI that hinders the proper estimation of anisotropy
measures to characterize fibers in all different spatial directions. This effect also affects the
method here proposed, imposing a limitation of use. We have shown that those fibers that
are not aligned with the axes will be underestimated, the larger the misalignment the larger
the underestimation. Thus, this method is not able to circumvent this intrinsic limitation of
dMRI and therefore it must be used with caution. The purpose of the method is not to be
used in clinical studies or as a substitute of the FA, but to provide complimentary information
in fast diffusion acquisitions. There is a clear loss of information when compared with a
complete dMRI acquisition, but there is also a clear additional information when compared
with that provided only by the MD. In this sense, the advantage of using DiA is its ability to
provide anisotropy information with the smallest possible data set.

Software

The full implementation of DiA is included in the AMURA toolbox and it may be downloaded
for Matlab© and Octave, together with use-case examples and test data, from: http://www.
lpi.tel.uva.es/AMURA.
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Accurate free-water
estimation in white matter
from fast diffusion MRI
acquisitions using the
spherical means technique

9
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Abstract:
Purpose: To accurately estimate the partial volume fraction of free-water in the white matter
from diffusion MRI acquisitions not demanding strong sensitizing gradients and/or large
collections of different b-values. Data sets considered comprise ∼32–64 gradients near b =
1, 000 s/mm2 plus ∼6 gradients near b = 500 s/mm2.
Theory and Methods: The spherical means of each diffusion MRI set with the same b-value
are computed. These means are related to the inherent diffusion parameters within the voxel
(free- and cellular-water fractions; cellular water diffusivity), which are solved by constrained
Nonlinear Least Squares regression.
Results: The proposed method outperforms those based on mixtures of two Gaussians for the
kind of data sets considered. W.r.t. the accuracy, the former does not introduce significant
biases in the scenarios of interest, while the latter can reach a bias of 5%–7% if fiber crossings
are present. W.r.t. the precision, a variance near 10%, compared to 15%, can be attained for
usual configurations.
Conclusion: It is possible to compute reliable estimates of the free-water fraction inside the
white matter by complementing typical DTI acquisitions with few gradients at a low b-value. It
can be done voxel-by-voxel, without imposing spatial regularity constraints.

Originally published as: Antonio Tristán-Vega, Guillem París, Rodrigo de Luis-García, Santiago Aja-
Fernández, Accurate free-water estimation in white matter from fast diffusion MRI acquisitions using the
spherical means technique, Magnetic Resonance in Medicine 87 (2), 1028-1035, 2022

9.1 Introduction

The estimation of the partial volume fraction (PVF) of free-water (FW) inside brain tissues,
and specifically inside the white matter (WM), serves two purposes in diffusion MRI:
first, eliminating a confounding factor within Diffusion Tensor Imaging (DTI) [9.1], which
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emanates from the limited resolution of Diffusion Weighted Images (DWI) [9.2]. Second,
the FW-PVF itself can be a biological marker for the description of tumorous edema, neuro-
inflammation, and others [9.3, 9.4].

Several techniques for FW-PVF estimation have been proposed that can be classified de-
pending on the kind of DWI collections they employ: micro-structure oriented methods like
NODDI [9.5], spherical means [9.6], or MiSFIT [9.7] consider multi-shells, i.e. few medium-
high b-values (∼2–4, up to 10, 000 s/mm2) with ∼64–128 gradient directions each; spectral
methods [9.8, 9.9] manage large sets (∼15) of low-medium b-values (up to 2, 500 s/mm2)
with few gradients each (<15); finally, DTI-based methods use either single-shell acquisitions
near 1, 000 s/mm2 [9.2, 9.3] or they complement this standard DTI acquisition with few
gradients at a smaller b-value (∼ 500 s/mm2) [9.10].

We are interested here in little demanding acquisitions. Even when single-shell estimates can
be reliable if a proper regularization is embedded [9.3], it has been shown that these results
must be interpreted with care [9.11]. Since both regularized [9.10] and unregularized [9.12]
schemes benefit from using a complementary b-value, we will focus on samplings like those
in [9.10], with ∼32–64 gradient directions at b ∼ 1, 000 s/mm2 plus ∼6 gradients at
b ∼ 500 s/mm2. With a 3T, multi-coil device, acquisition times can thus be reduced from 40
to 15 minutes compared to the protocol suggested in [9.12].

We propose a method to estimate the FW-PVF voxel-wise, without any spatial regularization.
It models the DWI as the convolution of a non-parametric fiber Orientation Distribution
Function (fODF) with an impulse response that depends on the cellular-water (CW) PVF.
This has the additional advantage of releasing our approach of the Gaussian assumption for
CW diffusion, which inside the WM is strictly valid only if a unique dominant direction ex-
ists [9.3]. CW-PVF estimation then reduces to a Least Squares (LS) fitting of two parameters,
so that it can be attained from the spherical means of two acquired shells.

9.2 Theory

According to the two-component model in [9.2], the signal S(gi, bi) obtained when a
diffusion gradient gi with b-value bi is applied becomes the mixture of a CW-PVF, f , plus a
FW-PVF, 1− f :

S(gi, bi)
S0

= f ·

CW︷ ︸︸ ︷
exp

(
−bi gTi Dgi

)
+(1− f)·

FW︷ ︸︸ ︷
exp (−biD0), (9.1)

where S0 is the unweighted T2 baseline, D is the 3× 3 symmetric Diffusion Tensor (DT),
and D0 is the diffusivity of FW at body temperature (nearly 3.0 · 10−3 mm2/s). Provided a
collection {gi, bi}Ni=1, N � 7 is available, eq. (9.1) can be solved for seven unknowns: the
six free components of D and f itself. In [9.3], a unique b is used for all gi, which turns
the problem ill posed. On the contrary, it is shown in [9.12] that a robust estimation of
f is feasible voxel-by-voxel by acquiring two shells, i. e. two collections of evenly spaced
gradients with two different b-values: {gi1 , b1}

N/2
i1=1

⋃
{gi2 , b2}

N/2
i2=1.
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Eq. (9.1) models either the GM or single-bundled WM [9.3]. To get rid of the latter limitation,
we make use of the representation proposed in [9.7], which entails a continuous mixture of
tensors in the space of orientations, Ω ≡ {v ∈ R3 : ‖v‖ = 1}:

S(g, b)
S0

= f ·

CW︷ ︸︸ ︷∫∫
Ω

Φ(v) exp
(
−b
((

vTg
)2 (

λ‖ − λ⊥
)

+ λ⊥

))
dv + (1− f)·

FW︷ ︸︸ ︷
exp (−bD0),

(9.2)
where Φ(v) ≥ 0, which sums up to 1 in Ω, is an fODF that accounts for the PVFs of the
continuous mixture of WM bundles. The two parameters 0 ≤ λ⊥ ≤ λ‖ ≤ D0 describe the
(distinct) eigenvalues of a prolate DT whose main eigenvector is aligned with v, which can
be seen as the impulse response of each WM bundle [9.7, 9.13]. The key point in [9.7]
is that, for shells-like samplings, eq. (9.2) can be averaged over Ω to obtain one spherical
mean per measured shell that no longer depends on the fODF:

ŝj
∆= 1

4π

∫∫
Ω

S(g, bj)
S0

dg = f ·
√
π

2 exp (−bjλ⊥)
erf
(√

bj
(
λ‖ − λ⊥

))√
bj
(
λ‖ − λ⊥

) + (1−f)· exp (−bj D0) ,

(9.3)
which depends on three unknowns, f , λ‖, and λ⊥, that need to be solved from M ≥ 3
equations corresponding to each acquired shell with b-value {bj}Mj=1. Provided we aim at
estimating f from dual b-valued data sets, we first modify the method in [9.7] by fixing λ‖
and solving eq. (9.3) for f and λ⊥ from the spherical averages {ŝj}Mj=1 of M ≥ 2 shells. The
rationale behind this is the low sensitivity observed for λ‖ within the WM in [9.7, Fig. 2]
and [9.13, Fig. 5].

9.3 Methods

9.3.1 Numerical resolution of equation (9.3)

Let M=
⋃M
j=1{gij , bj}

Nj
ij=1 be a multi-shell sampling withM shells andNj gradient directions

each. The j-th spherical mean, ŝj , is obtained by fitting the samples {S(gij , bj)/S0}
Nj
ij=1

in the basis of Spherical Harmonics (SH), following the numerical approach described
in [9.14]: if C0

0 is the DC component of the SH expansion, then ŝj = C0
0/
√

4π. Like in [9.7],
we develop on eq. (9.3) to isolate f in one term and take logarithms. The problem reduces
to a LS minimization over M ≥ 2 shells:

min
f,λ⊥

1
2

M∑
j=1

(
log
(
ŝj − (1− f)e−bjD0

f

)
+ bjλ⊥ + log

(
2
√
bj(λ‖ − λ⊥)

√
π erf

(√
bj(λ‖ − λ⊥)

)))2

+ν λ⊥
λ‖ − λ⊥

,

(9.4)
where we fix λ‖ = 2.1 · 10−3 mm2/s throughout, after the results in [9.7, Fig. 2]. The
penalty term weighted by the constant ν ≥ 0 is a second necessary modification to [9.7],
and promotes prolate convolution kernels when M is restricted to small b-values. Finally,
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Fig. 9.1.: Numeric comparison of the accuracy of FWE-DTI (left) vs. the proposed FWE-SM (right)
based on the model in eq. (9.7) (for either 1, 2, or 3 simulated fiber bundles). The
sampling schemes M1 (top) and M2 (bottom) are taken from the Dryad volume, with a
typical PSNR=30. Boxes represent the 25% and 75% quantiles of the estimated f ; whiskers
represent the extreme values; notches represent the median value; the quantity next to each
boxlplot represents the standard deviation of the corresponding data. All the boxplots are
computed over 1,000 random samples.

for the problem to be physically consistent, we need to impose additional constraints to the
objective function in eq. (9.4):

f0 ≤ f ≤ 1, for f0 = max
j=1...M

max
{

1− ŝj
e−bjD0

, 1− 1− ŝj
1− e−bjD0

}
; (9.5)

0 ≤ λ⊥ ≤ λ‖. (9.6)

Eq. (9.5) ensures the CW-PVF remains in the allowed range [0, 1], meanwhile eq. (9.6)
ensures the convolution kernel is actually prolate. The LS problem described by the objective
function (9.4) and the constraints (9.5) and (9.6) is solved by means of a gradient-projection
algorithm derived from [9.7, Appendix A].

9.3.2 Generation of synthetic data

The validation of our proposal is partially based on numeric comparisons over synthetically
generated voxels. For each sample {gij , bj} ∈M, the synthetic signal will fit this compound
multi-tensor model:

S(gij , bj) = f ·S0

3∑
k=1

αk exp
(
−bjgTijDkgij

)
+ (1− f) ·S0 exp (−bjD0) ,

3∑
k=1

αk = 1, (9.7)
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Fig. 9.2.: Numeric comparison of the accuracy of FWE-DTI (left) vs. the proposed FWE-SM (right)
based on the model in eq. (9.7) (for either 1, 2, or 3 simulated fiber bundles). The sampling
schemes M3 (top) and M4 (bottom) are taken from the UVa volume, with a typical PSNR=20.
The notation is as in Fig. 9.1. All the boxplots are computed over 1,000 random samples.

which allows simulating WM configurations with either a unique dominant fiber bundle,
{α1 6= 0, 0, 0}, two bundles, {α1 6= 0, α2 6= 0, 0}, or three bundles {α1 6= 0, α2 6= 0, α3 6= 0}.
In all cases, the non-null αk are generated as uniform random numbers in [0.4, 0.6], and then
normalized to sum to 1. The eigenvalues of each DT, Dk, are designed as Gaussian random
variables with mean and standard deviation retrospectively chosen based on the experiment
in Fig. 9.3: λ1 ∼ N(1.3, 0.3); λ2 ∼ N(0.4, 0.1); λ3 ∼ N(0.25, 0.08) (×10−3 mm2/s). The
eigenvectors of D1 are respectively aligned with axes ‘x’, ‘y’, and ‘z’; those of D2 are aligned
with axes ‘y’, ‘z’, and ‘x’; those of D3, with ‘z’, ‘x’, and ‘y’. The whole ensemble is randomly
rotated, and both the diffusion signal and the unweighted T2 baseline are contaminated with
Rician noise with known PSNR (defined as S0/σ, with σ2 the noise power in the complex
domain).

9.3.3 Materials

Two different data sets have been used for testing:

• From the Dryad data repository1, the human data set described in [9.15]. It was
acquired with a Siemens Trio 3T with resolution 2.5 mm3 and matrix size 96× 96× 19
covering the central part of the brain. Imaging parameters are TR= 7, 200 ms, TE=
116 ms, with a typical PSNR of 30 inside the WM. Among the available b-values, we
use a multi shell scheme M1 with M = 8 shells and Nj = 33,∀j gradient directions

1Available: https://datadryad.org/stash/dataset/doi:10.5061/dryad.9bc43.
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Fig. 9.3.: CW-PVF in the Dryad volume, f , as estimated with either FWE-DTI (a) or the proposed
FWE-SM with ν = 0.1 (b). For the latter, standard color-coded maps based on the first
eigenvector of the DTI are shown before (c) and after (d) FW elimination. The central axial
and coronal slices are shown in all cases. The red arrow points to CSF voxels for which
FWE-SM overestimates f . The yellow arrows point to DTI outliers after FWE in these same
regions.

each. The b-values {bj}8j=1 are evenly spaced from b1 = 200 to b8 = 1, 600 in steps of
200 (in s/mm2). A sub-sampled multi-shell scheme M2 is obtained from M1 with just
M = 2 shells: the first one, with all {gi5}33

i5=1 at b5 = 1, 000 s/mm2 directly taken from
M1; the second one, by decimating the set {gi2}33

i2=1 at b2 = 400 s/mm2 from M1 to 6
gradient directions minimizing the electrostatic repulsion energy (by greedy search).
Hence, in M2, M = 2, N1 = 33, b1 = 1, 000 s/mm2, N2 = 6, b2 = 400 s/mm2.

• A volume acquired with a 3T Philips Achieva at the Universidad de Valladolid (UVa),
with a multi-shell scheme M3 defined by M = 3 shells with Nj = 64,∀j gradient
directions each. The respective b-values (in s/mm2) are b1 = 500, b2 = 1, 000, and
b3 = 1, 500. The spatial resolution is 1.8752× 2.5 mm3, with matrix size 128× 128× 52
for full-brain coverage. The TE and TR are, respectively, 83 ms and 9, 000 ms, granting
a typical PSNR nearly 20 inside the WM. We obtain an additional multi-shell scheme
M4 with M = 2, N1 = 64, b1 = 1, 000 s/mm2, N2 = 6, b2 = 500 s/mm2 by keeping the
original shell at b = 1, 000 s/mm2 from M3 and decimating the shell at b = 500 s/mm2.

The WM was roughly segmented by thresholding the Fractional Anisotropy (FA) at a value of
0.35. The FA was computed in all cases from a DTI fitted to the DWI with regular LS [9.16].
Besides, the WM was classified in three groups based on Westin’s coefficients [9.16]: lin-
ear (Cl), planar (Cp), and spherical (Cs). After initializing three clusters with centroids
[Cl, Cp, Cs] = {[1, 0, 0], [0, 1, 0], [0, 0, 1]}, the C-means algorithm was run until convergence.
We can reasonably hypothesize the first cluster corresponds to WM configurations with a
unique dominant direction (α2 = α3 = 0 in eq. (9.7)), the second one to configurations
with two dominant bundles (α3 = 0 in eq. (9.7)), and the third one to more complex
configurations (αk 6= 0, ∀k).
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red cluster green cluster

blue cluster

Fig. 9.4.: WM clustering of the Dryad volume. The 2-D histograms compare the CW-PVF, f , computed
with either FWE-DTI or the proposed FWE-SM (ν = 0.1) with the full sampling M1, inside
each WM cluster. The black arrows point to histogram values coming from the saturation of
f to its maximum value of 1. The equations y = a x+ b are obtained from linear regression,
so that b stands for the relative bias of FWE-DTI w. r. t. FWE-SM.

9.4 Results

The proposed method (hereafter FWE-SM, standing for Free-Water Elimination–Spherical
Means) will be compared to [9.12] (hereafter FWE-DTI), as long as it is also aimed at voxel-
by-voxel estimation, without spatial regularization, with b-values typical of DTI. According
to Section 9.3.2, we can simulate synthetic voxels for the multi-shell schemes M1,2,3,4 with
ground truth values of f , so that we can evaluate the performance of each method at
scenarios reasonably similar to those expected within the WM of the subjects described
in Section 9.3.3. The respective results are shown in Figs. 9.1 and 9.2 (the parameter ν
in eq. (9.4) has been empirically fixed in all cases): with the whole samplings M1 and M3,
both methods are precise, with small variances in all cases. In terms of precision, FWE-DTI
provides smaller variances for 1-bundle configurations, but similar or greater variances
for 2- or 3-bundles. In terms of accuracy, while FWE-SM remains unbiased for almost all
configurations (except for very small f), FWE-DTI presents noticeable negative biases for
2-bundles and 3-bundles, reaching values near 5%–7% for CW-PVF in the range [0.7, 0.8].
Yet, the main purpose of the present paper is the accurate estimation of f from acquisitions
more alike M2 and M4. In these cases, FWE-SM remains accurate (no noticeable biases
appear), with a more subtle effect on the precision than FWE-DTI suffers: note, both in
Figs. 9.1 and 9.2, the heavy increase of boxes and whiskers sizes (i. e. 25% / 75% quantiles
and extreme values), as well as variances, from the top line to the bottom for FWE-DTI,
which is not equally dramatic for FWE-SM.

The consistency of FWE-SM for a real data set is checked in Fig. 9.3, where f is calculated
for the Dryad volume with the full sampling M1. As it could be predicted from Fig. 9.1,
the results from both FWE-DTI and FWE-SM look quite similar throughout the WM. This
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Fig. 9.5.: Comparison of the estimates of the CW-PVF, f , obtained with either ad hoc samplings (M1,
M3) or DTI-like samplings (M2, M4): axial and sagittal slices are shown for the UVa volume,
estimated with FWE-SM from a) M3 (ν = 0.04), b) M4 (ν = 0.01). The scatter plots depict
the comparison of the full sampled data sets with the sub-sampled data sets, for both test
volumes, and for either FWE-DTI or FWE-SM, inside the WM. Green dashed lines represent
the 25% / 75% quantiles, and red dashed lines represent the 10% / 90% quantiles. The
purple arrow points to pure CSF voxels, for which the FWE-SM model becomes ambiguous.

statement holds also for the GM, the main difference between the two approaches being at
the CSF (red arrow): in these pure FW regions, our FWE-SM tends to overestimate f , which
is also visible in Fig. 9.2 (top, right) for the sampling scheme M3 (but not really evident
in Fig. 9.1 for M1). Moreover, we can refer to eq. (9.1), then use standard LS [9.16], to
compare the DTI estimation either with or without FW elimination as shown in Fig. 9.3
(c) and (d). As expected, eliminating the FW compartment does not alter the structure or
directionality of the WM bundles, but it notably increases their observed anisotropy (which
translates in brighter colors). On the other hand, FW elimination is likely to introduce
outliers at the CSF (yellow arrows).

To further investigate the behavior observed in Figs.9.1 and 9.2, Fig. 9.4 compares FWE-DTI
and FWE-SM inside three WM clusters obtained as described in Section 9.3.3, roughly
corresponding to prolate, oblate, or spherical configurations. In all cases, a prominent
histogram mode at [1.0, 1.0] is present, likely corresponding to the saturation of f to its
maximum value. Obviating this artifact, the histograms demonstrate a strong correlation
between both methods with slope approximately 1. While the principal mode for the red
cluster (purple contour) is completely over the identity line, the principal modes of the
other clusters demonstrate a negative bias of FWE-DTI one order of magnitude above that
found inside the red cluster, which is consistent with Figs.9.1 and 9.2. The computation of
the eigenvalues of the DTI inside the red cluster yields respective values (mean±standard
deviation, ×10−3 mm2/s): 1.3± 0.3; 0.4± 0.1; 0.25± 0.08.

The final experiment, summarized in Fig. 9.5, is aimed at checking to what extent the
performance in the estimation of f worsens when a nearly standard DTI acquisition, like M2
or M4, is used instead of an ad hoc one, like M1 or M3. The estimates obtained for either the
Dryad volume with M1 or the UVa with M3 are used as a silver standard, and the respective
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estimates for M2 and M4 are compared against it: for the UVa volume, the appearance of
the f maps are almost identical with both M3 and M4 (the results for the Dryad volume,
not shown, are analogous), which translates in a tight fit of the 25% / 75% quantiles of the
sub-sampled estimates compared to the silver standard. Though these quantiles spread
more for the Dryad volume, probably due to the smaller number of gradients in the shell
at b = 1, 000 s/mm2, they still show a much better performance compared to the FWE-
DTI approach, whose 10% / 90% quantiles show a great dispersion for the extreme values.
Noticeably, the miss-estimation at CSF voxels becomes accentuated for the UVa volume, see
the purple arrow in Fig. 9.5 (a).

9.5 Discussion and Conclusions

The proposed FWE-SM is able to compute accurate estimates of the CW-PVF f from ac-
quisitions comparable to those in DTI studies, at the only expense of acquiring as few as
six additional gradients at a lower b-value. This allows to complement, or even improve,
such DTI studies with little additional effort. With acquisitions specifically designed for FW
elimination, it is as precise as DTI-based methods [9.3, 9.10, 9.12], but it remains unbiased
in almost all situations. Though the bias for FWE-DTI is predictable in terms of f itself, it
directly depends on the number of crossing fibers, which is unknown beforehand. FWE-SM
gets rid of this confounding factor by averaging all fiber bundles.

For the fast acquisitions object of study in this paper, the errors committed by FWE-SM may
increase to 10% for typical CW-PVF values (in the range of [0.7, 1.0]), or up to 70% for CSF
voxels. Though these errors are still below those achievable with FWE-DTI, it is arguable if
this accuracy might suffice to describe FW voxel-wise. As opposed to [9.3, 9.10], we do not
rely on any spatial regularization to provide consistent results, but such techniques could be
used by either applying a corresponding penalty to eq. (9.4) or pre-processing the DWI with
some sort of denoising technique. Since using reduced samplings increases the variance
of the results without notably biasing them, both approaches should help improving the
voxel-wise accuracy.

On the other hand, our proposal reduces the number of degrees of freedom by fixing λ‖ in
eq. (9.2), which compels using a regularization parameter ν we need to fix. Fortunately, we
have empirically checked that this parameter is much less sensitive to the PSNR than it is
to the sampling scheme, so that it can be fixed, based on synthetic experiments like those
in Figs. 9.1 and 9.2, for the entire volume (like we did throughout the paper). Moreover,
since we are focusing on acquisitions like M2 and M4, we can recommend a standard value
ν = 0.01.

Finally, the proposed method fails at estimating f inside voxels with large CSF contam-
ination, for which the convolution model in eq. (9.2) becomes ambiguous [9.7]. This
illness compromises its validity for the study of pathological conditions like edema or WM
hyperintensities, though ad hoc corrections like those in [9.12] could be thought of in the
presence of abnormally large λ⊥ and small f .
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